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BTAC's !arog_{) o? Scholten's theorem

In o recent \e-Her‘, \J.H.j,?‘-égen wrote me -de'
C.S. Schotten hed offered  the {)O“owing Yheorem 1o te

ETAC.

(0 leb predicate Jrons{ormers p and g schisfy
CpX ~ Y1 = IXvgYl frall XY

(1) Net, for all X, hX be the weokest solulion

oF Y [Y =2 XapY]

(2) ek, for all X, kX be the weockest solution

°f Y. [Y = X A qY)

?

?

Then Fredica}e “rc\ns%rmcrs h and k Sqlris%
) [hA « 3B) JA v B} dor ol A,B

This noYe records +he roo? that the ATRC
des'n(cjneo] on #s session o{f 289 March 1489, We
ﬁrs-‘r give Yhe three crucial lemmoda, Pos*):oning

their discussion until  loter.

Trom (0) one can conclude

Lemma 0 “Predicate ‘*r‘ansgrmers P,q are universalb
Cor\\)uncl’]\/e

and the 3eneral'|za3nor\ op (o)
Lemma 1 (Bn‘.OSn: [an v\\/] = [Xv qn.\f]) -@r
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ol X,Y

From Lemma O -g?s\low.s the mcnolronlci}j o?
P9 ond hence | on account o? Ynoaster - Jarsk)
Yhe existence 0{) h and k. From Lemma O
{;‘,\\ ows Yhe 99__(5! - continui }\j o? Yhe r'|3h+ ~hand
sides ol? (1) anad (2) , which \leads Ado

Lemma 2 For ol X

[}’\X = (an o&n: F”X)} andl, S}mﬂo\r\:j'
k. X (Bn:OSﬂ‘. qn. X)}

i

'ProoE o{? (3) We observe %f‘ ony R,B

ThA v B

= { Lermma 2}

[ (9!’1 Pn é_jv B-)
{v Gwver _P\§

[(E\n:: r:“.ﬁ v B)]
{ inlrerc}so.njeg

Bn=x [l—:n.ﬁ v B))

= -{Lemmo. '?.S

(F_:\n:: LA v c\"‘.B])
{ in);erc\-\'c-:mae S

[(Em:: A v qn.B)]
'{ v 70ver a%

[Q v (Bn:: cln.'_B)]
{l_emmc-. 23

(A v k.B)

i

1

3

h

i}

( End 0{) (Pf‘OO() o]p C?)))
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We shell not repeat here the I:,rooj‘? of Lemma 0,

which we have Given Many Yimes; we on\b recall

thet, like +he ProoP o? (3), i} relies on Yhe dis-
'\ri\rau)r’lon o? N ovecr 9 and Jr]na ‘;n}er‘c}wanﬁe oP

—

”e\ievw\nere " wAth universcd) c,uo.nhﬁc:c.\"xon.

/PFOD'() og) Lemma 1 . (BJ 'nvnduc}'lon over n .

We observe +thatl —G)r n=0 -and 'For n=1"!_
“ Tt X v Yl = [Xvglyl HGrel XY,
Nex¥ we observe -@r ony X, Y

[Pnﬂ_ X v Y]
{de{? o{) ?unc:)r'lona] iYera}ion §
[P”. (PX) v Yl
§(4) with  X:= p.X}
[P. X v g™ Y]
£ (0) with Y:zq™ Y}
L X v q.(q”.Y))
= {def?, o? -@Anc\‘;onn] Her‘q}ions
[ X v o,nH.Y)

{1

i

(End of Proof’)

Remark Funchonal iYeration <can be de@nec) recur-
sivel:j 52 ()m-«]. X = ? (Fn X)) or {—7m.l)( = F)n (FX) ;
note +thot Yhe above Proof uses both c\eﬁn‘n Yons.
(Eﬂal OP ?emark,>
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'Proo{) o? Lemma 2 The Proo() consists o? shom;na that
iy (Aniosnipt X)) solves

(5) YilYz XapYl . and  Hhad
(i) qn:j Solu*ion PA or (5) ths'ﬁes
(6) [ 2= (@n;ﬂsn:r".)())

od Ci) X ~ P (ano;’-n:]:n.)()

S P wuniversally conyjunch ve }
X A (En: Q&n: ]9(}0“ X))
{de-ﬁ o{) {&)Anc.)r)onc.] i“\ter‘c‘)ion‘g

PO.X A (RAnosn: Ph”. X)

{ Frealicor)e calenlas b

. 0gn: p

)

ad (ii) We observe '?ot‘ Om:) solution Z o? (s)
('7) [2 = X ] and
(8) (2 =» p.23

Hence
‘:2 = <Bn:: F“X)]
<= {(?) and mono'}omc‘:b DPE and o{) Pn‘?‘
[2 » (Bn: P". 2)]
{PrediCc}e caleulus ]
(Bn:: L2 =>Fn. 23)
which is shown b:) mothemaltical inducho. We
owserve LZ = )oo. 2)  ond
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[2 = Fnﬂ. 2_‘)

<= {']-rcm-s-‘)‘n‘vib o{) -—*3«}
N1 ']

[2Z > PZJ A [)':2 > P 2

{(8)}

[PZ = Pn+1‘ 23

<= {mono'}onic}b o(’ )':3

[2 = )on. 2]

i

CEnd o)p’Proo‘F) of Lemma 2)

Remork Orijinc«\}j we 'm’}\:nclecl +o Prova Lemmeg, 2
ULSinﬁ the wellknown closed {’orm -f?:r the weckes?

GxPom} o? an  Gnd-continuous g)umc};on. However‘, )—:

beinj wniversall Con'unc)’:ve) i)r 'h»rned 0u+ to be

slm?)er not to use thal closed -For‘m and Yo prove

Lemmeo. 2 Fom g\"S'}' ]Orinc_'.)o)es_ (End of?@mar‘k.)

X *
»

The rteasan 'ror‘ deuohnﬁ o note +o this Yheorem

o? Scholten's s +hat m._j -ﬁrs') e—ﬂ?or} to prove i

wend Qwv; mn my {‘ir‘s} eﬁ%rh d used ™ sYandard
heuristics, which were thus shown not 4o be infel-
lible. 1 hed ~hA angd kDB ]oeinﬁ given as ex-
‘reme solulions~ Yo prove (3) b:j m_u.k;i\_ {m?}'mo}}on
anc Yried Yo show LHS =5 VW3

[A v xB)
= { redicate CO‘-\CM\%S%
LA = k.B)

< { k-B 1s +he \.Jea\oes} sol. of Y[Y -_5:B /\qY]
[WA = B Aq.(A)]
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= '{ }'Df'edic.o.’]'e. Cc.lcu.\u.si

(Av®]) ~ LA vq.C'lFDJ

{ (o)}
[H v :B] ™~ { Pﬂ v 19]
< { becau.se Og) (1) [)'l.ﬂ = F}JJ )Oredic.:}e CG)W‘M:}

[hA vRB]) A LA #F.QJ

]

and Yhere T wves s}uck; T had no wa:p o)P meehnj
—W\e T‘emo\ininj )’Drba]P ob"\ﬁo\}'}on D’\F‘ VB] = [H %)’JH] .

The woral o? the s}or:j s Probc\B\D (Possiblb?)

Yhad we have 4o consider the Aruth OP [Q v ‘k'B_J
-@w values c)F) A Ahet -(?a..'} ‘o solve +the dolerant
e.c‘uo\\ﬁon o]() which kB is the weokest solukion.

ﬂﬁer this »Po.ilure, the QTAC dried Yo estoblish
2y dir‘ecnj b‘_‘j equxo}'loha) reasoniﬂs. gL} }\as the

aclded od Van'}aﬁe o? not cles-)ro:jinj the sy mra e tr
bQ}VJQGY\ -ﬂwe. sﬂa.r() sicles QF (3.) 5 moreosvenr | (0) . uln'.c
hos Yo Ye used, has the some v@r‘m.
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