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Why preorders ore beautifl]

Preorders are relotions +hat are r‘eﬁexive ond
tronsitive , more Precise\\j; C s o Pr_éo_r*der iﬁo
(0) (Ax: x & x ) , and
(1) (Bx,j,?:.:: XEy A ysz = XEZ)

The combinakion of r‘eﬂexiuib and 4r-o.ns;hv;b
is beaukful hecause (0) s eguivalent Yo
(2)  (Bxys x£2y = (Rzs yez » x£2))
and (1) s equivalent ko
(%) CEX,D:: X,E_D = (9_2:: Y C2 = X K& 2)) 5

SO ‘1“’15:3‘,193 "ra\‘iﬂj ‘H/}eii‘ Co-nJuﬂc}"iOn, we derive:

= s o Pf'eoi‘der iﬁj
) (Bxys x5y = Bz yez = X52)) .

"Proo-() o'() (03 TDC’Z) We doserve {ér‘ om.& X{j

Rz y52 = x& 2)

> e 2=y
E:j = X &
= { (o) with Xz 4 5 )’Jf“edicc}e._ QQ}Culus}

X Ecﬂ ' (End o? /Pr‘oo€ OP (0)=(2)) |
/Pmtl‘f o'? (O)é(?) \aJe observe qpor* ouftj X

x E X
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e {1 (2) with Y= x §
(Rz: x&82 = x£2)
o '{ ]or‘eoliCc:\%e C.O.]Cp\.]u.s }

+r
e ‘ (Eﬁc\ o{) rproo(; o-f) (0) <= (’2))
/ProoP o}j (D= 3)

(BX,U,Z:: XE:j VAN 552 = xgz)
{Prec(ico}e CQ]CLA]LAS}

(Axyz: xfy = (yez = X E2))

= { predicate caleulus §

Bxy: xey = Qz: yez = X E2Z))
(End Ufﬂ(}uf o? (1)—'_;(3))

i

e x b

With 2 Hhe +roms]:>ose OP S, given bj

x )

n

CS) C@ X,éj:: x QJ = :j
we have

(6 (E is o Preor‘der) = (';1 is a Pre.orc:ler)

because
C?) (e is reﬂexaveB = (2 [ i‘egexwe)
(8 (g is transitive) = (32 is Yransitive )

(Proog OE () ond (8D

(A x: x & x)
RED)
CQX:: X A % ) and

—

il
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(Bxyzs X8y N yEZ = XC£2)
{ ()}

G XYz Y 2x A 23 Yy = 2 2x )
{]’)redi‘:c;&e Cc.\cu\us}

(Axy2: 23Y A y2Ix =5 23 X )

( End o{)/ﬂ‘oo?s o]p (3) ond (8))

ﬁs an od-\rer‘no}ive \‘o (41) we now derive

]

il

C s o Fr‘eor‘c\er‘ iq
(o) (9 X’gj:: thj = (S‘Z:z 2ZEX = 'ZEU))

Troof’
o = 'S giﬁre order y o
= {(&)}
(a is o Pr‘e—Oi‘dEr)
= { (&) wibh X9, € = 3))(,23
(B';j'x“ Y42 x = (ARz: x232 = 322))
= { (5}

CBX,m:: XE‘;}EC%?::ZEX %253)) .
CEnc\ o{;/ﬁ“oo(?)

Remark Tormulae 4) and (9) are not
diﬂ?icd]‘ lo memorize. In (&) | the 2 occur-
rences o? x are ot the same side QP c

Fe's 23
and \f\ence X &2 occurs a3 Cmsec:)u.en}*,
whereos +he 2 occurrences o() ore at
by

the diﬁ%r‘ef\'}' Sﬁ'fdes o() < , Gnd -ence”,:jgz
occurs as antecedent. Formula (9) —Po“OLQS

the some l:‘)o})rern. (End o? (Re.mc.r){.)
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Let W now be a M subset OF) Yhe

domain on which our relction c s deﬁnec\,

and leb there exist an > sdﬁs%ing

(10) (Bj:be\\]: xgj>
c

Trom nNnow on  we s\ﬁo” Froﬁo\aﬂce 'H’)e relalrioﬂ L

¢ ? . the Jc\fgon Hhen CO‘P}’ureS the {?}&

as wunder

thet x  satisties (10) bo Scauing +hal o s
) by seying

a lower bound O‘F W 7 In Senercx\, (10) is not

O Suk\‘o\\o)e Looj ‘o deﬁne * . because i?

(10) , viewed as equo‘rion in  x , 15 solvable |

it oﬁen has many solubons . Ve can be more

Ssrrinjen‘} b requir}nj X ‘o SQHS-@ (10)/\(11)
with (1) given bﬂ

(1) (9.2:.‘ 2EX & (Bbbew ZE& ))

------ 7 lower bound = o{) IN|

‘33 requirihﬁ _-Hq;& on
' %ecomes \,J\ncr} the Jorﬁc’ﬁ

s wnder X, X
colls “ o \’\33%?5)‘ lower ‘tound o? W ”,

Now, wouldr't it be nice i? (10) were
eqtuiva\en¥ Yo (12), with  (12) Sﬁven bj
(12) Bz zex = (Bbzbé\nf: 28y » ?
Vou see, then (10 (117 —the condition +that
X is o Hﬁhes} lower bound o{; W — becomes
(2)A G, which can 1r*uicc=l:j be simP]i(i)ed +o

(‘[3\) (9_2:: 2EX = (B(ljjé\r\i Z Ej))
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The ec[u.'uc.\ence aimed ot holds J{?;r all Preorders,

more ]orecase\:)
CAx, W (10) = (12))

(e s o ]'Drem‘cler)

——
o

Lemma

/Proog) -ﬂn; Froo? is bv mukaa) i\mPlicc\}-ign

LHS ==2KHS We obhserve ‘F?:r anf) x,;j

- um e e .

LHS
£ with x,W = x,{b} and one-point ru\eB

XEy = (Rz=: zex %253)) ,
LHS 2 RHS in uiew of (9D,

=

which observayion establishes
LHS «=RHS We ohserve @r Om:j x5 W

s v —— T -

(42)
{deﬁni}ion; @@= d‘:s}r}bu}-es over 9}

CBZ:: <ES tje\»d: ZEXR =D Z EJ))

{ interchange o‘() quuom\‘i]picc}ioﬂs‘g
(83:5@“: (92:: Z Ex %'Zg:j))

{ R4S, in particular (905
(93:36“: xgn)
= {C\E’.?}
{10) ,

(Enad OF/PI'OOG)

¥

il

pat
o

In view of (3D , our lemma 1S OP *H’le grm
(A x: pox = q.x.) = (Qéj” r.jEs.:j) ,
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somethin T woud not Cffgft?:_ijro write down or like
}o mamr:ulc}e wi'HnOul' UsSin Jhe equiva\eﬂee.
Notice +that in our PFOOP on% the ouler equi VG-
lence is deall with vie vauraal  im li cation. Here
'Aé s Nnotr because the hue direchons Ole/]')end s
diﬂperen} Fmrer“hes —the Proop o() the lemma
wses cm[:j the predicate caleuwlus— bul because
o-? H’\e tuniversal quomk—'a—ﬁca%cms:
(Qx;;?x) = (E\b ng) =
(ED:: (EX(PXB%QJ) A (@X:: ”i’x%@ﬁb@b»

ancl Yese CchuncB are c\eqn' wi“w Separc}~e[:ja

e (For unclear reesons this EWD look a \an
Yime Jo wri*e. ‘S”)“r‘onge, Q_y- wri}inj it was o

PleQSL\re.)
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