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Leibniz's ’Pr'\nciple

The QQm)’)]iCQ‘]‘@d attracts attention, the

Seem'mgl simple tends do ke ignored, and T am
af?-aic{ ot the \oHer —F)c}e oF‘; nesled- hes

BC?Q“en the nO‘l‘ion o{) equo\il“:),

One stjmrﬂ-om OF) theat hes\ec‘- is thot Yhere
wWGs No séjmbol o denote equq\il-tj be@:re 1557
when TRobert Wecorde introduced the equuul-
H:J 533:0 = as we know 'ﬂ- bdaﬁ, Prior
to fl?ecof‘ole's ir‘lven)r}on’ EQMQU\j WG S -
.mdicc\jrec[ VCI"‘O&l‘j,, bt) an o.b)of’eViC\l'iOm ‘H"cei‘EOF,
or even imPliciH&j, e.g. b:j mere Jux+GP053lrion.

?

Qno”\er‘ séij¥om of) —H\c\’r he‘g}ec} is ’H\cc\‘
1'}' -\'OOk cxno'Hner‘ -Hm"ee. Cerﬂ'uries ]’begare. =
acolu';r‘e.c\ +he ?u” s+o.‘]-us OF an 'm?ix orer-
otor: 00\3 o\—ﬁ‘ef' +he intro ductrion O-F) he
boolean domain in 1854 could x= be
considered an exPression 5 caFa\o\e OF ?o\('mj

on & Value.

A {;i‘na) 5‘}’ri\<in\cj 'Po;c}‘ 'S ‘H"nc.‘\' the %rmu\&-
i ity h Yerish er}k
1OMN o? Equa‘”‘ s mos§- chairacrerisnc )’)POP J
had o wait or Leibniz , Wwho \Ned more
than o Cen)-ur'd leder thon TRNecorde. Lebniz
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had the 'msigl-\%- to —ﬁ:r‘mu\lo}e —Gmong many
O‘H'\er -H'\inas—- eclt,\c.\i']' 's Prbper}b o be‘mg
Pr‘eserveo\ under {&ﬁsraon QPP\‘;CQHOH.
Equo.\i" \S f‘Qo\“ Ca ﬂo]-ion we 9r‘euo LAP
with., T ink we ¥new Subconscious\b
'H\OA‘ Equq\i‘lb 18 G S:jmme)l'ric F&ﬁc}ion o{)

ity arguments:

(03 X:U = U‘:X

)

be?ore we could doubk T am now pPer-

-_—

-?ec\-\n wrillin to O\CCE‘F']' (0) a3 o }DO‘S“‘U}O\‘}Q:

equ&lib is ge—ﬁneo\ QN On Mﬂof’d@i‘?c‘ Pc\ir,
To o\PPr‘eciq%e, “Kecorde's invention, we

ShOu\]d Swi]‘c‘f\ back —(florﬂ (0) to o ser&ence

like 7 The »fc’;\rmer hoas twice s mo\n:j Cows

as his sSon \"lo.s s\weeP ”, wshich 0\“ 'Du\)' }wides

that eolu.a\i¥3 [N S:)mme}ric: ho)rior\: I.f)

the chove sentence exyresses C =728 |

Jrrt) to express Q°S = C Simi\ar\:j , and

you will notice that i+ cannot hke d one!

p\no“‘)ei“ {)o\mi\':om Proper)tj 0() equc\\i)'
—and o }:ro)oer]:j we have Subconsc—iousb
usecl be%re we cowld %rmu\c«\‘e it - s
thot equ\o\\ﬂb 15 dransitive, ie.

(1) x:n VAN b:z =2 X=2

Mathematical Metho c\o\oav



EWD1078 -2

Emohon&“b, equa\i*v‘s “‘T‘O\nsi“ivi}J s}r'\\(es
me as as “basic . as ”?ur\do\men'}o.]“ as its
Snmm@*f\\j, bul emolions can be misleo\c\irg:
equa[i} 's 'lrr‘omsil-ivi)r‘j need not be
Pos.}u\o. ecl since —as we sheall show
below —~ i+ —Fo\\ouds {?‘om Leibniz's Prin-
ciple (2).

With {) c ]()uﬂc}'mn, and X and
variahles OE F's Qrgumen‘}‘ }‘Jpe . Leibniz's
/Princ:ir))e states

((2-) X = :j = (-)X = {)b
Tn its O\PP\ECO\)ﬁon &S uader“s+ood 4}1&}

we ma view an efo‘e.ss'\or\ s o {)unc\ion
O\P)D]'leo\ -}0 one OF) []‘S SLAID@XPT‘QSS'&DF\S', we
are ,{ér instance, allowed 1o coenclude

a=b = (o+3)* = (ba 3)"

hecause ik s an ins*o\n'l—io\]rior\ QP (2).
(Tor those readers thar have seen the
M-calecawlus, T con give the instrantiation

of (2):
x,:j,?:: a, b, (>\<3: (U’ra)z) D)

To show thal (4) ‘Po“ows ﬁ'om ),

we Grsl‘ oh serve —anr an X,4,2, 9 QP
the aPProPr'xc}e )rb)‘aes :)

Methematical Melh odolog 9



EWPDl078 -3

true
= {1 (2) with F:: CAu: 8._(4::2_)5
X=y = (8.x=z = 5.57,—123
= {Predicc\)re Ca\c»dus}
2y = Cggmz > gx=2)
{Predicc&-e QO\\CL«\LAS?]

K:-:j N GYy=2 = 9x=2

]

Subsh)cu}rinj in 'H‘ue. l&s%‘ Cbnc\u\sion or

the ic:iverﬂ-i\bk @mc\—ion :jie\ds C1) , anc thus
shown thar 1) {?ollows gom ) .

we }-, e

Leibniz's /Pr}nc:iI)\e C2) S‘\‘Q)r‘es Ihet ﬁnc\‘ior\
c.PPlic.c.-\rion preserves equcﬂ‘.]b, but the link

behween equc\lib ancdl ‘@\nc}]on &PP)': cation 1S,
1N -?ac)-, 5~]-rc>r\3er-: besides the constant rela-

——y

Yons 7 and ¥ . e,qua]ﬂa s the on\g
f‘e\ou}'mn -]—)na‘}“ (B3 ]Dreservec\ under ?u.nchon

]

applica¥ion, (The constant relalions T and
PP
T are aiver\ b\ﬂ X {)of‘ 0\“ X’J

(x T_‘j) = 4drue ond  (x “F‘b) = ]()qlse :
Since Pred‘.co}re calcalus tells  us

frue = hue and ]Q:.\se. = Fq\se ,
we can conclude fr all x,4, £ £ malching

lrvpes
(x T 3) = (FX T gj) and CX ‘Fj) = (Px Tﬁj)’

Mf-ﬂ'\’lema\"\cal Me}hodblog‘j
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Ve, (&f\chor\ C\PPIiCG}'IDh Presa;-\fes T ond * .
),

'-'\:or an:j re\o\)ﬁon O‘Hﬁer ‘H’\o\r\ Bl F: off = 2

one can construct an {) tet does not preserve

it.)

The s]‘reng-}-l'\ OP the link belween —ﬁ\nc“tion
app]iccﬁion and equo.);tj mcm;—(és-}ecl i)rseigD n Ue)-
another Wy Over the years, my Pro«;ﬁs become
Mmore and more C‘.Q‘Cu\a)r}onq], and, lo the loest
ofm\j \now]edﬁe, the many Er«?o@ I cles'sanecl

eristic: +he -O—n%
wse wmode o—P Equa)ib 'S Jr}'}o.]r )+ s ]:r‘ese.rveo[
under {aﬁchon C F\EQo‘hon, the _9_:\_!5 wuse mMmade
o() the notion O’FC& (&r\c'}'}on is thad -)QAnc}'!On

QPF)}CQ‘}iOﬂ rreser‘ves equo\lib.

o\” s}vcd‘e the f@)nowirzj c\'\of‘ac

3B (TN op 5“us-\r‘a)rioﬁ, consider +the
owIinN g‘»

eorem; here , an infix T is used

o8l
o

denote 'H"(e o QX)) My O«P \“wo F‘QG\ O)C)Qm"‘:ds,

Theorerm Let -() e - {&nc}‘:on ‘rf‘om real Yo
recl thot disdributes over the wnaximum,

- Fof‘ Cn” X’j
> COryd = M 5
then ()\S monoctonic, i.e. -{ixi“ a i X’J

(4) Xsy = ](?xsﬁj

Mathematical Medhodo logw



EWD1038-5

Now +he {é\\ow'mj observations can be

mocde .

® Not o\H {L)ancjr'nons vﬁ-om r‘ea\ ‘}-o f‘egl
are mono-\onic; hErjce, +he Pr‘oo{) op 4)
requires the «se OP (3)

® We can on\\'j mwse (3) in < c:o-n+€>c}
n w\nic\'\ T OCCLrsS,

@ Leibniz's /Princ‘.p)e 18 our Oﬁ\\j '\OOI
{sz‘ the inYfroduction o{) P O.]'D)’))ic.o\'*’ad‘ﬂs
in the com sec,uem*, so Leibniz's /P\“':ncip\e.

has Yo be wused.

® We can On] Uuse Leflaniz\s /?r')ﬂCiF)e
in . context In w}\ic)'*. = oOTCurs,

So, the cﬁue.s’\’\on is now, how ‘o n¥ro -
duce T and = N our CO\\CM)&}‘iOf\,

o

Here 1 cesume the auc\ilo]oilib o? }he

Lemmead ’For O~n T“QO\\ X,:j
(3) xSy = X]\U =y

(We do not prove that lemme here. The
‘oroo? depends on how < and T have
been C\e&nec\.)

Tor the \croof o() our theorem Lse

observe or om& T‘ec\\ X.,j

Mothe matical Methodol o9y
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= ‘{(5) WJ\'\ X,:j 1= »(.)X, r‘j}
fxt 4y = 4y

T pGay - P

= {Leih'l'?:_?) \b
xT =

= {:stﬁ >
X$j .

which concludes dhe Proo@ Q—E_ujkic\'lt_eqc\w

%:HEF Seems uncveidable.

X X *

Tn this chapler we ntfroduced the Qquo.lib

lov mMeGnNs o '}'\NO )’JOS}L«\C‘}'QS, vi. S{tjmme}r\j
and Leibnmiz's Vrincs le. The, coan be Combined

J
nto o 5':03\3 )oos4u\c.}-e, viz. thot

(6) x-_:j_—% (.)bzfx

(T.ns}*c\n}-ic\\r'mj (6 with —(zar‘ P the ic\en}ib
-?unc)"lor\ 3'\9\(‘.\5

X :b => b = X ;
ins\‘o\r\\ﬁc.)riné Yhe lotter with Xy4 12 Y, X

bie\c\s . _
3 = X = X = D

and (0) N ow {é\\ows ktj mu}uxo;] im;ﬂic_c\)‘ion)

Mothem otical  Method ol °9Y
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MinimiZir\ 'Hie, number‘ o os¥ulo\}63 seems
=N C\e@nsibe 90&), ot T think their dis-
en)roﬁg\emerv} more imPorv}-o\r\%. Sdmme}r:j
s G hojr';on Yhet is "Hb}ro\\b ‘nf\c\epemolen—}
o{) Lei\oni*z's /Pr'mc]]o}e ofr r)reser“vo\hon e
gemer‘a\ — eg. oth = b+rou— ; ]'Dreservc.-
Yion wnder -é:\nc)‘aon O\P)o]icc.'}%oﬁ makes
Fer()ec}- sense ofr honsijmme}r‘;c: T‘Q‘o\)“lons

— eg. x\<\\j = ()xs Q? {23;- mono*orwic ()--.

i *

Let me end this chapter with o F)e& nok
o miswuse Yhe equa]ia 5'13»*\. In « s}anc{ard
work on SFQP}] "H'}eor:j , Vef")'j ceg oafe lC\bQ“Cd

? lelters , ond arcs lob irﬁeaers. Rre 2 So‘m3

om Vvertex o “do verlex | s written as
2 = Ca,b) 5
arc 3 QlSO Soes g“om vertrex C. Yo wver-
Yex
/3——*. b
o..'——/
which s wr';-H'en a3
3 = (q,b)

Since ©ne MowW must meke an eﬁ%t‘} not Yo

coﬁc\uc\e_ 21=3 , we de]blore the cbove mis-

Mothematical Mehodol ©9y
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ws e OF the equo\\ib S':jn. The bead heobit 1s

not Conﬁned }o raph 'l‘)ﬂeor R Shor\'\ c\@er
g P s J

T had BﬁCOuﬁ‘}‘ef‘ec\ A ‘Hr‘nera, \ dlscouered \n

a leclure o “g:rmw}a” o{) the ‘?of‘rh

QXFress}oﬂ = /Ph (6&1,.__ ,wn)

2

bLSed to S}oﬁre ”H\o\lr the exPress'JOn ITa) qu\e,s)ﬁor\

Was o \ﬁomosenecous Fo\\jﬂom'no\\ '~ the wvariobles

Wiy vy Wy -

Remark Neatural lcmguaae. is here as con]()us]nj
as aswal., From ‘{Sus‘j s mo mother ? and
“John's wi?e s m m orher , 40w may conclude
“ Su.s:j s Jo\nn's wiite ”, but Hhis conclusion can
(14 . b

Y\O‘\" \be Arawn —E;{Om SULSJ ) m(j s:s’ref and
“Jo}"n‘s w)?e 1S m si5¥er”, T s unwise ‘o
imPoH* swch corx{‘)z?s'mﬁ suhtlebes into one's {z:r-

malisms. (End o? /Remar\\'.)

Aushn, 25 Q\I)ri) 1990
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