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Q CoOMVersion r’o-.xhﬂe_ r‘evisi\-ect

In -H\e Vonow’ma, c(k:’\g\()_ 15 G Sequence
OP 3n\‘€(9@FS S&]’is%inj

(o) <. 22 «Por all k21,

bu’r; or dhe Yime be]n57 onb kafzo i S
relevany: it allows ws to deﬁne w05 k) bJ

('\) wo = 1

(22 W= C %W Cor all k21

We now considef -Hf\e_ gjouow'm ]'Jr‘ogrgm
de]pmmﬁ the seguence ak: 15k in terms op
Yhe rea) number e

\"\,F):: O,/ie '{T)O}
;Sl__c_) \'ru«e ~ Nz N+ {?1%
o d., £« INTFRAL(Prc,) {70}

od

——

w\'\er‘e, {ér Yhe jr'lme. \De'mg9 aur Onb \rrnow)edge
aboul the )’Dah‘-\/q\uec[ {:_xnc,\-iovw INTFRE OP Ca

rec. o\r‘gumem\- 18

(3) )(,D = INTWQZ =2 X+D=2

The above Su?ﬁces o demonsiratre the invariance o{.)
Yo : R (Tk:0<k A kgn: c:lk—xwk3+ ?*wn
(\eav\‘nj Yhe 'Qxd' Yot v is natural undershood ).
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—L’\ order to vem% ‘H’Tc‘} Hwe. 'm}f}ic.\izc\)rﬁon
es“ro\\:\is‘ves Yo we observe

wp.“n,fz—: 0,R”. To
= {ax'\om o]() aségnmer\}‘, degni\'ion DP ’PO}
R=(Zk 0<k A Xs0: dkx \""k) +'Rafw0
= {de\f?in'-}-\on o? empxb St g (’\3 T
R= 0+ Rx
= { O\r'ﬁ\-i‘\ me}"\cs
Frue

Trn order Yo ueri% nve nvariance o{) Yo
e observe _aﬁer ih\-roduc}nj bhe abbreviahon S:

5 = C\n: = I'N‘\-PRQ.(F%C.,‘) -—

Por Nyl
wp. S. Vo

= '{de{j‘in'\hon o(j /PO?}
WP 5. (@: (Zk:Oi}:\_J\ k\fr\l dk* ka + pﬁ wn)
= ‘{s IiHiné the r‘c\rwae ,as M 2A §
WP S (W= (Zkv. o<k A ksn-1: c\k > wk\ +
(@, % )0y )
{ SxXyam OP asglgn mer\}‘,c\ei‘mm}? GP S, (3)3
(ZXk. o<k A kf Nn-A: dk’”"'k) + P,. Cp X Wy,
= {(2‘):«}1\ kien &
(Zw. 0<k A Kgn-a, c\kxwk) + ‘??fwn_.‘
{degj;nﬂior\ OP 10 and OP suhgmiun?;
(n:: n-*\),,PO .

{ our nomenclalure 'S
V4

I

]
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Since [wp “nicnss P 5?0] . the invoriance OP Yo
has now been eshablished.

>* *
¥

Our rnext ‘*argei‘ s

(4) Ra= (Theock: d_xw ) ,
a relaon which -?o\lows -Gom “Fo i?

In view o{’ (D) _which now becomes releveant —

ana (2) , im w =0 so (8D —Q)nows }1()

iy ,
? 1S5 bounded .

A Jook at the progrom tells ws that bounded-
ness o{’ -P clePencls on +he fu.nchon INTFRA,
about w\mch’gp I vow, onb C3) has been
8‘Neh. “For given 2, the relation X+ Yy = =z
o? (3's consequen]' can be 5o}‘:sﬁed i many
wa:js; qu_ one exsrr‘eme,vi'z.. X=0 A 3=2 s lec.ds
Yo unbounded -? , the other exYreme | Viz. x=2Z A
5: 0 leads, instead 0? o %—'he_genef‘ \____ (6)_,. }Q_
K= d, « W, o,

choose someHw'mj 'n hetween

which is not __iﬁiré:“eélr"ng- So we

“The 1eﬁ element o]p INTFRRA.2 is constrained bfj
(6) X,4 = INTFRA2 = % is 'Jm\eﬁer .

which allows ws Yo restrich Y to o unit interval ',:;_'-_E’f
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the constraint on j we consider the -F?:l(owinﬁ Jwo

o\‘]'ernc\ trve [

G) X,y = INTFRR. 2 = Os:j A 3-:1 ancl

INTFRA.2 = 054y A CRA

Gi) X4
We now restricet our in\)es4-13c..+‘zor) o{j Hhese

Mernatrives Yo <R A R <1

>

4 becomes relevant that c is a segwence
of integers.
Alternalive (i) leads ro the imvariance of
o.s]() A F<n :
clernative (i) leads to the invariance of’
o< ~ Pgn

Tn both cases we have \()or' ik

in the J[Qollow'ms

<
0 < dK A~ o\k<c:k

The winimum va\ue 0 and qu VYN CAX ) YR LA YT value
: >

- cses
Ck 1 cann N boHn Cas O 1r<>f‘ dk

For o given seguwence <, Wwe cal) cwn R-
\J&iue sensifive Ik '.l's Lorresiaondina Sec!u._enr_e d

senal e

de‘?ends on whether i) oc (i) has been chosen,
otherwise we call it insensibive . We snall see e low

Jﬁhcﬁ' Q)f‘ Orlj Sec;ugence < R V&\ues QF boﬁ’\
%;j]:es ex»S)‘.
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O<? ~ R< , "“"12 injhc.‘l';za‘!‘]on

BeCause

o{) Ihe Progrc\m esteblishes

CE) O<{) A P<1

I{) with  one O? the olternatives ‘Por INTFRA

«p* c, 15 never ‘n‘ﬁ‘eger, (7) 15 an invariont
jndu‘shnﬁu.is\ng\o\e
bt ‘H"le D‘H'le:‘

anda Yhe com P wradion IS
?F‘Om the one with Yhe soame W
alternahive %r INTFRA : R s insensitive |

(E.@. K=z g)or Ck=3 )

\\Je NOLD inves*"lﬁca’fe -”'\e case N w}\ir_%, Sooner or
loter, the rePecﬂ-o\o\e statrement {?a\si-ﬁes (). That
occunrs uﬁwen, with ‘1() sahis %in}j CPy, P"t c, s
in\eﬁer; tet Jrher\

()x Chan, = 9, N
Because {) SQHSQeS (?) , q So)risﬁes

1\<q /\c]<CN

“the rest o? the COMFM‘}‘C«"}'iOf‘\ dePenc\s on which
INTFRA . With

alterna¥ive has Yeen chosen Por

(DY, the c\ss]gr\mer\}' i e](’?rcécheb

D‘EN 5 ? = q 3 0 »
c.ncir, ?:O beinﬁ stable with Ci), +Hhe ]Or'orf‘jr‘o.m
de%"‘ines

(@k:N<\<: dk= 0) R
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ends with dN>O, @llowed bj

#

i.e. sequence =

“dhe miIinimum ‘ol

With (i), the assiﬁnmerﬁ' is e echveb

dN 2 {) = q-‘l 2 4 R
and -P-.—J beinj stoble with (i), the I)rogr‘o\m

de][?fnes
C9k1N<\<: dkz Ck~1) 5

with dl\l <cy-1. g_—;lloued b\‘j

iLe. seguence &  ends
//-\;}\e G X ) A ’)l‘c.u'\" .

We Ctoncluﬁde that an R SiVihﬁ rise +o an

'm‘feser \[9* Cq 'S sensitive.

Remark W ith | -(é;r some ?Osihve N s R = W s
AT SensiJ("lVe, 1n view op (4 , the chove

Qha\ﬁ Sis -\—e“s s

(8) Wy = (Zx: N<ck: Cck-1)*wk3
{(End o{)/\?emar\«.3

I{) R and d Sahs% ) , we sowy Yhat “d is
oY FEFFQ.Se_n"‘a‘\'ion o? R ", and in that +erm'molo®
we jwst ]C%uﬂcl Hhet ]nsensi]"l\iér U”;kbtesl have
at least 1 \“ePreseﬂ'\“c.}-ion and Sensi}“\vfe values
hove ot least 2 re)')resené‘c\)-ions_ Under the

consiraint

<9_)< o< k: OSdk A dk< Ck>
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values d9nzL have wmore rer)resen%‘o.!%Ons, The argumenJr
relies Primari\j on the mon0+onici\b O]P addition.

We ask ourselves under what circumshtances

Fwo di«ﬁ%rerﬁ- Sequences can rePresen+ the

same value. Let X he +he common Pf‘eﬁx QFD
the Jwo sequences, in the one @Howec{ bfj

"J’D talo " and in the other \::j /"q Yailt ) L Hh P<q -

We now consider ’Hne Qs”ouinj SE.quenCGS and

value s
X P a0 “Ro
P ? maximom  fail KA
X Pﬂ minivum +ai, (R'Z
X q MINI Mam ‘\Ou') K3
X A Yail 1 K4

3ecause 1 4‘&?\0 dk< Ck- N /EOS’R'} and Ho=H1

= +ail0 = moaximum Yail, Pecawuse o() (‘8),’?1:’132 .
Becawse o? P<9 , /RstR33 RKe=R3a = P1-1-.~.c‘

Pecauwse In ’}‘c.}\ 1 0s dk 5 (RS ‘S’R‘/l o R =4

= rinimum ol = +d3]1 . Because +the Sequence
o? R-valuwes is &5cendin3, Ko =R« '\m?\\eS Hhat
'W\erj are all equal , hence

1ail0 = maximam tail

pPH = 9

Faild = wmwinimum *a‘n\D

and %e 5100 5eolu.e.nces re'jbreseﬁ”ﬂs 4)‘:2 Sensikve
value are Yhe ones Senerc\—‘rec\ o\ccorc\irgﬁ Yo (i,,i__), o d
gg resPecHVe\j R @\So: o sec,uence no}' enchné n an

ex¥reme ‘ail s insensiHve.
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In ojr\'\er 'vdof‘o\s, ’H‘we slhc\)')e QFD +})e Sequence — i.e. bd}‘tepn-
e ofF nok .'l hﬁs an ex\‘reme *&i}ﬂ de)-ermif‘zes w\ne%e’f
 the value re?resen%d bU Yhe seguence s sensikve

o1 no}‘.

Each sensi%ve /\2 1S FQ‘HOﬁa\, /\\me A(r)‘o.c’.hcm
1/5_1 1S sensi}}ve Pr"oviole,c\, —()or- some N , q

divides +he Pmduc*- O\P +he {?FS} N c.values.

Hence , each rabhonal R is sensihive provided
®) (Rqg:o<q: (EN: g divides (ke O<k_:\,\i$_“_]___:fk M
Comb;mnj the +wo observalions | we canclude

(9 = (R is sensibive )= (R s rokional)

Conditbion (9) s clearl so\\-isﬁed ]C)or c:kzk-m
Hence e ., the basis c;?j'}he nakaral ‘DSC\F{})"IM)

s 3 rl‘al"l D n&l .
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