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Courtesy Qpt, ETRC, Hoogerwoord, & Voermans

This note decls with a Pr‘oblem Foseol o me bj
QF‘}‘ when T visited him in Pmsterdom. 1 mentioned
the ])rololem ot the next session oP the ETAC, where
we did not solve i; Hoogerwoord , however, hed
Sugﬁes-}-ecl o Shuchkure the or‘gmmen)‘ and had
Providec{ o maior bu}\cl'mj block. The next Claj,
Voermans mvigjecl the missing ingredlient ancdl
comP)éecI Yhe Froo?.

¥ X »

We consider an exFression builk according

to -“oe -Fz‘;uowinj S&r\')'ax
<€xP> Ires <o.+om> l ‘]<6xP>

\ w <exP><exF'> l N <ex}:> <e.xF>>

We are given the {)o“owmj reworite rules

0 179 x = x

(1) —'Vij - ATX Y

() TN %Y —->\/’t><—1ij

(3> Axvyz - VAXYAXZ
(4) AVXYZ > VAXZ ANYZ

in which x,j,z ore SQchFr‘essi;ons o? }-(L)Pe_
<exr>> . Our c‘]ﬁori-}\nm consists oFDr‘ePeo¥ec”j
relolacirg & Su\::exr)r‘ession ma}c\-\.‘nﬂ Yhe leﬁ-}mnd

side ol o rewrite rule b:j ‘he chresFonc\inS
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T‘iﬁh}‘-\'\and side o? that rule. TThe c}wc.nenge 1S
to prove that the alﬁori-}}\m terminates because,
Sooner O \c}er, none OF) +the rewrite r‘u\es

s &FF\icaB\e om.\nj more.

* * ¥
We 'h:j ‘o de]@ne a +inchkon ](7 Fo-m
expressions Yo nakural numbers ~ or, i? the

need arises, Yo o wmore 3enera\ we“"]@unded
clomain — such thaol the @nchon value

decreases when o rewrite rule is QP]‘:‘ied
Yo the o.rsumen}-. Owr Grs‘}' decision —tcken

r{c):r- the S ake Q-F Simfalicib_—_ is “o cle)(?ne
-? FECur“siveb over the -s(jn-}o.x, i.e. besides

deﬁnmﬁ

-().<c.}-om'> = CoﬂS*‘w

we deyine
-?.(1 x) = neg. (?x)
e, (Vx:j) = dis.(F?X,{?ﬁ)
?.(ij) = con. (Q.x, F‘ﬂ) 5

the challen_ge is now +o de{)'.ne cons%‘, neg,
dis, oand <con in Such a Wy Yhat a]‘))')\icc‘}'rorw
o-F rewrile rules leads 4o a decrease OP P
Since rewrite rdles con be o ):-]'uecl ‘o replace
Suhexl:ressions , Wwhereas +the E- value ?fane
whole expression has Yo decrease, +he Ithnchons

ne.a , s , <nd CoT hc»\fe Yo be. S)’I‘U‘rﬁgb

monol—on}c i3a) ql\ —H—,e;,—- o::jumenh,i.e_
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(S') P>P' AN q>q’ = nes.F> r)eS.F' N
dis.([),q) > dis.(l)',q) A
dis. (p,q) > chs_([),q‘) A
con. (p,g) > Ccm.CF',q) A
con. (P,q) > Con. (P,c,')

To beﬁ'm with  we -{c):)cu.s our ohention on
(3) and (4) , tohich describe hows A cistribules
over W o, wviz. i the same oo as # (Fmes)
distributes over (Pluﬂ . This last obscervahon
St«ﬁ@eS}S Yo choose '@;r dis cancl <Ton Sc;me}luiria
like Ais. (P,q): TD-H:] oand Con.(P,q> = P#Cj K
T wrole “something lke”’ hecause the cbove
c\no‘:ce womld \E’o.\fe '-Hne -uo.lu.a under rewrﬂ-irgs
(2) ond (<) ur;c)—)cmjecl. Let us 'mveslrijo}-e with

dis.(P,o‘) = pPt9 , Ccm.()’?,q): pxqg - <
-]'lruie_'__"r"e.quiremen} that (3) leads 4o o decrease

o £
-P.C/\Xv:j'z> >-¥>.<v,e\xy /\xz})
{de{.)o Con ; de o dis
?.x * {’.(\JCZ)*C > fj(fxb) + -ﬁ(/\XZ)
{de()_ o? c[is;, de?of) Ccm?{
{?x*(fj +{=)-c > \C)x*fﬁ ~c + ﬁx*fv_ -c
= 4 o\\ﬁebr‘al
< >0

i)

The rea' u,‘:f“emen} ’Hqcﬁ" QT)?I:' c_c\}'icrn 0? (4 )
leads to on ]()- cdecrease is equivalent Yo +he
sSame >0 . Tn order 40 enswure that F-\Jalu.es

are nolural we choose o nalural censt sc.]n‘s@}rlj
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2
const - ¢ Z c:ms* .

“hese condibons can be Sc\!-isﬁed,eﬁ b c=1
and consk= 2 . We are ]eg with +he o\oligo-')ﬁon
o]p COns):ruc}irg o neg , such that r‘ewrr]ings (o),
(1) ond (2) decrease F

—y—

Trom (0) we cemclude +the requirement

P heS.Cnec”—;) > P

Trom (1) we conclude the reguirement
(?) ”eﬁ-qﬂ-q) > neg.p * nNeo.q -C

ey

From CZ) we conclude -H\e. FEC]u.if‘emer\J‘
(8) heq. <P*G|—<:) > neg.p + NRY.q R
These three FEquif‘emen}s should be SQHS'ﬁe_d %r

P;cons}- and o 7 const , const \oemj Yhe minimum
?-ua\ue..

(6) is sabis ﬁed i]() neg.p > P ; {zbf‘ monotenic
neg so\hs@srlﬁ neg.p > P (8]8) is unlikeb to
Presen‘]- Prob]ems or lQIEef‘ Oursumenl’S; (?)

'IW‘-Foses . c]ear‘ C.o-nS‘}‘r‘o‘?hJ' R bowt Since <>0,

neg. > = 4F
Sa}-isges (?) . For <=1 and consk= 72,
d=2 is teo small — since 2. X% | L%, ?.l,
(8) can Le v-}o]c\}~ec\—-.; a=3, %on,oe\)er, cloes
the ‘_')0}3. Tn <short
C<Q""Om> = 2

Py = 3fx
f..(\/x:j) = px-;- C_“j
F’C/\XD> = {?x’f- {)3 -
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s o wi')ness demonsh‘n}inﬁ "Hne. exisjrence oF Q
variont ‘F«W\c)—icm. RNrothes wi)rness [$=3 Slver\ }33
c,const, d = 1,3,2

X X ¥

At the ETAC, T 80\‘ stucle, T started with (0),
(1 ad), mapping the lotter +wo on eadh other
b\j iSnorinj the diF?er‘e.nce behseen A ane WV
5u‘osequenil inkroducin the isnore.d c\n’ﬁ?erence
bj fakein 3) & (4) into account 3owe seriows
Frob}ems. “The adv‘arﬂ*aje OP s}‘ar}-inj with (3D
AN &) s that then 1 is iﬁnor‘ed a—MJ‘OMQ)‘}CG,b,

The recder is asked Yo realize how much
the derivakon has been eased b(j Yhe inboduc-
al'lcrn O-F the named @nc)—icns constk 5 he5 ”

dis, & <on .
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