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a 8ener‘o.\izo\)rion o? R.S.Bird's Prcb]em

g}bc&x\ {)Uhc}‘ion 'P has beeﬁ S'IVGP:

(0) —P is o tGnetion {I?‘om nolurals Yo naturals
(1) ?(()n) < C(“'H) g_)r ol N30 5
prove H’\o:) ? s +the aden}ﬂrb -ﬁ;nc\"\oﬂ.

X *
*

A mojor ohservalion is +thot W is essential
that Cange ond domain op -F are naorural: had
'H'\e:j been \‘n'\‘eaer‘, {) Siven b\j pn: n-1  would
have s::hs-ﬁec\ +the mec‘uo\lib o]p (1) %r all n .
Since the essenlial d‘rﬁoer‘enc.e belween the noturals
and the integers is thot with respect ‘o <, the
Pormer‘ are we“-{;(‘)unclec\ and the lalter are not,
it ois o SO\{DG bet that we have o use the well-
-f%unoledness of the domain and ~ange o? \()

B wminor o\oser‘va‘r':ov\ 'S -Ur\c.)r it s esseﬁ)rio\\
that (‘l) is nob weakened o ? (?n) S Q(ﬂ-ﬂ) N
f’or ' that case -P given 103 {?n = conston?

wou\d hque been G SO\U\}‘IO\"\.

Qc\uo\\\:), -P can be ]’Jroveo\ to e the idenH\b
@ﬁc}"lon EF) (1) is reP\aced b_‘j

{’k.n<¢(n+1) {Zw oll n o

with &r\‘j k22 . We Skq“ Pr-ove Yhe case k=3,
That is, 3‘\\/97“» ab o ud f
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(2) nyo = -PnZO , and

(3) ny0o = P(f(?n)) <’?(n+1)

we hQ\JG "“O PT‘OVG

?

(‘{'j n20 = ](,)n,-_—f\

Tn views o{) +the ihequo\\i‘)‘d s'lsns m (2) and (3D
we may ex?e& Yo demonstrate ?‘n £ and
Mg «Pﬁ more or less ‘mc\ependen}] , but their
direct dem ons}r‘c\}i on \'TL—) wath emo\\;i cal induc.
lion over v runs into problems: we have
o conclude soﬁ{é)r'l'\'mj" abhout c single N
and Iin () and (3) , n  (or ) Dﬂ\g
occurs with ‘F) O\]‘J)’D\iec\ 1o it.

2

There ore severol wous o{) remoumj F)_

Q)’)P\ic.c.é'tons while wg_cukenirla. 1l wmen}ion

(i) Cx # r\j X -,éj

(i) ?x < 'PJ = X‘<\‘j -(c).‘r mondtonic {) .
(i) e g {?x A f.x <b = ox<b

Cancl o)r\'\er vo\r'xé.}'aons on }lransinW\:j)

3

Via (i) we can deduce Fr‘mn ()

?(Pn) ?l_- 2% ;
b will not e used in the remainder o
Yhis note . ("ﬂne. conclusion is rether weak.)

_T"ec\r\niclue (i) ]c:o\(s MNnole Fr‘omiSina! and '5u~3-.
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ges)*s 1o \"J lo estoablish Frrs¥ Hhed () is monotonic,
There s \noPe thot we con do thal: Q‘om (),
which strotes that all ?—voﬂues ofe nolurel, it
—ﬁ:;\\ows -we\\-(ounde_c§ﬂe.ss o Hwe ran9€!~ '“\G)‘

Yhere exists o mMmintmum L value, {)rgvn C3)
- -Hﬁe. s‘rr}c\'ness OP < ‘ — 5‘} —(za\lows -}}\a‘} r-for
Fosi)‘ive arﬁumen\‘s "Hne. ?-vo.\ue 'S rot m'mimc\),

hen ce 0 s the wminimum gVG\U{. More

rec)se
" 5 An: 0<n: (o< 7n)

1“ order Yo T'GPE.&} '}he C\f“ﬁum?ﬁ*, wWe
Senera\ize C'z) lfa:J FGP\&caﬂé }}’lc—: Ccrr\s‘”aﬂ}'s 0
b\j i, cnd *\r(«j Yo prove
(8) (Eli: 0gi: (En:: P<n = | % -Pﬂ))
bo mothemakicel induction over 1 . The base
(An: Oosn = Dsf.n) s Frovidec\ b:j (2,

Tor Yhe induchon s-}eP we show +hat J?or
QI"\D}‘\‘TQU m 20

CEF\:: PN = 3 Sﬁn) = (\"*1 L<m = i+l g Fm> .
We c\'us\'ingu.‘;s\w two coses

m=20 We observe {)or' o\r}\\j AoFural

i+1 £ M
= {7
{)O\\SQ

== {' )’)red. CQ\C.B

i+4 < -{).m

o, m =03
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m > 0 We s}'\&“ prove 'G)r' O\n‘j natural 1 and
Fosi)ﬁve m <i+1 £m = Ii+1 < -Fm) under
the G5 SUmp Yion o-F

(6) CAn: isn = isl{?n)

To Hus end we observe

‘+14 <= m
= {arthmehic
I € m-1
= {(8) with ni= m~-1}
S E(m-ﬂ
=  $(6) with n:= -F.(m—ﬂ)-s
S P (f(m-ﬂ)
= ’i (6) W\n\ n:.= -FC{)(M-‘!))S
Vg {) (f (.F(m—13))
= {1 (3) with niz= m-1, m-1303%
i < ﬁ(ﬁ({’.(m-'l))) A ?(f({) (m-10)) < -ﬁm
= 4 :}-romsi}ivﬂb) see (iii)}
1< Fm
{ o‘rﬂl'\mehc:ﬁ
i+1 s Fm

)

This c_omP\ef\-es dhe Pr‘:’OP OP (s) w‘r\‘nck,b:)
an \n}erc\no\n\ge oF) quan}iﬁca}ior\s, con e
Luri-H‘en as

(An: (Ai: 0gi: isn = 1g Pn))
?eme«m\oeﬁnj 'Hﬁc}

A

Qn) = ns{.)n for osn

(&'\:O';(i‘. sn = )



)

N
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we have 'mo\c\Uer'—}er\H:j estahlished
(D N g \Gh —g_)r osgn

We sho/l now wse (5) ond (%) Yo I)rove
®  (Qirosi: i< fGr))

lLe., to prove Hheat ‘P s increasing . To this
end we obhserve of an arbitror __no.}grq] i
the ?o\\ow'ma. Le} min So.lri.SEtjj

(9 1 € min and

(10) (Bk: i s W Fmin < Vk)
Because he fk @:r sk ore nalurel,

+her‘e_ exists Gamong, -ﬂwem . Mminimuam u’o\\ue,
ana -\he.f‘e'pcre I‘l‘ is Possib\e +o 5&}35% €)!
and (10). Next we observe {)or‘ o«ntj n

g n
= {5
(EN pn
= {1 (58) with = Cn?}
[JES F)Q.n
5 {0) with k= Pl
Cm‘m < {)3.n
{ (3]
Lrmin < -ﬁ(nﬂ) -»Y-)
{C\riH\meHcs
{2 vnin # F(ﬂ+1)
= { Leir\{:és

min # nN+1
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Thus we have established

(Rn: isn: wmin .—,é—n*-‘\)

gjl'mn which we derive bf_j f}rc\dmg

= (Eh: min = N+1: \)n)
= {asrithmeYicy

CAn: min-1 =N i>n)
= { one-poin¥ rule §

I > min -1
= { arith me¥ic }

min < 1

Trom +his cnd (9) we conclude min =1,
hence G‘om Yhe line marked n the )or'ewous
proo (s = JFI < f(n-r‘l) in Po.rhcu\om
?L < p Gied) . Thus (8) has been established

’¥'.no.l\b wie observe 'For c\nJ nc\}uf‘a\ n

true
4 n s natural and (3)3

f (f(f n)) < ]()(rm)

is mmo’rm‘c}
?. (f.n\ < N+
= { () with n:= N+
(Fad <n+1 A Nt S «g(n—M)
=> {~lro\ns.%w} [
? (fn) < ()(ﬂ-}‘\)
? s MOﬁO'\'onJC3

Q.n < N+

b
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= 4 orithmeli cs
Prcn

which in combination with (?) establishes C4),

ouf Drisino\\ demonsirandurm.
* x by
The a‘oove DWES O ]0} '}o J.Nisr‘c\ ancl B.L.ﬁ.\mm
de Snepscheu‘\“. ). Misra Pf‘o\’eol (8D using )
and (3D b\‘j observing «Por ontj notaral

i
s {3 with niz A5
£ CED
< { (35 with = {)((Du)—g
£ @
< {C'B) Wtk ﬂ::'\?;
.[7. Gi+1)

which is & much S)ﬁorf\-ef“ ar\c)‘umerﬁ' H\an

mine,

*
¥ *

A—

Tn my Arect ment o() this roblem T hewe
TIn my e 7
tried do aveid pulling rabhils oul of the
mathematical mag'léjuaﬁ%' hat., Tormala (5)
\S an obvious Se_nerc.\iZQ}ior\ o? 2D , and
it was b:j Yhat eneralizakon indeed dhat
T constructed 5) ag o wor th Soal }o
prove. “Please note +hat (5) Moy hove been

much harder ‘o come u)o wn'n'\ had we no}
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bothered Yo @rmu\a‘}e (2) and bul been content
with  (0). TThe C\Qf‘)Cr]Fhon ((er;ls o tanchion
?ﬁcm noturals 4o naturads  is _n_cﬁ an invvite-
tion Yo momi):u)o\\r'z on r@rmu\o\ 2) s,

Conﬁpess'ron No} \ﬁav‘;nj seen Yhat wilh (’2)
(8) s Wé-cig‘;va]en’} Yoo (Y, L on ino.)b
derived - with one more mathemae tical
'\noluc}ion over n — (?) ‘F!'Om ()  cndl
(), (Fre shoterment Yhol f() is ?ﬂcr‘eas‘;n'f)) :
(Eend of Con@ssicﬂ)

1 did ho)f O\‘H‘em“p‘)‘ Jhe other 3ener‘a\'n‘2a~
Yon -1 was suﬁgesrlecl k&j Misra~ 1o ce-
F\ace the neotural numbers with < b:j
N 8ener‘0sl wen~€omnclec\ sSeh.

Auskin, 12 Tebmo-rb 1990
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