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On covering o Qquf‘e with diamonds

Tn the American Mathemotical Mon-\-\\\.j (_\"lgb
1489, PP 420-431) ) under the Yitle “The Problem
o? the Colissons ”, uu Dovid and Carles Tomei
]oreserﬂ- Yhe theorem Si\mn below. ’.Be)@;re ‘Pormu—

\o.‘rinj the theorem, we introduce some “termi-

no) 03 Y-

We consider o fegular —\-r‘;anjulc\rizajr]en oP
the Euclidean P\ome, Yhe orid Mines oP which
cut up the )':lcme into equilo\}ef‘a\ trianagles with
sides o? \eﬂg‘n‘n 1 5 n the -?o\\owinj, "}rio\nj\e ”
re()ers Yo such an equ{\ajrero\ -]-rianjle, A poir
05}7 Yrianagles bein3 “adJaaen‘-” means Tha ']'}125
afe c\iﬂ;eren’r and share o side; such o Fo«'ar*
OP adjacent 4r1arB]es is also re@:rrec\ lo as o
“dio..moncl”, and « momenjr's e ection '\‘e“s “us

Yhet each diemond has one o Yhree POSSible

or'senlro&':ons. Q “ﬁaure” is o inﬂre selr O

'}rioma\es-, a ““covering” op o ﬁgu\re is o
artithionyn o e iquie s riangles NTo
partibioning of the [iguce's driangles ind

dicamonds.

The -ﬂ)eorem T:resenjrec\ b:j :Dcw'id omc\ “Tomei
stotes Yhat in any covering oF; a \"eﬁu\c\r
hexo.gon with sides o? \enf)'l-}'\ n (and compris'ms
En® Jrrioms\es), Me diamonds occur in the

Yree orien¥a}ions T2 eo)uo.] numbers.
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Pecause OIO the FO"'CJ'}OT\G.\ Sbmme}r:j op the
hexagcm, Yhe obove theorem is on lmmec\io\-\re.

consequence o? Yhe -Fo\\owinj one.

Theoremn Consider o ﬁsure Mol admits one or
more coverings. Eo\c\ﬁ Cover'\nj :j'\elcls o 4rip)e,
o{) ?requenc‘:es, each coun)c'\na the diamonds n

Oone op Yhe orientotions. | CO\IEﬁﬂ&S o? the
'?isure conaidered Die\d Yhe came -\'ri):)\c.

To prove this theorem, we consider o ﬁauf‘e
thot admits two Possﬂob c\'u-ﬂ?eren¥ coverings
B and B and S]"»ox.o 'H‘\a)r R ana B Die\d
the some -\ri‘a\e. OP G‘equencies. To this end we

artilion The Ariangles o? Yhe ?iguf‘e- into two

2

groups, () and i) R note thal eaoch ’}riana]e.
os? "qu «ﬁaure be\ongs o o diemond in B and
Yo oo diamond in B

(i) TThe '}r'lcmﬁ\es be\onﬁ‘mﬁ ‘o the same dia-
mond in both Coverings. Their contribulion 1o
the 9-\-ri¥a\e \S \:D degmhon equa\ Yo their
contribuYion 4o the B-tni \o)e .

Gi) The “rrianﬁ\es be\ong'ms n A and B to two
__c_\iﬁoer‘en} dicmonds. To ‘mves'\-isa}e Yhis \odter

case, we V'\Suo.\'rz.e_ @r‘ 0N momen’l‘ the -Pa“owinj

3?0«)’))’\: i)rs verYices ‘“are” the Jrrianﬁ\es in Srcuf
Gid and its edses “are” Yhe diamonds in B ond
B . This Sro.]oh is F’mi ‘e Cbecause Ca ﬁgure Wi Qs
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c\e@necl to be o Pini’re set of f‘rrianﬁles) and each
\jer‘rex 1) comnecﬁ-ad 4—0 EXQCHD -\wo o-}hers Cbt?
@d\cjes corres]:ond'mj ‘o the diamonds to which
the jr'r'tc‘nS\e be]onﬁs in B and B I"QSPGCHV‘E\D)_
9ra‘—ak -nneor& tells us thol such o Srark {)alls
a]':aar]- into Cbc\es. We conclude that ‘he
triangles in Group (i) are Po.rhl—iomed into
cvc\ic Po}hs o-f adiacent '-\-r'\om:-)]es, F&irs op
‘neigl—\\oours allerna 'mj\:j '@;rm'xnﬁ diomonds
‘G’Om B ond B . The grc.r;k we Vvisualized
<an "Now e f?OP&O'H‘Eh. We con now meet
owur Froo{) olo‘}(ja)r'mn b:j Prov’mg Yhe {)o“ow'mﬁ

\emm C..

Lemma  Let o “cyclic” Pc.‘r\n be o set o?
'ltr'aomg]es "\'}\c\'\' con bhe ar‘rc«nﬁecl Cbc\ical\a S0
Yhat each Pair o? ﬂeiah\oou:‘s in \'\"\e C:jc\e 18
Qc\Jacenlr. a c:jc\ic. Pa)r}\ odmi¥s Ywo cover'ings,
which tjie\cl the same +ﬁP‘e of ‘g‘equenc}es.

To prove Yhis lemma, we observe +that the
1“?-3\*\00‘ %‘\o.nau\o\r'\-z_ahon contenns '\ric\nﬂ\es
in on\b two orientations and thel two adiccent
4r]cm3\es are o? d:%ren\' orienrotion. Tn\%\
of Yhe chesshoard we call the fh-iomﬁles o?
the two orientchons  “klack”™ and “white™
respechve\b, (Like dhe domino on the chesshoard,
the diamond poirs Pxe\c\s oF) oﬂ)osﬂ-e colowr. )
That Yhe cbc\ic Pa’rh admits exac'HJ fwo cover-

'is 1S ob\:ious, but now we con e more

ONot
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recise: \n the cbc_\‘nc Foﬂ-\'\, colours C\H'efha'l‘e, and
mn Jche one coverinﬁ each b\ack *ricm;g\e. is Po\ired
with its whitle successor, while in the other cover-
ins each black )rr\anﬁ\e is Paired wi'n'\ its w\f‘\i'\‘e
redecessor. 1+ is this observation thatl 3ives

Yhe clue Yo the orﬁumen*}- that both coverings
die\d the same ‘\Tip\e o? Q‘equencies.

We demons*f‘a)re “H’\'IS sameness b:j showins
how 4o establish o one-lc-one correspondence
between eo,uo.\\b oriented diamonds é'::)m Yhe
Ywo couer'\nss ot o CUC\iQ cth. Toke on arbi-
’f“&rb diamond rom one og; the coverin35 and
consider +the Sr'lc\ line that 56)’90\1"0\"‘26 Yhe two
Jrrioms\es o() that diamond: we Say Yhaotl, in that
diamond, +the CUCHC PO‘H\ “crosses” that Srid
ine. Tn o complete traversaol o? the Cl.jc\u'c:
Y.»o.l—\n, Yhat grid line is crossed as wmaony times
in the one direction as ¥ is crossed in the
o]’aposi-l'e. ci'n‘ea}ion, “H'\a} is: as momj +imes
ﬁ-om o bhloack 4rio.n3\e Yo o while one as ﬁom
a white —‘rrianﬂ\e_ ‘o o black one , 'n‘ac.)' s ho\\P
o? the diomonds in which the Sr'\d line is
crossed come rﬁ‘om the one coverin oF) the
c:jc\‘:c Po.}k and hc\]{) o? them —ﬁ"om the other.
‘Furjr\wermor‘e, O\n dicmonds ‘H’lus halved bj
Ca Sric\ Vine have "H’ue Same orien-}-o‘}rion, and
this concludes H\e ]Of‘oo{?.
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T am indebted Yo the members OP }he Eindhoven
Tuesdaa Q@erﬂoon Club, in ]oc\r\-icu\c\r to R
Bulterman -ﬁ:r‘ dr&wirwﬁ our otrention }ro the pro-
blern —David and Tomei had given an eleborale
non]:roo?-— and 4o D.C.S.'l:’_ von der Woude (é.r
COﬂJec}urin Qi Mmore Senerox\ "]']qeof‘emg 1 am
indebted the members OP Yhe Pushin Tues-
do‘:j Q@ernoon Club, in Par‘\-ic:u.laf- Yo Vuaaa
Rama chandran -ﬁ)f‘ Sim]oh%ing ™Yy arsumen},
‘o Jajadeu Misra ,(’Qr. suggesjfir\g imProvemerﬁs
in the Fr-esenl-a)ﬂon, and to the 3raduoc\‘e students
for Yheir invgluakle assistance in the ?‘mo.

ec\i'hng oF) Yhis note.
Hus\”\n, 11 Oc)rober‘ 1989

Pro?. dr. T:\c\s‘ger W. :D:.”jks']-rca
'?Depar}meni‘ o? Come}er‘ Sciences
The L)n‘nuer'si’ra o? Texas ot Pustin
Austin, TX 38312- 1188
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