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'Desig\ninq the pr‘oo'() o‘p Vizing's Theorem

b:) Joséju}ou /\Q./Rc\o & Ecisser \A)‘:Dj)(s\‘rc\

We shall des'nﬁr\ the )oroof) o? the ]@“ow'ms -}\neorem,
due Yo \/.S.\/izinﬁ.

Theorem Tor a (i)ni)-e undirected groph without culo-
loops  and without Yhu”-i)o)e edges, ot any vertex of’
which f?ewer' Yhan N edfjes mee}~, N colours sup
P\ce_ -ﬁ:r an edﬁe Co)our’m:j such +that 2d325 inci -
dent on the same vertex are op c\iﬁ?eren)' colour .
- * . x

The existence o—? such an edge c_a)ourigﬁ is demon-
strated ConS*mche\&. To this end i+ Suﬂ:fces o con-
Sider an c\\ﬁor}“\m 'H'za-\,ﬁ’:ven an o\cce)::’*‘o\ob coloured
8m)o)f\ with one uncoloured ed e,c.ons\~ru.c\'s an acce)ﬁ‘-
oble Cc‘ourirlf, O-F Hhe w\')o\e gro.}:)\, The Srn)o)w be'alzj
QcceF}“obb CO)Ouf‘ecl 1S €X’j3f'6552c3 )OD

(O) <BV acc.V)

>

where )’)f‘ec\}ca}e occ on verlices is gjiven b:j

acec.V = <no o eclaes incident on wvertex V

hove }Phe same co\oUn‘)

Tn the rest o() this note we conﬁne ourselves
+o acceP'\-a)o)b coloured 5:’0}:)15. Tn order nrotl lo inker-
rupt the subsequent development of the algorithm
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oo muéh, we gf‘s} \nHoduce o c_once/,:'}, the need oP
which will emerge, viz. Yhe aHernc.HrB Po‘rk. An alter—
hc\hnﬁ )’Da'n'\ is & vmaxima)l Pcﬁh o() o*) most two given
colours. Recouse ithe CO)our'mg oP the SrcAF)w is
ccceptable, those two colours clternate along such
& )Dolr)'v, hence the name. One can show the Q)f—
]ow'mS:

() an a\*rernc\\rinﬁ )'Jon\h is either o c:,)c\e Ci.e. without
end Poinlrs> or o simple path with 4wo end FOM\‘S-CIn
order to avoid case anclysis,we allow the end Fo)n\".s
}o Co'mcide) n which case +he oHernaHnS )DQ‘H‘\ has
\eng})w O.) | |

Gi) « Pd‘.r‘ of colours and o vertex determine o
unigue awernc.}ing PGH'\ o? those colours and
through thot vertex . (\,Je cllow Yhe hwvo given
colours 4o be equal, in which case the length OP
the o\*ernoﬂns Pcr”s s aF most 1 .)

Gii) SwWapping Yhe colours QP the ec\ges o{) an
q\*erna\-'ana Pc«H\ mMoaintains (O), l.e. leaves the
ca\our'»nfj o{) the SFQFH acce#roHe. (Here i+ is used
that an c\\lrerno\%'ns Po% with end )oo’m\zs is moaxi-
mal, 1.e. cannot he extended at ks end 5oints.) The
meoH-omce O)P swox)’:?'mg Yhe colours oe) the ec\ses
ofa noncdc\ic C\H"erno\})n:j PGH\ 'S thet o} clr\anses
the set o? colours at the end )so}n\'s while 1eov'm3

+he co\our’mj o\ccel:*‘ab\e.

TFor each vertex Vo we de(\)ne o colour <V . in
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‘erms OP w\'\{c)\ we de.ﬁne Fre&’uca\-e. P aiven bn
p\/ = (no ec\Se incident on  V  has colour »c.V>

The F@:\‘ Yhat the number o{)co\ours is  higher then the
numbher oF edﬁes meeHn3 ot any vertex is exF\oH-eol

}33 c\ﬁoosing c in such < wav Yhat 3ni+ia\\j (@V:’: {)V)
holds, Tn the {%\lowins o\gori‘\\'\'\m — which we ex):)cn'.n
aperwc.rds-— X,\() ond Z ore voriqb)es OP t\”:e.
vertex, “Pre- and Y:os}c«anc\i\ion are given in \E,\I;

intermediate assertions are or‘\\\:j ﬂo»mec( and will

be determined later.

-{(E\/::acc.v> A (9\1?\/) A |
( XY is the on\d uncoloured Gdge)}
{Vo: invarian ’r}
do the c:.\(-‘:o%—\-\ ends in T — {?1?3
determine Z so that edge
XZ has colowr .Y {’Pz}
s give eclgg XY colour .Y and
uncolour edge XZ '{?3}
3 Y.= 2 {’PO}
od {74}
5 swcv]'a Yhe colours aths the <. Y- FC‘)‘H {’PSS
y give edge XY colour .Y
{ (AV: ace V) A (ol edges are co\cmred}%

The term
(o) (B\/:: acc.V)

1S & chJmnc)~ of a]l in}er‘medic)re asser‘HonS',
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the }erm
(") (XY is *\-\we on\la uncoloured ed96>

is o conJuncw\ o{) all, except Va3 . Note thak, in
view o{) Yhe chsence of au&:\ooFs, (1) imP\ies ot
X ond Y are two diﬁ%r‘eni‘ verhces.

We now c\e\/e\oP Yhe obor‘rﬂ'\m,\'bea'mninﬁ
with ks \QSJ‘ s}‘o\‘\€men¥, viz. co\ouﬁns XY
with an o\ccef)\t.\s\e colour . The colour is acceyﬁ‘-
able  _ie the statement maintains (D) - FroVidec]
it is incident on neither X nor \¢ . Somewhat |
asbmme%iconj, we decide ‘o 5“ve eo\se XY
colour <Y , and tcke Q)r". Ps

s (@ A () A (X not incident on X) A LY

We now cons&der Y5 as the Pos\"c:;nciihcr‘\ t+o
be es\rc_‘\a\is\'\eA. Because the other con'u.nc\-s are im-
):v\ied ):’:j the F\*ogram‘s ?re.concti\ﬁon, we concenlrate

our ctrenkion on es¥c\b\'ss\n‘;qj
CecY not incident on X)

W\'\i\e mo\in\‘o\‘minﬁ the other thiee Cornunc\“s o{j
5. 1? an edﬁe_ incident on X has colour C-Y,
ts colour has to be reP\c‘ce.c\ bb [N co\our‘ ok
incident on X . Since in'&\*ia)\j ()X , 1.e.
colour ¢ X not incident on X , we propose,
in view op (s’iiB, +o Swop under the initial
Vo\idi;b 0{:‘ -{)X +the colours 'olong the auernc}inj
"Da})\ ‘H\r‘ough X  aond with colours <X and Y .
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We call this “Yhe c.\f-?o%"; @ar Src.?\ns w ith
C_Q_V'-i acc.\/)/\ ()X we de?me —because we need +)1e

COnce)ﬂ- oY number of Yimes — ]Cér o‘nj colour F

the P',PC‘”‘ 1o )De the cﬂ‘ema%nﬁ Pa\-\h Yhrouwch X
Because O() X,

ond hence

wi“\'co\ouf‘s F ana c.x
colour e X is not incident on X ,
® no p-poth is « Cﬂde

e *}he S)-)DOA"V\ with P: C.X S em?\l‘j ;

e the nm—e,m]:b )sf]:o3rk starks oF X with an

e-dge o() colour and ends oF a k\/er\-ex

di F?)ef'en)f FFO ™ X

.In the above '\'ermlﬂo\o&j, we ?roposec\ ‘\‘O
establish (cY wot incident on %) b:j swc\]:)o'mﬁ
H’\e colours a\on ‘H‘we c.\(—)oo&\*\; ‘H’\is ma’;m\‘o\'ms
(O) ~ , bt maintains ?Y pr\\:j Fmvldec\ Ve
cY-poth  does not end in Y . (Because of {?Y,
o c,\(-PaWw Qﬂc\;ﬂ\g of Y does so with  an edge o{j
colour X C)’wang)'mﬁ Yhat colour into Y would

2

-Fé\s'v% ?Y ) Hence the -Q)“ow}na ))F&Cor\di}ion
s

L 1<es:

Pi. (@A~ A LX A f.Y A
(3he c.Y-poJ'\w does not end in YY)

ostcondition, P4's last conjunct

ward, the others
sl\q“ see

Viewed as |
comes [Fom the Y\eﬁa¥;or\ OP Yhe 9

hoave Yo come {fom the invariant. As we

all s ava'u\a)a)e - Yhe invariance o{’

‘S)\Ol"H N
(O)/\?ﬁ/\ g?X ;—W\e iAvarionce 0{7 ?.Y ,%owe\/er,
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Foses c foB\em_ The invariance o? P.Y rec,u':r'es
-\\we ConJunc* CZ (13! /PB 5 omcl ‘Hf)e. 6ifn}31€sf waj
o\p 'us\—i? in i+ Yhere 15 b requirin ()2 as
Jeshitging g Teaitng v
COrUMf\C'}' n P2 . CfBes'.des this ‘De‘mﬁ the sim lest

w&?, our Yermination o;raumen‘)‘ relies on the fact
that o ‘Pa‘se ?—vc.‘lue 'S *mﬂx)-ﬁec\; see laYer.)
For +the JuS\H*?Cc\\'ﬁon cf F.Z PR we s%‘enj\%em

the invariont with a condunc¥ +that restricts the
occurrence of vertces V with WC\/ as @\\ows

@) {c):r any colour P such Yhat the P—)’DO'H')
‘s not em-)pl:)_: | ' . |

let the edSe o() colour P and jmcident
let +he P-PC«-\)—» end ot vertex W o
Y |
i C.w= )0 = ?.V

Now the %ime hos come Yo list and \')U\SHE)
assertions VPO -)%rougk B

Po: (03/\(1\)/\(’2)/\ —F.)X/\CY A X#Y

Asserhon Po s ‘me\ied b\‘j the P»‘econc\iHon; its

PWS*' two Con'umd-s occur n +he F)‘QCondﬂ-ion, -\—\me_
next ‘three {?;\\ow g‘Om (E«\f f\/) , ond X£Y

.Fo\lovds F‘cm (ﬂ) and the C\\'Dsence o() aub\ooFS.
Po’s reestablishment at Yhe end O\P the rePeo}o.Ue
statement will be discussed aﬁer T3
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P Po A (Hhe c.\(-jm)rh ends in Y) A
(Yhe c Y- Po)r\\ s ot least 2 edges \005> TAN
(he Y- Pc«’r\q starks oF X  wWith an edge

o? colour cY>

The,ﬁr‘é- Yo coniunchs ]Q\\ow gmm Yhe do )035

og) Yhe progrom; e next CcmduﬁC}* -Po“ows m
the c.Y—)oa}H be‘.m& e coloured connecHon hehveen

X ond X , and hence cii@?e,ren} mem -)-\'we unigue
e&Se XY, wkick 'S unco\ow‘ed5 the ]c\s)‘ Cchuna‘

s o ?roper\:j o{) nonemP):) _P— ?a3r)'»s :

Ta: P A (XZ has colour ¢ Y) A ‘X.#Z A YEL A
Q.Z A 2 4 Y

The ﬁrs& conJunc-} T, which does not r‘e@r Yo
Z , is maintained and implies that 2 s )'aroper\:)
deﬁnec\; XZ is the grs)‘ edge on the c.Y-))c\}-\q and hence
has colour ¢ Y; X2 Be}rzﬁ an edﬁe, X#2; the

Pcﬁ\'\ \ength \:>e'mj 22 N3+2 . The Corl')unc)- €2
{’o“ows gOm C’Z) with —H‘:e '\ﬁs}csr\\‘io;':o“

P VoW = €Y, 2,Y . From P2 and the foct that
X'Z- hos Co\ow‘ C.Y . we conc\ude C.Z 7L C.Y (f)mm
which  Z#Y could have hbeen concluded).

Px. (0) A (XZ is the on\b uncoloured edge5 A
(XY has colour <) A PX A 1{)\( A .(?Z A (2.

We now JuusHE\j Yhe condu\nc}s oP 13 in order.

since {oor all other

For (0) we consicer X .Y, 72

verhces V , acc.V f(emains umchongec\', acc.X re-
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mains Mnc)\o\ngeo\ because '}’\'\e’ \oa& c? colours
incident on X is unc\homged') ace. Y is noh

ga\sieeo\ on accoun} o? ?Y N ’PZ', ace. 2.
is nNot -E?c-\siﬁecl since +the bc5 of? colours incident

on 7 18 decreased.

The next iwo Co?)'omc\“s «(—70“0\» {r)‘om (1), -u’)e s*\-c.\remen}‘,
Zren} ed
and the {’O\C\‘ thal XY and XZ are d\%ren edges .

The Yerm fX is  wmainfained since the bc:ﬁ
of colours incident on X s \eﬂ umchc\nsec\-) ?,Y
1S ?o\s'\ﬁec\ because colour <. ¥ s \cj'»vev-\ o an
edge incident on Y CZ I1s maintained ‘Yoecause

2

the bo‘ﬂ o? colours incideny on 7 s decreased.

For the jnvariance o() CQ.); we dis%nﬁuds)'\ Yo

Cases.

1n the case P# cX we observe that the
co\our"\hj o() XY and the unco\ourinj OF X2
lecves Yhe P-Po»\ uﬁc\hansec\; n Por%ca]o\r,
'n? the P'POH‘ is not empitj, its V and W
remoin the same ond , because of the obsence
oP mu\\\'ifale ec\ﬁes , V#Y . Since ¢ is a
constant ‘FAhc)‘»oh and Y s Yhe on\‘_j vertex

whose F-VG)u.e cl\cmges, Jrl'\e invariance o{)
C.\/\’:YD ==> {)\/

—for P £ cY -fjouows.

Tn the case P:c.Y we observe thal the
C.Y—Pa})\ XZ2...¥Y s re)o)c\cec\ bj the c.Y—Poer
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XY...2Z , ie. we have +o demonstrate
C.\A}:P = F\/
{ér n’\e 'msx'cmhc\‘)'i@n ]—;,\/,W - C.Y,Y,Z . We observe
c.W :))
= i ‘P,w = C.\‘/, Z}
C.Z = C.Y

= { /P'Z‘g

‘FO«\SC

= { P»‘eclica}e cc:\ Cu\us}
OV

The ver'.{i)co\‘ion o? [?3 = wWp- “Y:zz ”,?03 s )eer '
lo the reader. | |

Tor Yhe Yermination ar‘sumen‘)' we omserve thal,
Jrhe @nc\’ior\ c ):De)nﬁ Coﬂs\‘an‘}' 5 -vo\ues can
0"‘\3 be c“\c«nged b:j o:'_‘hc.nginj ec\Se Co\ou»‘s. 'ﬂne
(un)dcolour strutement in the re)3e¥i)*ion decreases

(‘_\3_\f:: ?V) b\"j 1 ; hence the rePeq-}}-ion rermi-

natres .

And Yhis concludes our Proo\P o]() \fi’z'm\g's

'ﬂqec rem |

Qcknow\edgemens"s We Hanlk RE.Torian ﬁ:r‘
hov'mg drawn our ottention to the U\S\SOESS OF) +he
ex‘|5\r3n5 )oruo@; —g;r’conshuc‘)%ve ceiYicism  we
Yhank Yhe ATAC -in )Dar}iaﬂo\r Y. L. Calvert and
. Nisra — and the ETRAC —in )Darch\om WK
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_‘Feijen— 5 —G:r ackhve assistance we thank QJN
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Tn re\’ro.spec)'
l

The obove is our second eﬁgf‘} and the result is
wmuch oetter *'\'\om ouf grs)‘ )'Dt“eseﬂ)‘ahcr\ (w\'\ic)‘x
wos PY‘OBO\XD\J shill Yoo much c’npuencec\ \:b }he
Pub\is)secl Froo?s).

The a\gori)r\nm is more subHe than it revedls ot
?irs)r siﬁ)ﬂ-. I s clear Yhat the rePec}c«\:le state-
 men} has lo c%ange the uncoloured ec\se, and
once 'A- \has ):Jeen cleciclecl o a_,mco\our‘ X2, —Hne
fext of the reFea\*c\He shalement @)“ows. The more
subtle Fo'm)r is Yhat ot the \begmn?rlﬁ oF Phe e-
Feoﬂ-o\a\e statemen} the situabon seems sgmmehic
in X and Y. 41’12 ou\‘)'et‘f\o.\"irls Fo\“n wri th colours
<X and <Y Jr)nroual'\ X ends ab Y, but the
olternatin Pa}\w oF those colours H\rovg\’\ N
ends at I The samme} s c\ess-ro:jecl )35
invariant (2)  via }the c\eégﬁ)—ion o{) Hhe )')-Pc}k’
and while Y is « variable , X is - consi-on};

ond the set of P-Paﬁxs is a linear collec}ion.

The crux of the argumen’r is ,of course,
conyunct (2) OF Yhe invarian’. Pr&oﬁh, () s
in ﬁs @:rmu\o\-iorv more subte Yhan mig)ﬂ)‘ be
co.)')r)r‘ec;o\)‘ed ot 3r$}' SB\'\}* I)“s mc«})'uema\‘ico\\ con-
%&n\'s s ea5§b es)‘a\o\'lS)'\ec,\: S)rrons eﬂouﬁ\w )‘0 0‘“0‘0
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the in]Q:renc_e o? QZ in P2 weak eno»«g\\ +o
be maintained: CAV:: (’V) would be too s}-rong.
T was the -rorrnulo}ion‘ QFD ) H-\c& r‘ec‘uirecl cafre-
?u\ design. The cne-Pcin')~ rue makes @& Fossib\e
to -sme\ig ‘he @rmu\a\'ion b-j elimino}inﬁ Yhe
dumm:j P R but +his SimFl}nghon o? )
mokes the case cmc.bsi.s in its Froo?) o{)

invariance wmuch harder +Ho cc\qu\re.

"'F'mc.ﬂj we observe sith SGHS—Fac}ion thet we
needed onb very {2«.—0 varicbles (vi'z. X,\l’J and

7—, oP whick X 1S Cons)-cm)‘ anda Z N essence

o variable local 1o the re)oea\*oble stctement ).

Nuenen, 13 Qujus“ 1990
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