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To b88iﬂ wi"k, 1 would \'sl(e Yo tatk Yo Yyou
about equo\i'}-\j. T dont ¥now how Hyou were
ir\’rro::lucecl "\'O "H"\e ho}"lon, T. dor\"} even T‘emem\oer
how 1 was infroduced to it '“559‘{)- In our
earliest memories, the notion was already
there, and all O]O ws wmust have o\)'JJoea\eaj
cimost subconsciou S\U ‘o i}s  obvious proper-

Yies such as 53mme}r:j and *Fansi]—’:v’:]‘g,f.e.,

{)oi‘ GI\ X’.j’z
(O) X:(j = ‘3=>< . en ol

€Y X=y ~N y=2 = =2 5

f‘espec:fl-'\ve\:j. /_Bu.‘} w\no\]r 5}-0\-}us S}\Ou]d we
8'\\’6 Yo %ose mo\)r\')emc\)ricc\\ ()&cl‘s wie Sfeuo

with? Do we maoke +hem Pos*do&es or

'ﬂneo remsg ?

T om Ferr?ec\‘b wal\'.n ‘o o\ccep)f Qc‘uo.\i)r:j“._sm
sjmme%:j as o ?c.s)rv\ ote, in {)a& 1 Pre?er
ﬂ '}\f\o\} wo:j. 1 ]’)re er Yo view equo\\ib as
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deﬁ‘ned on an wunordered (o R} QN ( T ‘Sim\\c«r\
Pr‘eFer‘ Produc"s Yo be dé{%iec\ on bags o{;
«@c’rors rother tHhon on sequences o?g—ﬁuc}ors,
Tn the lasy case, one o? the Grs)- -nﬁ‘mss one
has Yo do is o Po‘m} outr Yhat as '()cn" as
Yhe value o{) the product is concerned,

e order in which the {é‘dors oceur in the
sequence s Irrelevent. \’"L’;‘_j Yhen order
them in the ﬁrs* P\&ce?) The ypresence

(0) as rewrite ryule mereb r‘eéjec)-s the
absence 0{7 o canonical represen}o.)ﬁc:n
‘Por‘ ,}‘he enumera)IEG\ unorcdered ]’_)air‘ w}'\'lc‘r\
-For‘ces Lpon s ’\'l’\e irreleuo\rﬁ- choice be-
Teen wr'\'}injx-::j QF 3.-_-_-)(

Equq\i}j‘i ‘\‘r"o\nsﬂivi*b, however, ) Fref’gr
to Prove. tquuli-}a onal @\nc%or\ QPF)icc.Hor\
are closel ted b Leibniz's ?r;ncsple, i.e.,
the Pos’ru)c&e that —Fur)c.}‘won QPP\icasr}on is
ec‘ualib-)oreser‘vinj: ‘For all X,j,{) of) Fhe
Ov]o]’)foPrio\'*e ’(:j)oes

(3D x=y = _?fx = f:_)

T+ is understood thoat expressions can be
viewed os —Punchons O‘PP]"QC\ to -H'jeir‘ sub-
exPressions, so Yheot

= = Coarad® = (b-\rs)z

s an N 6}‘O\n)l'lo\)f'10ﬂ o? (?)) -wi“’\ous‘} iﬂVO\tirlc)*
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"Hne w\'\o\e mwechonism Q—() -H’we. A—CQ\CU\_\L\.S-—-,

Leibniz's /PrinciP]e_ (3) can ke r‘eTD)’\r“a.Sec\
equ‘uvo.‘erﬂisj b:) S‘\‘c\lr'xnj 'H‘)ca‘} {)Of‘ al\ x,b,z,{)

o-? -H\e oPFropr}&)t'e )#L(j)oes
(<) x=y A fy=2 = {x==

(Q kind O{) ‘r‘e{)or‘m'u\o.)r'lor\ we S}':QH retrurn Yo
\eder).  Tnstantiation of) (4)  wnith %r F’
the adenhb fGnckion yields (1), Tn other
words: the ')‘r‘omsihvi]:fj o]() equ\i;- is o
special case o‘() Leibniz ’Pranc‘:pg?e.

The links belween equa\i)‘-j and {)unc\ion
QPP]EQGHO#\ are wvery s}r‘onj: {&nc\‘ion QT;P\}c.c.,
Hon )oreserves CQMGM‘J , conuerselU . o\]')ar}-
zﬁ‘om the Cons}'an} relatons Frue anc

?cu\se , ecluo,\i)v is Yhe on\d relation
+hat s ?r‘eServec\ Ef_‘] »‘C’LnC.HOrw O\'}D)o]';cc.)-ion.
Tn the mowx:j «-Formc\\ Proofs N O\QSijﬂe—d,
LQF‘DV\'!'Z‘“ r?rmci?\e is invoked all the Hme
and T believe dhat the only use T make
0? the notions OF eoru\o\li}:j ond o? {)unc\rion
QP?\ica¥ion s N aPPeq\s Yo Leibniz's
/Princi)o\e.

T s a Sble o? doina yothemebics
-H‘)cv}‘ S ro\}\ner‘ c\\ﬁ%ren)r 'ﬁ‘om wko.')‘ WGS
deemed acceP+ab\e onb }we  decades Co.
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In his book ﬂgr‘c\Phs and Hj erﬁra?hs” (19709,
Claude ’.Ber_cje ntroduces Jhe o“owins 9:‘0.)9)\

Fig. 1.1. A igraph of | order 4

and Yhen s w‘\“inﬁ Yo code the ?o\c}- Yhot

arc. 9 goes %um < 1o d oS

9= Cg,d)

this no«\‘o)n’ovwo\\ convenhon is ask‘\05 -ﬁ;r
Jrouble since b allows wus 1o deduce
“«p*om the ‘)’D‘lc}uf‘e 2= (o\,b) ondy 2 = (0\9]:)),
from which 2 =3 '{)ouows!

T hink  we ol wgree Yhat ’Berge‘s conven rion
1S o miswuse o{’ Recorde's equali b sign. We ey
have diﬁ%ren}‘ opiniens as Yo how Serious this
misuse is. The c\assical c(e]@nce oPc. no)rc.}icm
like ’berge‘s s Yhat e\/efjboc\ knows what is
meant and +that no one worth his kee will
derive such obvious Nongense as 2 =3 . Fair
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e.nOuah, but beside the ?o‘mJ‘. a @n c\o\mam%-a\
ancl Jrﬁereﬁ:re o%en\ria\b muckh more Serious
obJec¥i0h is dhol such ‘nd}o\\‘:ona\ conven Fons
create envicron ments hos)-i)e, o der'\uo\%ons
\03 —For‘mu\o. mahir:u]o\%'lo'h. We shall F@)‘urn
30 the possible wejght of this objeckion loder
Sl‘o\:jinj oy lH—He ik onger" with the equ\oﬂi}‘j.

Tt moy surprise  us ot ﬁrs* Siah)r Yhot o
relahon so SimT;)e. and 'E?Qmi)io\r‘ c s ecluo\\;b
has created il sorks ofp roblems, but i
has creoted %em T:f‘ecise:) because O() :'}‘s
-?Qm'\li&ri):j. Since o\nhclu& , mothematicians
hove mnever been sure how 2o indicote b
i{) t hed do be indicated ot all: somelimes
t was done wverbally, somehmes }:':j an GCTo-
nym o() such verbol stolemen}, somelimes
ecluuca] CX')’Df'eSﬁ}OﬁS e A page were connected
by o line, o—ﬁen Yhere was no more thon
‘ux}-c\Fosi}-‘:on_ “The wore 'm}ereshr(\j \f\is}rorb
o{) Jhe eolu«o\\i]:j SJ‘Qr}‘s Z\ cen)-uﬁe.-s CL'jo,
in 1583 , when “Robert "Recorde desi\cine.d
the eqLAo.li\- s':jmbo\ s we know i} '}odo:j.
T had Yo wait ﬁgr rmore than o Qen)uf‘\tj
untl)  Leihniz (1646-1’—710) %rmu\o.\eol hs
crucial Proper\r . had Yo woit 3 cenluries,
viz. unkl 1854, be{%re it acquired in the
hands o? georﬁe RBoole Yhe ?u]\ stotus
OFOU'\ infix o?@f‘o\}of 'H'\cﬂ‘ mokes 9:3

an exrressiorw w\\ic\'\ thtj +o‘\(e on G \rc\\ue.
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And the speed with which the world can dbserb
'|mT>fO\femen\’5 s limired. B centur le.lrer, the
boolean domain was shll o second-class
C‘\}»'\zen o? the mc«]—]nernc}'nc_ql wor’d. ™M com- .
mem‘} on @er‘ge‘s Cowwven\*ior\ is +the o“ow'mg:
in view OP Yhe -()o.c\- Yot it has teken he
EO'tAc;li]:j Si&n more }%an 400 UQAF’S 4o occ:umj
m wmathematics the Fosi)rSOﬁ i+ deserves,
we Skcu\d consider i} o mothemoatical heasure
to be Pro\'ed-ecl fﬁ"om Po\u-}icn.

Let me now illusirate what we con do
with Jhe equ&\.i‘:? and iFs q'r‘omsﬂ-ivﬂ‘:j when its
oPero.no\s are boolean. In +het case i+ is not
wnu sual --)r\f\ouj\'\ re_areHalde— lo pronounce

i+ as ”i? and on\\(j iF)n, as in the {)onouuiﬁj
Theorem (C,{)__is we\l-’(’z)undecl a'? ona un\\ij ;?

Vno.-l-lﬂemo.]'icc\\ iﬂduc};or\ over C an T'GSPQC}‘ \‘0
< is o \fc-‘\l':c\ Fmo? ‘}ec\nnique. (End o?"fheorem.)

The Pmr\u\nc‘ua\"\t}ﬁ “i—f and on\\\j ;‘F” Su&ges}s
thet such & Yheorem has 1o be Proved b5
mutual  im hc.o&'aon, he., b C\emons}f‘o\)ﬁnﬁ
Yhot ether side {)o“ows {?cm Fhe On\er‘.

That such is not the case 15 shown bj Yhe
@)Uowir@ calculation; For the ‘grsl* %-roms()ormo.)ﬁm
one needs Yo know that well-foundedness wneans
thet each non-emPlJ subsel contains @ minimal
element, [(or Yhe next two predicate calenlus

Suﬁ?ces, ond the last one qppea]s lo the lePiﬁi—
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Hon o? mothemotical induckon. In the {’o\\w-

ihj calculahon

® dummies R ana Y are elemenks o{) C

® duwxm:j S is o 5u\05e’\‘ OP C
e dumm:j /P i o Predic_o?re on C

(C,<) s we\\—Founded

{o\eeni%on OP we“—-?ourwdedﬂesslj
(VS: (Bx: xe3) o @x: xeS ~ (W, 3<j<_:3¢S)))

I}

———
—_

{con‘rraPos'\){Ne ond Lows o{? de Y’lo;gcm}
(VS.‘: (Vx“.‘. ){éS) &= (\V/'x 5 X#S v (atd‘.‘\j<x: 365)))
f—‘;—rc\ns'ﬁ;rmin& ‘})’ne dummv: S = '{X“I?x&,?xz X¢53

—
—

WP (W Px) <= (Ux: Vx v (35: Yyx: "’”P-,j>))

{c\e?lnl\—'\On o€ Pmo{) \ValoX mo\}hemo\)ﬁco\\ ':nolue]’it.mg
CC,<) s \IG\]}O‘. .

—
A

mQ-)-]'\&n\&)rical nduchon over

Yo Aiscuss the above

This i1s not the F\ace

choracler \o:j charactrer. Tks combinalion

0o
T) F) ssed.

o brevilb and COmplelreness is wunsur
(Less Hhon <0 tjears O\SO, "Hﬁe. Proo? O this
theorem has required Jwo lectures
minutes each: one ?sr‘ each direckon OP Yhe
‘lmplica\-)ﬁon.) Moreover, iks design requires no

more X\r\o\n experience in @rmufo\ maﬂiT)M}Q)‘iOﬁ

of 45
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Bs next ermFle we show how 4a1<'m3 the
meXximur  distributes over +01<in3 Yhe minimum.
"Denoi—')né 'Hﬂe I X imarm o() *x and b\j x’l\j
andl -}Lﬁe‘n“ minimurns b X‘Lb P '}\’7@ Heof‘em

o be Prov&c\ is  that {ar ol Xy, 2
(52 XT(’jlz) = (x']\:j)\i,(x'?z)

We use {%r the o\egm}ion o{) T ond 3
that »@r all  c,b,w

(6) wy olbhb
o) W ad h

W3 A Wb

n

W3Ga v Wb

I

angl  in view o? -n\e above e )‘Di‘ove equqhb

sz u.sinj
(8) cz=h = (Vw:: w2a = w;\o)

To c\emons§-r‘o:\"e (‘5), we observe @;r anJ
XDU! 2) \'\'

wy xT (3¢z)
{ (6) with c\,\s =X, (b\\,z)’g
‘{ (_?) with O.,b = b,‘z_}
wix A (W2qy v w3z)
-{_Preclicw)re. caleulus, in Paf‘)r'lCu.\c.f‘:
A distribules over v
(w;x A w;j) Vv (W?X ~ waZ)
o= { (6 with a,kh = X, 4 andl o, b= X,Zs
wiy XTy v Wy xT =

I

)}

"
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= {@ with a,b:= (xTD), (P25
w2z (Tydv (xT2)

?

which | 1 view o{’ (8), proves (5D

9 ‘()ega ’H’\ih&% s-)’\o-»\d be remc\r‘kecl OJDOU\}‘ )j\'\is
arsumen'\-, besides H\e 'Pz\c\- Yhet } avoids all
case Gnalyses and bebond c\e(?ni)ﬁons (6) and
(3) does not wuse a s‘\hﬁ\e Fro)oer\-:j O]P the
f"elo.‘-ion Y . Li\-<e, -Hne c.rﬁumen¥ count
th\“'\emo.\ico.\ induction 1+ moakes exq‘ensive
use u{) the notion o? *’—le;.\'nl o? boolean
ex,:r‘ess'uons. Li\<e. r‘e%fmulo\}ion <4) op
leibniz's /Princilo]e, ownr ‘(E)rmwlae (6),C?‘>
and  (3) contain a dumm more +han per-
Ha[:s ex?e_c:‘}'eol. Such “ex}ra’ dummies give
s more mMmani ulc\\-';\fe Geedom, and 4\0@3

afe oﬁ’er\ 'Hﬁe lce to Sur)o;—isingb c.risia
Qr\ﬁumen'}s. C }ne(\js to know Jesides (8)

) csh = (Wws: wic = wib) D)

To close +his 5ec¥ﬁ§n, leb me tell you an
e.’(]ﬁeri men)r all OFSOM Con Acke w}‘nen boq ore
home ng».‘.n. Ask +the average ~and even not

30 average - mathemabician 1o Frove or

re Fu)re @:r real a,b
ath 2 max (G,b) f\() and onb If G20 A 1:::; O
and Hou will be swrpri sed 5:9 the ine ﬁ?cienb
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o-() his o\f:gumen}' comFared o

at+h 32 aTh
{ (6) with  wW:= O\‘}'\DS
otz a A athy b
= {Ou‘i'“"\ me)‘:c}
b0 A &0

]

The explonabon %z.r —\—)we usua\ 'me{)ﬁcaensj

O\P e o\rsumen’r is  4hat it starts  with o
deﬁni"ior\ 0{7 MG | ke

) - i]P Grh
max (a,b) = { b otherwnse >

o deﬁn\;im w\'\'nc.\ﬁ 1S ho}‘ nice Jt‘O mo-ni]ou...

late, and Hnere()ore ‘nvites case o\nabsis.

((—\5 m Eindhoven collecgue \AJHD_F@I en,
J AN

lo whom L owe +his examPle, writes in

re@rence '\o +)"\e chove de?&ni'}im: ”-n’le freader

S]'\c«uld +ra Yo wuse e Frcvlﬁb the GSSOCIQ}'ivib
of mnax .".)

* »*
*

1 }\ope. thatl the obove 11"\"]’\@. examp\les

8ive Yyou some idea the CQ\Cu]a)rionc.\

erd\e OF reasonin -H\o:} Com)’)u}ihﬁ science

deueloPec\ and cdopted, but ]oe—@re we  try
Jo estimede the wiider = iﬁni —ﬁ cance oP that
deue\op ment, wWe had heher un derstand w%\j

compu‘}inﬁ science chose +hot ]Do\‘n'\.
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“there is o com\oina)rEOn o-? reasons, ranjmg

gom neec\ ’\0 O)‘)Por"}ur\'n)rfj.

The need emerjed hecaunse Compu}ers are
SO um{%r&ivinj; ‘Hﬁe:j QXQCM+Q I:rogro.ms as
writen, and not \‘)mar‘o\ms as dreamt. Se}-_
%inﬁ Sl soﬁwar‘e correct Yurned Owt Yo he

Mol i+ weas notr just o motter o ino\ccuf‘o\CJ,

Surprisinﬁ\J hard, Closer scrulin revealed
o? 1-3?’18 errors Y} beler Frooé&ac\ing
would thave chugh)‘. The sl}uo.)ricw\ WEGS much
mofre Sery OuUs ! the Proﬁr&mmiﬂj c\ﬂo\neﬂje_
ccmgow"ecl ws with o pe © Qomr)\e)ri"}:j
we did nol know how 1o cope with, I{)
qhe amount O? T“GGSor\':h& ‘}\ﬂa} Ca ]oro\tjrc.m
requires {E}r‘ its jus}iﬁca}ion exFlodes with
Yhe rO&Fc\m \enfg)«}h, on\:j Yhe Yy niest ]’Jrogro.ms
il Ee Fr'“ee. ‘-"f/ \Dujs.’

Com‘-:u}inﬁ Scien‘ris)rs o\u{c\«b discovered
Yhetl the cmount o() r‘eo\sonin\cj rec'uur'eo\
could Cri}'icc«\\b depend on nolure and srruc-
ture o{? the ‘m'\-er"fo\ces behveen modules;
the CQmpe¥en+ Séjs%-em desiﬁner -H\ere?ore desi‘jns
his in%—er‘{)o\ces with ithe utmost care. 1In
mathematics, c\e?ﬁni)aons and theorems are
m'rer?o\ces,- «}He\g should be chosen with
similar care, hut are -\-\f\eb? Not alweys.
Cchr‘d:j and L»Jri&\'ﬂ—: “Everfj Posﬂ-iue inreger, excepth

4 , is & Frodud‘ o? Pr‘ames ? Harola M. Srark:

3
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”I? N 1s an 'm\‘eﬁer' greo}er Yhon 1 ” Yhen either
™ IS Prime or n \s G Qm‘)re Pr‘oduc} o-P
?rimes.”‘ These examP\es —which T owe o /.J.M

von Qosteren — both reJec} the empb ?rodu ot
the lest one calso rSec,\'s the ]'Jrodud‘ with o single

LecYor.)

The other "\-ec\nnique wsed 1o reduce '\"ne.
amount OP T‘e&soﬂir@ needed was nol Yo
\-r(j to Prc\fe AYhe Corf‘@c}“hess OTO €XiSHr‘\3
progrems, but Yo design correctness Proop
and pProgram )roSeH'\er. More Precisel:j: one
des'ugns ‘H\e correctness Froo{) and derives
Yhe progrom ﬁon'\ that ‘]Dr‘oo{? (that dhen dhe
correctness ]’Droo? ‘Yends to e %imP)er than
-Mne correc}hess Pr‘oo‘? 'Fof' QN 'ln}uihveli Corl-
ceived program is n ot surprising. Whot
[E= ‘SurPr)Sinﬁ S -Hwa)r Such mof)—driu’en
?rogr‘o\mminﬁ o@?r\ Ie&ds '}-o }ine more 6{?-
ﬁcien}' Frogram.)

Next T ask yow to recalize -]—HQ\—, b:j virtue
0? H‘ie Possibili\b og) mechamicc\\ fn)rer“]jre}a-
Yon, each I:rogramminﬁ lan uege rePresenlrs
a f@)rmo\] sas}em (w? sc)r}"s? “Thet means

Jhat progrems  <an —and I & Woay have Yo ~

be wiewed oS {érm wlae . 1In the Pre\/'z OWUS
c\r"c.sra«[:L\ I 5Y)o\<e obou} ader"yvirxg T)rogjro-ms
E—om \’_)r‘OO s’ we now see thet thel means

Yrod ?ormul;e hove Yo )De de rived Gcmn -}he
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Pr‘ooP‘S. \/\}iHTOud‘ -ﬁ\r}her‘ de’}'o\il, Mne ahove shOuic\
exP\o\in whﬂ fPor‘Ynulq man})ou\al'ior\ is SO oﬁen

Yhe C‘Oum]‘in\_c) scien}is¥‘s }'Jre']perrecl on O(D
Frouina “ﬂeor‘ems.

This ?re]perence ‘s also understandalble in

’Hf\e l®h+ o? '}he res)r o() nis Pro—@ssic.sﬂc.\ @XPQ-
cience. I{? w e be\‘\eue Jr]c\\mos, -W\e manipu]o\\hcm
o? uninter preted ormulae P]OJS G Very wminor
role  in —)Jne }irl?:a Q Hne C\stica] W\o.v}hema}-ician:
he has not been 3rained lo do it, he does not
ke ik, and he s not sure +thatl he considers
Conl co\\cﬁ—’.ono\l roo@ reall Conv’xnc':ns. “the
‘momipu\]c\hon QEunin}-er—prgcc\ {Zrmulae s,
however, o m ost ‘Go\mi]:om operahon {%Jr the
Comr)u\\"lng scienhsh: i+ [ 8 «Hne one and On\:,
oTJe.r“a)-'non Comfuhr's are very Sood ak.

M ore over, the Com]')u)r'ln scientist is spared
an emolr‘\or\c\\ Yoarrier. F\\mos} ol —{?c:.n‘w'moi{3
wsed doﬁb 103 Yhe class]cal mo.)r\nemo.}icio\n
are oF lecst o\m\'a‘uguous. But thot cloes nof
hark the c\ass'\cc\l mo\}kemo\}iciaﬂ becoause
he does \hoH"\inS with o ﬁ)r‘\rnm\o\ wi}%od- in-
\‘erPf‘e}in& i+ and FQH- op his Pro{?ess‘n onal
Com‘:e’\‘ence consists in SubCoﬁSC}OuSIU r‘ea‘ec}-‘ma

oll unintended interpretakions. ('IP you show him

isms3

Sin (OH-[?;) Ve rsus ‘Sin(8+i+h) 5

it de\'xmds on Nhis sense Q? hum our w%e}-)-ner he
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8 C\museo\.) “The manipu]a}'uon 0() un'm}‘erraf‘e}ecl
@T‘mulc\a T‘G’le.AHI’ES Mﬂ&mb‘l\guous {)o‘rmc‘]'nsl'ns Y
T hovwe observed more than once thatl the
classical mathemaltician e)vj:en‘ences such dis-
ambiguo}ions as irr{}‘o\}inﬁ Pri&aerg. The hurdle
iS5 uhdersf}omdo\b]e, buv}' H’\e C_ompu%'ﬂﬁ Scit?.rﬂ'ﬁs}~
has token it a \oan time age.
x »*
¥

HOLQ f‘e\euw& is ‘Hﬁe c«]oove m::;&\'\emo}icq\
EKPerience_ o{) the Compu}ing SCien)ﬂs}s -(c):ar‘
mG\JrL\emo\‘)-ics oY Sener‘a\? “Yather relevant )
—H'\‘mk, anc\ 1 do so {c))f‘ mminb YWwo f(easons,

The one reason is thot the calculational
T’mo@’ are  almost a\waJs more e{%)echve
Yhon ol inldrma) olernakves, the other recisim
s that dhe c\esijn o{) cadcwlational Proo?s
seems vauch wore Yeachable than the
eluswe art 0{7 discouerirzﬁ cn '\h{%)rmo\‘

PFO O?

Ld me elaborcte on the Ers%‘ recson ‘Grs¥.

\,J\/\en I cc.ne ad <l cu\a'\‘%ona ro og mofe

"e%%c\-ive "1 wneant 4hal 'n'\eéj ‘end to he

sh or‘\'er, more exP\ici\' , ond SO com lete 4-)'“:.]'

Yheo, can be feacd and verig)ec\ wi Hhowt encs)
5 P

and ‘?q?er‘. To ?md Yhe c'_o\\c:u\\c.}iovwal Ff‘OOPS



EWD1073-14

we had Yo desi&n s0 e@%c}ive WGSs G Ve:j ?\easan}
surprise, and it was « Surprise indeed , because
we 400 had leen Su}fjec}ec\ , over and opver
COanin, Yo the rumour that Tpormc,) methods
were too c\umsj lo be wused in )Df‘c\c}ice.

M:Q conclusion 1s +that Yhat rumour is wrong,

T think T know bhow the miSConce)’D\‘im
o? lr‘f\is Yum owme emer:seol: ’}%e ini}ic\} ex):eriences
v th -@:fmalﬂa were VQU discouf&se‘:n5 indeed.
“These unffjor\ru.no.‘re ea?eriences were due to our
leck o{) manaoeoble —~E>rmo.'|ism"s”5e'o~f‘ed Yo

.

o
owur mo\ni})u\a ve needs and o ocur lack in
exPer\“)se in us'm\_cj f()ormc.\'nsms. Qur C\iSO\FPOiﬂ‘\'-
in exPer'\ences u.nn'\ —@)f‘mo\li\b Skou.\c\ no)r he
?vgerpre)red as somenn'arl.j be}ng Wrong wn +h
%rmq\}b; the exPeriences were c\iso\)o]‘)o‘w\}'unj
hecause We wjere iﬂComPe’ren)r omatears.
But this hes been ckqngec\ b\‘j our exFosure
Yo COM]'DLAHY) e cause exPer'\ence Sakned )Hnerc—:
can indeed ke corried over Yo Vﬂa}l\ema}ics

[ Sener'a\. Let wme Slue Yo o exam?\es.

Tn order ‘o rove )r}‘na’]' G com?i\ef“ Cofrechsj
parses the Program Yexts i} processes, one needs
& tormel grammar {ér the S(jv\}ax o{) ‘he pro-
3r0|mmihj \Gn&uo\ae 11a) ciues)-ior'\. o {érmo.\ lan-
3(—&&3@ v\-)')eor wie owe -une disl«'nc’j«iw hehueen
Sr‘omr\mo.rs + ot are ”Cc:)r\)rex}wﬁee " and dhose “ﬂa}'

are not. \\fex‘r we observe thot the manirula\ﬁw
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mo\-\nemo\}"c}a\ﬂ does no} maniru\a}e Jus’}‘ S}fiﬂﬁs
a() stbo\s Suk mo\nipu.\o\}rGS ’Féme\&e porsed
C\C‘CQFC\HE )ro %e unc\er\\\j{nj Sfammo\r. Siﬁce
the Po\rsinﬁ Frob\em 'S 5im]o\er- {ér comtexh-
gree Srosmmo.rsj "rl'\e mora\ 1S s'\mp\e: choose
%f‘ one's rg?_srmo\\')sms Ccm)rc—'xL?ree 3ro~mmo~f‘s.

“the o)r\ner exomple is the nolion o? chshach
dota %‘(j es —srocks, Irees, Fermu+a1ims, b@s,
Ccem isur‘c‘lricms, what have Hou — . Ic\en):"lp ing
an o\ﬂsro;aria)re dota | pe and sSome O‘)’DC’.(‘G\{\CMS
on it s o—ﬁen essSen 'm\ mn Pﬂ?uen}in o Pro-
Sro.m »En)-o-m bc—'com’:nj ')ro)ra“ unwlel%‘ {n
exo.c\rb the same e, CCT?CM)O\HOT\Gl Fm%ﬁ

the desired breuib and c\o‘r‘;b canr offen
be obiained \03 the ~use opa s?eciﬁcd\lj
C\esgﬂec\, %Pecial—}:urpose Cq\cu\us. sSaic

i

”Exo\c)r\\‘j %\e SGMES W \Oecause _1 See no
dilference belween dhe virtues ofa dota re

in a }or‘oSro.m and the virlues QP O Qalcm us

InN Ca ‘oroof_

Thet comcludes what T wanled o SO.:j
obout the e—ﬁ%c\—‘\veness OP colcumlatonal Taroog.
Lel vne now frurn Yo the secend recson

Lk A H\ink -W)q} OWTr experience U‘m“’\ CO\\CU\-—
lc.]gnono.\ PrOoPs is relevant, viz. 4he '}eac\nq]oi\‘.b

0? their c\esian.
ComPo\reo\ ‘o n\e S’]‘err‘\ c\isc;P)me OP {érmo\);b,
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'\n%r mal mothemoaltics is o +fee - -ﬁ:r‘- all. Becoause
o? -\-\ne \Jer:j 5)’\’3(_-}' Fec:,m';femen¥s Co ormo.\
Proo? has o mees‘, +the dES'len o]pc- {érmo.l
Proo{) [ w'lde\l_«j —(’el} to be o more demo\nc\in3
+&sk ‘Hﬁc.n -\he desbn o—f) an 'an{?::rrnc.\ ]’JFO‘OF)_

This -Pee\inﬁ, however, is not \)Ms}]ﬁed: {Srmo\\
Proo% afe in G ve[j recise waJ casier ‘o

cles'\én Yhan 'ln@f‘mc\\ ones. Recause the re-

Cluu‘nremen)rs OF) {c):rma\'nb resh-io* Qear {rj‘eedom,

we hove ‘Feuoer' oP)r‘:ons O )l'r'aals 'qu\} Yaarnm

»

has been re-
duced, and that he\los. FTurthermore, acceP}irB

. ¢
into errors @ our ' search space

Yhe f‘equ.ir“emen\'s QP ﬁormolil:j means redu.cirjj
the band widbh o{) what we have 1o write

clown, a bandwidth reduction that cliows wus
16 QdOF'} {ér our cCalculalions o sirict ‘F:):)r‘mc.)‘.

The advan}‘a{es ;F such o Sirick {ér‘ma)‘
. i

are considerable rs}b, i+ makes Proo@
og/’ di-ﬁ%ren]? dheorems wmore simi]ar, anch
also the tasks o{;‘ cles'gnifzﬁ those ]'Dmo\ps:
P"Ob\ﬁ'ms Gom diﬁ%rerﬂ‘ oS Ccan -easib
lecdd  to Simi\o\f“ cka“enﬁes Ta -@:rmu\\o\ YN onNg -
‘ru\o\}"\oﬂ, -H'\us ]ncrec-.swzﬁ H’\ca Probc\b'vlib H’\o‘}'
the Proo{) des'ﬁn Can e Suidec\ o %e same
heuristics. Seconc\b, Yre sitrict format  moakes
lr]ﬂc-.\' mo\néj o} dQSBﬂ decision <Can e +a1<en

on S(cjrﬂ‘o\c\-ic Srounds alone.

Let me giue How an ermP}e. T kaow thal i}
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may be Yoo simple e he ]mPressive, T has the
ac\x}o.n¥c~5e Yol # canm e reloted to the wmoderial

men Y oned be?or‘e.

Let {&nchor\ f distribuwte over max, e,
@r ol b

(10 PGM) = {at b ;
show that —P is wmonotonic, i.e. 'Par' all X, 9

(11)“)0? X2y = Fxg%

’n'xe\/uses how ‘o express 2 N rerms Of T,
le., {)of‘ all a,b

(1) a2 b

£ 2 £
{ (u)jw'ﬁh a,b = Cx , P&B
Px = fx1{y
{ (10) with «,b:= x,:j}
Px = £ Gy
<= {_Lei\or\‘:z‘&
x = xT
{ (12) with a,b:= x,js

X > Y

T+ is worth no}icmﬁ tha b Yhis Proo() s
@fCed. Lool< ¥ O\fr Prcop o‘oi"{ja)ﬁon (12> . 90'1:19
ﬁom consequent Yo antecedent | o ‘P qpp}ica}ions
have Yo he eliminaded, so we have ‘o c\‘apb the
/Princi)oie o? Leibniz , because dhat is the —O—n\é vne that

o= C\Tb

i

)]

I

]
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can achieve thal {ér ws. The structure o? the
Proo? IS now dic%o&ed: (11)'s cmseo\ueﬁ-}~ hcs
‘o be massajed into  Yhe ecluo.\ib o o
\?—vc.\ues, cind CA‘@QI" Yhe elimination o Yhe two
?—QPP\iCQ)r‘:onS, the eo\uq\ﬂ ‘si’jn has 4o be

eliminaled. Moreover, we have Yo use (i0),
which menkons 1 | which does not occur in
(11). ,SO, os = * \mas-}o be introduced and

2
e\'imincﬂ-ed cgorn. “This raises +the o]u@s}icm:

how can we exc\ﬂom&e an 2 g)crf‘ an T oand
and = ? Tormu\a Ca2) 8iue'é -'-}he answer;

we dont know i+, we can decide most o

irs shauclture be{)urehano\: '{)or the soke o‘f)
O\PP\iCO.biU}J oP (10), the riSH—)\ano\ side o? (42)
has to Corﬂ"o.‘un a’]‘b . “The Proo? op (42) s
\e@ as an exercise to the reader; hesides Predico}e
calcalus and (6)  he needs that 3 s reﬁekivc:

andl Qn)r':s&mme}fic,“-' e, A{Z‘r‘ ol c..,b

i)

a=h C\?fb A )33,0\.

X X *
\Al\ner\ Gour Mathemetische 9 esellscha ﬁ» in
Homburg woes 'Faumclec\, “our Coqr\}f‘t,)mo\n 90‘\'\ ied
\/d'\n'\e\m Le':):niz wWas N Jf}\e \Pr‘ame o \n‘ss 1 {e.

For centuries, his dream thol calculation should

Frov)de an o\pref‘ho.}ive Yo human r‘eQSanj

rfemained o dream. 1 hoPe Yo have shown Yo
houws "r\'le G’x'\s)reﬂce o() au\}Oma)'iC com?u)rers and
the c\r\c\\\enge o? using Jhem has chonﬁed this:
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Sim?\EQCa\‘*‘:cns '“fm} Leibniz )’jgc\ N mind  are Nowd
u.rﬂ‘\f\ivx reac\r\. —ﬂne hnor'cJ OF ma 5}‘08 S '}}'\c\)" :‘?
e f’(reo:)- Ol @rmo\lisrns wi“r\ Jrhe care ancl resPec}-

that we P'::j Yo our O‘n’\ef' sublle c.r)re@zcl‘s, Oow ™

care and resPec)‘ will be more than reworded.

Ca\ Cu\ea—nus‘.

T dhank you {or your adrenhion.

Auskn, 4 March 1990

orof” alr, Edisger W. Dekeshre
’D@Par\‘MEn\- o() C‘omlau\}er Sciences
“The L)m\rersiib oP Texas aF Pushn
Austin, TX 783/2- 1’3
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