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Well-founded ness and lexical coupling.

Tn OvG88/EWD 1079 — Well-foundedness
and the transibive closure— we wse, as our
o\e.Fihi!:ion, t\'\a‘: WQ“-FoundeclneSS or rela{:icn ’R
wmeans thatl For any Preo\ico.l:e. P (on the
domain OF R)

When rea.ciing AvG 5’8/END1079, ATAC raised
H‘pe QueSLion -J'us{ ‘i\«e we ourSelves \qad done —
whether this deﬁin"}:iort is more Convenient JLL‘]QH
alternative ones, e.g. that all decrea33n9 chains are
OF fim'l:e langtln. So as an .expe,r;me.nk we kthen set
out to prove some more thesrems Lthat so far we
‘wad; pn\:j proved using the decreo.Sa'ng»clqa_ins

definition. This note records the result of
qu_ zxp.e,rimeh{.

Theorem( If the componeh{s or o lexical
CouPlhﬂg are we\l—-fou.hded, SO iSs Jclwe \exical

(_ou.[:||'n9 .

Theorem? If a lexica\ coupl;ng w‘.l:\n non-empjcj
domain s well-founded, so are its components,

:Denotins both the lexical cou.F]ins and its
comlooneht relations bfj ‘<", we defline the

rormer for all (x,a) and (3,lo) b‘j
() (x8) < (yb) = X<y v (x=y A a<b) .
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Proof of Theorem 0 ’%:‘j (©) , our demon -

strandum is for any

(2) (9_3,19 ::’P_a,b) &
(aﬂ'k’ : /R‘ﬁ‘b < CQ")O‘-" (x,a) < (*j.b)= P.x.o.));

9iven (0) {i:r Hne comPonenJ: re\o,ldounS, 1e. for any
Q and R,

(z) (Ay = Qu) & (Ay Ay & (Axix<y: Qx))
(4) (Ab =Rb) & (b = Rb <« (Aa:ac<b: TD).

Starjcing wi{:\ﬂ {:L)e. an‘:ecec:lehl: op () we

calculate

(Ayb:: Pyb & (Bx,a: (xa) < (y.b) + Px.a))
= {3

(Ay,b = Tyb € (Axa: x<y v (x=y A a<b): Pxa))
= { range splitting ; = one-point rule§

(Ay b= Pyb &

; (ax,a: xsy: Pxa) A (Ra:a<b: Py.o)

= 'ine.sjcing and Pred. cale. preparing dislribu‘hbh}

; ) (Qx,a‘-x<5: Px.a)

= {d‘ns{r‘.l:u.l:ing out antecedant under (B\O“)_‘,
then (@) with R*=?__\j on remaining
q’u.anh?;ca’cion over by

(83 i (&b 'Pf_'jb) < (&X,CI.'- >(<lj'- P,X,CL) )
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= {_he.slzing, pre paring for’ (’5)}
(By =« (ab = Pyb) & (ax:x<y: (Ra = Px.a)) )

= [ with Qz = (Ab = Pz.b) , for z-x, 4,
and u.nnesl:ingg

End Frool of Theorem 0

ool of Theoremft We have to derive (3) and
(4) $rom the va\:‘diﬁﬁ op @) for all “P. Note
that the theorem does not hold for lexical
cauplings with emp*:r.j domain. —Tl‘ne.repore, we ex-
PecL the ProperLcj

(5) lexical Couf:\ina has non-e_mp(.uj domain =

—

/ COmPcnehl: re‘ajcions |no.ve non-.emtal:sj alomo.ins

Lo come in kandg.

’l’roop of (2) Siari;ing at the anteced ent , we 99{’.
(Ej 1 (9-3 &€ (Ax: ><<5=(D.x))

1l

{hon-empfj ranges : (5)}
(&\jb E (Q'fj € (Axa: X<y @.x))

{ def P: Q'ﬂ_a ’P.u:).c, | for all Y and ¢ U‘)}
(Ayb = Ryb ¢ (Ax,a:x<y: Px.a)

It

= {anti-monotonicikg, twice, using (1)
x<y =  (xo0) < (y,b) 3

antecedent ol? ()
=
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= {.(2)}
(Ay.b = Pyb)
= { (Ab=Pyb) = @y, from 61 and (5)§
(Ay = ®.y) |
End Proof of ()

Proof of (a)
(Ab = Rb & (Aa:a<b:R.a))

= '{b«j (s), Ps (93“?) and T (EK:X=5='P),
for Y and X respecl:ive|5 not in P §

(Agb « Rb &« (Ax:x=y: (Aa:a<b:Ra)) )
= {Fred. cale,; and R = Pz.c, for all z,c x*)§
:('Qtj.BH Pybk & (axa: x=y Ao a<b : Px.a))
= {by ), (x=y rac<b) = (xa) < (yb)3

antecedent of (2)

= @3

(Ry.b = ?'j-t’)

{(Ay=Py) = Rb. by &%) and (5D

(Ab = R.b)
End Proof of (&)

m

nd /'I?r'oof op —ﬂweoremi
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We are ral:eFuJ to the Eindhoven Tuesda_v,

A fternoon whb {.’or urseFu.\ comments on an
zarlier version of this note ; e.specio.“‘nj JCS.F
van der Woude's insistance that we o\::e_:j owr
own rules and provide * a lneu..rislzico.llﬁ conving-
in3 argumen{: S QPFrecfaLed.
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