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Equivalence versus widdual implication; yunctivity and
T [ Ly

movm:;’rc:r\iciﬁ?:’L

Thef‘e Qi e '\wo Com}o\emenl‘orj wo\fjs o?) ex}fm‘essmg

equivo.‘ence, VAZ.

) IX2Y = GXv ) A (XvaT)] and
(1) IX=Y = (AXAAY) v (X/\Y)]__ : |

I

There has been o Yime —not even so very \cm3
090\,—- a} which 1T was Ve':j fami\lar with (0) and
\nc.r-clly Gware o{) (1) . The Brea’rer Po,:u\o.ribj of)
(0) - e ex];ressmﬁ equivq]ence as mutua) im)o]')ca.-
Yion —~ s exp\ii_nec:\ b:j the observat on

IX =Y)

{(0) w'\\_h r‘G.uor}Hen Cc:nJunc}'SS

TX3Y) A (X YD)
{t] dis}ri\ou}es over /\}

LX=a3Y] A [XeY)

1)

h

Hence, (0) enables us +o express the boolean sca-
ler TXz2Y) in terms of) +wo (simrﬂer or weoker)
boolean scalars. Because Ahe "euezjw\ner‘e"
of)erc\)ror [] does vot diskribute over v, (D

s much less use—Pu). (T am Pleased Yo observe
thot T ocwe this insigh} Yo 1) and i}s o\)gebraic.
Pro[)er)n‘es: in bmo‘[j logic, where [] is the iden}il‘j
OPer‘cA‘Df‘, Yhe obove observalion is void.)

% X
*
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Unkil guite f‘ece.n‘r\n Yl used o prove Yhat o
fim}e\\j Qonjunc%ve Pr‘ec\icaha '\'r*oms{éf‘mef_ ¢ . he.

one -?)or' which -
) TEXAY) = £X A Y] holds {or ol X,Y,

is monotonic , 1.e

(3) [(Pa@)] = (PP=> Q) for o P,
in the -Fo\low'm‘j WGD' Observe «@:r om:j T, Q

PP = {Q)
= {—Vrom = Yo /\]]
Y_f.'PA ()-Q = F’P]
£(2) with X,Y = P, Qf
[?- (PAQ) = ?’P}
& {Leibhizg

[ PAQ = Pl
= {?rom ~ Yo :ﬁ)}
IP=> Q)

1o wh'.\c\r‘\ _I can adc] 'H'wcﬂ‘ I liked "Hn‘ls FFOOP SQ
much Jrhc"l' m,_‘j e\oquenc.c su-ﬁ?ced Yo convince
mang an audience thal the ahbove Proo{) coan
e desi3ﬂ€d on Yhe \orincilo\e that “there s 0“\5
one lr\ninj you con do’ T hone:;%b believed theat
the above T)r‘oo? wos all but -Forcecl. The other
month, ‘H\oug\'\, T had & shock!

T rewrote (2) us the c.on\)'unchon DP
(4) [fi(XAY) = ?-X ~ ?Yl ‘chsr all X,  and
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(sY [PXAY) « {XAfYY Lo ol XY
and observed fbr any P,Q such thal [’P-—-—*»Q]

[P

= {s‘mce [TJAQ = P) and Lei\on'\zs

L (Pa)
= { (4) w-“n X,Y = ’P,QS
LP A (@
=3 {Predico&e calculusi
e

TPlease note that ocur lcdter Froo{) does _@_} O\\’))DGG\\

o (5O
Unimportant remark The lotler Proof could hove

been rendered eclu\ivo\\e'n'}\j os

P = {al
= {since [PAQ 2 P] und Leibniz}
WLPA) 3 Q]
& { PrediCo}re calculus
[?-(?AQ) => {?'PA -FQ]
{ (4) with X, Y:= P.Q}

}rue

]

(End o{’ Un‘.mf)or}‘an}' remark. )

The next queshion was whether using on\j (a)
instead o? (2), « Proof in the sb\e o{? our
former‘ rooP could be constructed. Note +hat
our \otrer Proop “uses’ [P=a Q) i whereas our
F”;rs} ProoP starks  with [{)’P = ?Q] und sireng-
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tens it do [P=Q] withowt using it on the woy.
H\ong Phat s}-renﬁﬂ}hen'ms Pa\\n we have Yo elimincte

the occurrences o? {? ‘S’mce we cannor eli-

mlnoﬁ'e Ou‘ occurf‘ehces 0?

?o.,r) eo.mg }o
(4), +the Q“\U H\.nﬁ \eﬁ o alopeo.\ © is the Nule
0? Leabmz

(X=Y] = ({Xx= f‘\’]

T *}\nough)r Yhis —@)r‘cec\ the use oP (2) wut Lincoln
R. Wallen showed we how i} could be done withy (4):
[fP > f@l

= {Prechcc."e C‘.G\Cu\u\sg

[FP » fPalQ]
< { transitivit o?%?}

(PP > [TPA@)) AT-‘Y)(’PAQ)-’%?’P el
= { 2) with X,X:= P.Q}

[f-q = f (P~ Q)]
<= {P?Edi cate cal calus}

[?-KP = F.C"Pr\ M]
&« { Leibniz}

I 7= Pa Q]
= {Fredicc:}'e ca\cu\usZ)

LP= Q]

We hove inkroduced Ccm\)unc)-'\vﬂ‘j ]or‘oPerI'Ies OP
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A Prec\icc&e Jrransj,/:c':.rmen‘ ? to characterize the
d€5ree. in  Wwhich P‘O‘FP“C“HO“ distributes over
ccmjuna\-ion and universal qucmh?icahon ~ on
SQ)Y\'\‘O\C“\"\C 9r0mnds, Some migh\‘ lore‘?er‘ "commultes
with universeal o\uan\'i—ﬁccﬁﬁon "~ We dePined

"

”? Vs chJmnc}‘we over as

6y LPM@AX:XeV:X) = (AX: XeV: X))

and introduced cgnduﬂdivib \:j[:es expressing that
%2 '8 cm\]unc\-i\ie‘ over all V's, over all ncm-emlo\b
\)'5, over all non-eme denumercwie V's , all ncm—evnr)l-j

ancl lineor V\s,e\'c.

But was this the correct nokon? We could H;;e_

split (&) inlo Ywo independent )oro]oerhes

(7 [PAX:XeV:X) 5 (@X: XeV: PX)]  and

(8)  [f.(BX:XeV:X) & (8X: XeV: X))
(Rewril'inj () s

(7> (@i Yev: [£(AX:XeV: XD = £Y])

we see immedialely Yhol each monstonic -P salis-
.?ies (79, ond that each {) sa}is%;nj (79 {)or
al V ol{\ soMme (mJunchib -}j}se 1S monotonic.

C Comstruct Pcsr VYR such that [P2Q) o V
such Yhat [(AX:XeV:X) =Pl A QeV . TFor none of
our coﬂdunc}'ivi}j t:j}:es this construckion is a Frob\em.)

’Perlr\our)s we should have exp ressed (8) R)r“ inslance
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us "-? contracks over V' and msimi\q\"‘:j-
(4) [PC_EX:XGV:X> = (EX: XeV: E"X)]

as "{) ex]':)o.nd,s over V"

H

. "
f 18 (wjunc}ive over V

Yhen loeccomes f;s monotmic and comlbracts owver
v P is un‘;versal\j canjunc}‘we." bbecomes

”? is monotenic and universally COh-}rac}inS ",
the Fo‘m}‘ bein3 that the o\uc.\'\jper" "univer‘s:h‘b"
i gm\\j o{) relevance 1@"— the comtraction  wnd
not {or‘ the monojronici}b. The isolahwm oP the
uﬂqL«Lali ?;e.c\ mono}onicé makes Sen se: nega}ior\
)s not monotonic , but it is both Posihve\a Com-

’rr‘ac}mj und ]oosihve\b ex]:pand'ms.

Not only does it make sense, it he)Fs, T?e%r'mu—-
ledion oP van der Woude's theorem (and o? Schollen's
Seﬂera\izahm) in Terms o? MOY‘:O’}OYH'C:'}‘S, expansion,
and contrachon meokes the design QF) the ProoP
much Mmore s}raish} Porward. This is JPc:w \oter.

PS. Xerox is Yo be blamed -g)or havinﬁ sold b\oﬂin:j
Pq]oar to write u.,faon.
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