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This pPoper is about Some QSPQC}S o]o the
-Porma\ derivation oP imPerohve programs. In the
usw:a\ Sr:)r\"ma, we S)fo\r\‘ —From o Siven -Punc}';ono.]
SPec'n—fiCQ‘}'non and have Yo c\eslsn & Proﬁram mee}-inj
Yhis s)oeci‘ﬁs:a}ion. TThis se)r}'nza s Oma]ogou.s Yo
be‘wzﬁ Siven o COH\JEC}&M‘e and hovins ‘o turn it
intfo o theorem b..fj c\esisninj o r‘u::c.:#0 -E)or‘ i+ Bl
ma)fheMQ\-ica\ develop ment 1s olten less unidirec-
tional: while designing the \Droop, we conshruch
the theorem proved bJ t. In our dirst pregram

deri vo\h on

2

we shall r:roceeol in the \alter vein:
the sPeci?ic:cﬂion will be constructed in a nuwmber
0? 5¥e‘:s, as clictated b:j the desire Yo Froceed
with Yhe design QV Qur program. We hove chosen
H\is ‘Form o) ? resentalion in order 1o .s]-r‘ess
w\wic\'u Par\'s QF }\ne sFecigcq}ion are ies onsible
Qor' which design decisions. We shal \\r

our-_q?])rooc\\ wih some o? Yhe sirnP)es} e.xamp)es

us*ro}‘e
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‘oossﬂole. Hirei we go.

We wan\' 40 desijn o Frosro.m mO\r\iFu\o}incj
on ‘m\‘eser varioble n  so as Yo es%a\o\is\w a

ostcondition R . Hs long os nothing is known
P 9 o= nethiag

about W, Yhere s nothing we can do. Ln order
to moke the Prob]em minimally more slﬁeciﬁc,
leb ws Posltulcﬁ-e Phot, viewed as equation in n,
R has o unigue solution -in other words, thot
we ore he&dinj -For a semantically determinishic
program . . TThis choice says litHe chouk the
Program, but Some'\’\'\'lﬂ c.\oou}- /\?: more Preciseb,
all 3t Says about R is that there exisis an
integer N such that

(0] ER = N= N]

Our Yask has been Finned down 1o the C]es'gn
o?c\ Frosram es)ro)o\is}wms the Fos}conc\i}ion n=N,

The task o{) wrihrzj o progrom tal

estoblishes n=N de]oends on how N has
been depmed. Yor \ns-\-o\nc.ej

Approximation O: A= N

would do EF Yhe value o? N were given
C\EFEC:“\J. For -}ke Sa\ce 0{3 beu'rne\n)f we exP\ore
the situction 1n which Pl[:]:roximo}io.n 0 has
"40 be. c\iSCar‘c\ed beco.use N 1S S'Wen iﬂdiFeC’Hj
\o:j & number o{) Pm‘aerlries.
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Now it is Hime 4o remember thot Yhere 1S

another way of es¥ab\3shin3 n=N , vz. with a
program e.nchnﬁ with

but -()or thaot 4o work, we need -Por the repe}i}"\on
an invaTiant and a '\'erm'mo.)rion Qr

ﬁumen\‘. Let
W+ be giwven thot N s natural, ie.

(1) os N

Which jnvariants can we initiclize thonks
to  this -()ac)'? ExFress'uon (1) contains two
constonts }that can be r‘e]:\acecl b:j our

varicbkle "N OP the Ywo ’HOor‘e }ﬁr::]es

{os NS_n-..-. Nm_{o <nj ond
{05‘\)3 n:= 0 {n.sNS

7

the E?irs\‘ one is not \n’reres\'inj -@)r‘ ‘Yhe ini¥aliza-

}ion of’ n be{)ore Yhe re]oe%%cm ~ the repg}i}ion
would boil down 4o a ski]o and the whole solu-

Yon +o }he discarded QPProximo})one——. So
we toke the second Hoore —}r',):]e 1o Susaes)'

‘mi\-io\‘.-zc.}ion and imm.r':an‘t; Yhus we arrive

ot the wunnotaled
P\FFroxfma'}‘ucm 1.

{0sN} ni=0 {n<N3
; do mAN - {nsN A n#NS
{n:N} b



w1029 -3

We s\-i“ have {o SWPP\J the 'l‘ermina)rion argu-
men’r, which —~0\monj onner“ '}Jf\in35- 'i"equires \'\\Cﬂ'#‘e
as yet unsPec'nﬁed stotement ... .. " _c_)'u?%r_m_
G‘om s\\'i]o . Qlﬁ-er‘ SimF\i?icc\)Hon oP its PT‘C"-CO"\C\?-
Hon nNsN A ngN Yo  neigN , we see that
n:= N41  substilhted ()Qf“ T vaintains the nvariant
nsN , ukachimpl}es “that N-n is bounded
-From below. Since N-n is decreasin with
respect Yo iz ne1, Yhis com)::)eks he termina-
Yon ar ument . -_[nc.orporahnj the observation

Yhotr we can s}r‘en&-\-\nen the \nvariant with the

conJ'unc" o0<n , we arrive a}

H]))oroxi motion 2:

{0sN} n==0 {osn A ng N}
; o NEN > ni= nt1 {osn A n s N od

in=Nj

F\PmeimaHon 2 is all we can do iP (1) is all
that has heen given aboutr N

How can e ehminoJ‘e N ?rom ‘“’\e Suaf‘d?
Well, Yhere are Ywo -H’\'mgs o know. ﬁrs*h,%d
our beloved inference rule, the Prmcip\c—: of’
Leibniz,

x=y = {x=fy

coan also be wrilten as

xty & Pxefy
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and, second\D, Yt dermination ond IMnvariance
Proo% remain valid wnder S\'T‘E:ngnnenina OP
the 3uomds oP& r‘epeh)r‘:cm. Let b be o boo\ean
finchon on the .in)fi.cfisﬂ' and et j!—_f
be Swen +Hheat N_ sa\-’ts?ie;

(2D b.N

Then we observe

n # N
< {Lei\onizs
bn # b.N
{ (2)}
1 b.n

which leads o

QPProxima\'non 3

n:=0
> E‘.l_o_ '1\5.!’1 - Nn=nN+1 od

{OST\ A NnsN A 13“3

This s very nice, becoaumwse now N no
longer occurs in the progrem tex}. We hoave
written Yhe Swar‘om3-eed ost condibon  -viz. the
cmjunchon ok Yhe invariant and the nega}ed
guo\r‘d - in ull because 5 \o& S\-r‘engn'ﬁenirls the

uard we have weokened +he '_ﬁES?EJh_cﬁﬁt?ﬁ_' .

Our g’-m\ ob\iﬁah(ﬁh is to show how Yo derive
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/R, .. nzN, E)rom the gmran\-eed Pos}‘condihm.

To Yhis end we observe

0N A nsN A bn = n=N
g Pf‘ec\'\ccﬂ'e cal cu\uS?i
osn A nsN A nEN = abhn
= [oﬁ}hme\-icl
o§Nn A n<N = hn

£ see (3), below
true

|

where N is Fos’ru\a\-e_c\ ‘o So\'\-is%
(3)  (Ax:0sx A x<N: 1bx) .

We are done with owr design: F-\\o]oroximo.}icn 3
s Yhe Progrom thot meets +he s eci?ico&ion
ccms'v.s\"ma o‘P the conJunc}ion O (1), (2), and (3),
which detines N ag the smallest nolural number
{')01" which Y _ holds. We are all we“-o.cquo.in}ed
winn -\-\r\is T:rosrafn;, ﬂ‘ 1S khown «s The Linear

Search. §l Pew remorks afe in order.

"F'irs}\:j, our e.xF\or‘o}ion o? what could be done
on account o €)) .o.]one 1S no Jo\(e, We f‘ecenHJ
Sow Prco-() o?c. -quorem q)oou’r Pr‘nme numbers
being s'\mF\Egeci; the ?)rs)r Camd crucial) shep
o? -Pne s.m)o\':?i c:a)r‘lon ccms':s‘rec\ in ex]o)oﬂr‘mﬁ
the s‘nm]ﬂes’r roroer]:j of )Drime iumbers , viz. that

-qug are Fosi (Ve
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”n 1 ™ ] "
Second‘j , Yhe inv:nhon o? =N+ Fcrr- ......
was in o Seéense -?orceol: with a -?orma) sFec}-ﬁ-:qﬁ

Hon P2y P}

the Rxiom o? st‘mjnmen} tells us Yhel =B s

_n'\‘ar‘cua, —Hne S\'I"&%H‘len)n‘j 0? -qu Invariant
with  0sn could hove heen done more conshruch
‘lvelD. The initializotion would have JU\SH'ﬁed
the Cof:-')uﬂc} O=n ; 1he requiremen} o{? invariance
under (\“‘CPQG'}GG\ erCu')-ian o{?) =N+ 1 then
dic}a“'es Yhe wEQ\«ren‘)nS o{) __O:h 1o osn

er Yo choose
nEN o n<N as the Suarc\. Tor not ve
Sood recsens we hod adopted n# N | The chowe

deve\orbmen} 8'|V€S G Tecason: Since we con a\w& S

Tourthly . in programs like QP roximotion 2
there g am:js the ques\'acm whe}E

sheng),\qen the augr'c\ q? a re,,:ea\i}icm loter, we.
should net de so Premal-ure\:j.

’F!?{H:j’ we wouwld Uke lo Po‘m\‘ our that
the quan\'iﬁecl expression (3) enYers the Pic‘rure

on}j ot the very end, and is nowhere wonipu-
loted in Yhe derivotion. (ComP&rE Lol ana fﬂ.{)

Six}}m\\j, solutions to the Saddleback Search

ond *the We]?are Crook (see T1]) cmcr.s_'m:i\ﬂo.r
Pl"oblems are mos’r E‘QSS\J CleSrf_ji’?_Ed Q]Cﬂ\3 -W)e
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above \inES.

We now turn do a 5eem}nj\ very similar
Pr‘ob\em that on closer ‘m%Pec ion turns out
Yo be o little bit nasty. Tt is known as The
Bounded Linear Search, Tor D20 and
d o boolean ﬁmchon on +the inteqgers, we
are invited Ho des’;jn & pregram  such Yhat
n even}uo\\la ecluo)s the swmollest natural
value <D such thot din, }-P such o vclue
exists, and that otherwise ends with n=D .

To this end —and here the reader ma

f‘eco‘sﬂ'\ze ‘H'\e. ﬂsen}}ne)”«- we Ca)o)'ab —nf\e L'mecaf'
Search Yo the boolean -runc\-’:on b )S‘Nen )

4 b.x = x;Dv a.x

Since -From (4) we derive bD we conclude

2

thol this QPP}::;Srion o? The Linear Search
%ermina*es,_si}ij\uhf:ﬂ QCCOrd'”la }o (_47) N
The Linear Search we 9@)‘

Nn:=0

; do ‘1(}\:'.D v dn) = ni=nsi ed

iR}

where we derive -g)or the Pos‘rconds)ion R
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R
1C0D,C2),(3) with (&) and Ni=n}
0sn A (n=2D v dn) A
(_E\_x'. 0S% AX<n: XED A 1d.%)
{Predica¥e caleulus§ -
0fn A (EX: Otx A X<n: X#D) A
(n=D v d.n) A
(Ax: 0sx A x<n: A d.x)_
{1 osD § (5), see b;iéws
0sn A ngdD A (n=D v dn) A Fn
{ predicclye calculus]
(n=D A Fn) v Cogn A n<D A dn A Fn)
§ (6, (), see below}
RO v ™4

with the delnkons ‘fur T, R0, and R

(59 LFn = (Bx:Os._x A XN 1d.x))

(6> LRo = n=D A T'-_‘._‘l

(P IR = 0sn A N<P A dn A 'Fn]

The above C\is\')unc}‘ive —@)rm {Lr" R ?u.\b

Ccmﬁrms that -—as exégc}ecl- Hhe Iarocaro.m does

the Jo’o. B i} sw

ers 'G‘om c thi_')or shosk -~

Comtng.

Execulion op the \inear search &8s in

gpr)mxima\ﬂon 3 never evalualtes values o?
b Yhal ore irrelevant -?or the deﬁmhon o? N,
viz h.x _ ‘For x<0 VXD N . In our lash
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Proaro.m, however, eva\u.qhon o? dD s not
excluded even -H\ou.cg}\ Yhe volue o? d.D is icrele-
vant -{?or‘ the determination o? the ?\‘na\ stote,
'J} is here *\no?r we encoun}-er‘ Ca diﬂ?erence
helween +rad1\-'lano.\ maothemealics  and com})u’:'-nj.
Tn Yraditional mo\“\ema\“ics, Mere s no)rku;;j
wrona with manif)u\o})nﬁ even)‘ualb \rrel evant
values — -?or \ns}omce) ]Dr‘nor‘ lo their elimina-
Yieon— . In com?u\-inj, however, +the price o?
evaluatine, an irrelevant value can be heav
Cin —?ac\-, can be viewed as unbounded i? Yhe
environ ment does not Provide an e??ec}-we
a\gorl}\nm -@:r COmPu}ma such irredevant values),
Re i} stands, our last progrom '\'heregare has Yo
e rededed Por Com‘?u'l'o}iono\ reasons.

T hos been swggested thal such progroms
be saved b‘j r‘ede%?\'mj Yhe \osico\ connechves

PV E(i_?F}hgg-\-mee\__g_gq)
pAaq = Gf p then o else {olsed , ehe.
Yo dis]-‘mju‘nsk Yhese “condilional conneckrives”

\

Py "cor’, “cand ' ,ekc.) Bautr the price to be

——

—?F‘Orn the genuine ones Yheuw have Yoeen denoled

Pmd ?or‘ such rede(?im\";ons IE-) heov:j: we

go ?rom Iwo-valued Yo three-valued \og'uc, dis-
Junc\-icm and Ccm\')unc\‘ion are no \cmﬁef‘ s’jmme*i‘ic
and no \onaer distribute over each opner‘,e\‘:.
“‘\uni"au\c.\-ion o? these quasi-boolean expressions
hecames in fack so comP\ica¥ecl tha} we mush
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consider the r'edep-ni'hOn oP the logica\
connectives a strotegic mistake . So much —Far
the eﬁ?or}‘s to save our last ]OT‘OST'O\M béj
redeﬁnihon OP the conmechves .

So now we sel ourselves the task o-?
des'gninj CA Frosrqm that establishes Ko v Ry
wi“"\ou‘]' Co.“inj -?or the eva)ua}‘mn 0“7 irre\evcm)‘
values. Because o di?)unc}\on in the Posﬁ‘c;oncl‘h
tion Can, N 3e.nerc.l, be dealt with bJ j:fov'\c\'mj
O«Her‘ﬂohves, we allow ourse\ves —Vor‘ a start
‘o consider o ‘PGFHQ‘ Pr08r0.m -ﬁ:r‘ Yhe es}'o\\o}':s)w-
ment o‘p W0 , ie portial in the sense Ythal
¥ estoclliches RO '\? Fossib\e, and otherwise

«?od\s ‘o -\erm’mc.-}e. _. We_ P)"_oPose "“\o.\‘ te 651‘0\\9]}6)1
Nn=1D ‘o bfﬁ"n w'&\q and Sub seqmen}b {)o.i\
do derminate in the case 1 Fn . “The relevant

PraPer}ies ?E_-F- -see (5)- are
[Fo)l and [Fm A adm = Flm)) for 0sm.

/Por\‘ia\ /Procar‘arn :
N:= D

5[[‘19_{‘ m:ink; m:=0 {n:’D ADsmAmsn A 'F.mS
3d0 Mm#n fn=D A 0Em Amc<n A ?.m‘s
'lf 2 dm > {n=DA0sm A m<n A Tm A “\d.mg
M= M+ {nsz A DEM A MmENn A Toms
g‘t_ {in=D A 0fm A mgn A Fm}
od {n=D A Fin}

__]I_{’Ro}
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The PrOSi‘o\m IS Por¥ia\ bec@se,as R S\‘and.s,
+the l?g construct aborts in the case dm
Tn order Yo catrer -for- Yrhot case, we Provide W

with o second Suc\rdecl Command,b@siﬂﬂinﬁ with
dm = {n=D A 0sm A Mm<D A FTm A dmb....

Note thet the last £ CanJuﬂc\"s o? the obove
assertion are ?1 with n T'E'F\aced ).Z-) m ' 50.
—?or the second Suo.rdecl command we sujjeSJr

d™m > n:= m {/\?‘l A m.—.ni

2

<t the some Yime weokening dhe Invoariant with
the disjunc} R A m:n? Note thotr this

weoke '|n\f0riar\-\- Suﬁ?aces -?or the same Pr‘econd‘n-
-}‘ton for‘ -\-\'19. '_?E‘ Cons}ruc\‘. ’ﬂq;&s we arrive ot

our ﬁno\ program with invariant 7V

L P= (n=D A 0SMm A msn A ?m) v (T A m:n)]

and VQriO\n} Func“oh Nn-m

N:= D
> I[y_of m: ink; m:=0 {’PS
;8o M #ENn o
'!f'ld.m - miz M1 l] dm - nizm E {P}
od {PA m=n, hence$
Il {Ro v R}
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Note thal in oar eﬁ%ri* lo moke the ]oarha.\ program
tota), we could hove -?o“ouoe.cl e d}ﬁ?erer} line 0?9
r‘easoniné. I{) we had decided Yo reP]c\ce Qborhon
bf‘_? terminction oF Yhe rejoe}ﬂ-)on,

Cl-m - = m anc d.m ~» M= N

would be ’r‘nﬁ s‘lm?\gs¥ cPHons ‘;or the second lgu:xrc\ed

command. The choice o? ¥hew?}$rr;uérb would have
5enero}ed the disjunc}- 11 of) +he ]oos}c,oncl;‘hon
of’ our Bhal Program {or The Bounded Linear
Searc}\,

A @no«\ ques)ﬁon o our readers: did Yo know
this Program {%)f‘ The Bounded Linear Search 7 We
did nol. Thal cur exercise In pregram derivation
led Yo o new solution @:r‘ such an od Pro\o\em

w8 o '(/er‘j encou ro:g‘.rla exPéi:'ienCe.. ;

Hc\(now\edggmen¥ We are indebled o the Dustin
Thesdey Q\Q’ref‘ﬁoon Club | in F)O\r\‘icu‘o.f' Yo Ken
Calvert, who 5u53es§-ec\ -@m‘ the Suar‘c\ in the
“Parhial /Progrom MmEn instead of our oricinal
m # D
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