Oa exireme soluhons

In¥rocluc¥'on::1 Wermeark Toﬂowing J.Misrc. , 3 shall

use +the dedicated Pc«reh}-lqesis Pc\ir‘ (Y o de-

\ineate the scope O{Ddumm'les_ '-F_éllowinﬁ DLQ
van de Snepsc\new}*’ T shall write the quc\mﬂ—
-('\)er -i-o —H'\e |e]@ o{) 'H’ie OPe”mj Pc\f‘eﬂ'}hesis_’ﬁng“ ,
T shall use VYV ang 3 , but not —ﬁ:r Ueij Sood

reason: i+ Can be C\r'(ac,-.e.cl Hhat _/_\_ avnd‘}_/

are to e Pre]perre.d. ( End OF) Introductory Re -~
W’IC\F’LC.)

7]

Le%- c —reac\ ”be.lowi— \oe o )m_mc]-uo.\

relalion on s}ructaures OF) Some erpe, e,
[u=v A %2y = (usx = veyd) £l
u,u,x,j

Tn EWDMo2 , we hove shown Hhet ]@r E o

Preorder‘ —ie. o reﬁexwe and “Aransibive rela-
-‘-ior'-—..

(O) [XE& EV<Z::2EX——-‘-;253>] and
(13 [XSJ = V<Z:: XSZ@'UEZ)]

Turthermore | ]Q;r c Pr‘eorcler E , o value Xk
Sctis %inj
(2) W<{x: [xr.-:-k = V(szew: xg{’3>]>

1s called ar hiahest lower bound -ﬁ:r‘ the set

{z.l 3(3:36“: 2: ﬁﬁ])} . (Note that, for ()equal
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"]‘O -Hne 'lclen}—i);tj ﬁnc')"lcs‘n) lLe. V<(j [](J:j :j]>, -qu k

5&)—35@{19 C'Z) 15 a hishes}' louer‘ bcn.mcl o
the set W ) A lowest Liﬁ%er Lound of” thakr

se- i, similo.r\:j, a value 2 Sa}is%mj
(3> V<x: [hex = V(y: yel: Pyexd))

We remind the reader +that the names /’h)ghes)-
lower  bound ” and “lowest higher bound only

mcﬂce. Sense because e hque clnoser\ lrc::

#i
I')ron ounce +the charachter c as below L

2
* *

Le} us how investigale ” how we <an
ensure thot (2D , viewed os equ.ahon Ia)
ke , does not hove mMmore +tham 1 solubon.

let Y Sa}-is%
(2  W{x: [xgX = Yy yeW: x_:_:{%)]) >

demOn‘S)‘T'a)r'!ﬁC LNnigueness o —}—)'\e }"\'r )qesa\- Iower
) g

bound then amounts to c\emons\'rc\}inj [k'—:)'t‘].
bde obServc

true

‘g('?.) with % := k}
[kEk = V<33}ewkgﬁj>]
exive

[ o yeW: kg o]
= {:j(‘?:? e.,un}l'\ X:Ek}

[x g k']

The dranspose [k'c k] con be derived Simf\o‘rb.

I

1
~-
)
7
q
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Tn order Yo conclude now [\1=k'] , We aSsume

E 4o be on\-is:jmme'}r}c as well, ie.

[XED AN YEX X=D]

B relo\a\ion —{-"m‘* s r‘eﬁexive,-)rro\nsi}-ive, b4

On’}‘is‘jmme}-ric is called «a _}gor\‘ial or‘c\g_:_:. For
the rest OF this note, C denotes o PGf')fiGi

orcler.

33 r’E’S}'ric\'inj ocurselves @_-,r (md Yo Far}ial
order, we ensure that of mosk 1 value k
So.%‘s{)';es (2) aond oF most 1 value h satis-
Qes 3). But there MQJ be none! TFrom
now onwards wWe reshrich ourselves @r‘ =Y to
SULCL) Far}'ial orders "an.‘)' o N Y andg h ,
5514-5@.03 (2) and (3) respechively | alwoys
exis}, ie. {8 the rest 0{7 his m&'?e , eacg
sSe} has S uﬁio,ue \owes-)- hiﬁ})er‘ lbownd
and o unique ‘ﬁia):es} lower bound.

* X *

The lowest hij}ver- bo_uhd o? the wuniverse
— lLe. Ijew = ‘rue ond ['ij_j: —_ 13 tTrad -
)r'lonolb called '!‘]‘OF" and denoted \oj "1 ;
it s Glse +he hij})es} lower hound OFD the

emP sel -~ le. :je'\»d = %He ~ . 1n order
to Jdemonsirate +this dual ~dle a? T we
observe

<T 1'3 -I-}'ne \owes} hiS]ner‘ bound OF) —Hne universe}
= { (3) wr)-)'; \’)'.-.-.T , :je’ws'\'rue,, féj :_Lj:g
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V(x:; [T‘EX = \'/(b 35){)])
= {inshan'\'ic}e it Xo= T}
[TeT = V(f:j:::jET)}
= { C is reflexive ; renaming dumm
[ W{x:: ngﬁ] o J ‘j}
= { predicale caleulus]
Wix: [xeT = V(g:@:\se: ><Sj>:]>
- _‘{.(2) with  ki= T | tjems @Jse ) :j = Y
(T is dhe kighesl- Jower bound o;f'}']’le. em};b set) .

Since (2) and (3) determine. the bounds
unique(j, e C{Uﬂ"l\‘ neecl 4o demons'\'m','e -H‘le

imverse 'thhc.a‘}-ion_ (w}\ic\'\ s mucl» ]m:d*der-)

Simi}or]\\j, +he }'\iﬂhes'l- lower bound 7°P #’e__ ,
universe s also +he lowest h}ﬁ}’er bound of’

Yhe emrﬂ sé‘; it s -‘rrqclihono\}l‘j COM&C‘
“bottom “and denoted bij i

¥ *
X

The extreme bounds now be'mj unigque,
we are 9°ih3 +o €x]9erimen3r with « -Finc'\-iono\\
nototion. MWe denocte Fhe vealue ¥ SGHS]@mS
() bj ”(536\1\}_{)3) ond +he wvalue M

SQ}TS%inj €Y bv U(S(jeuf‘j>’ \.E.
Yhe }'\13\’225}- lower bo“nd_n,, is de{:)neo\ b:j
(4) V(x-.: [XE n<3:j€u f3> =
WKyiyeW: xs{y> D
and +he lowest higker‘ bound s degﬁed \O:j
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(s) V<X1= [U<U ‘je\JJ: '():j> & X =
WyrgeWifgex) D

The ea'uivc\\eh“l' CXPTESSIONS are in both
ﬁ;rmu\c«e so similar Yhat doubls cboul the

usefu\hess of) M and U could be wvoiced.

T‘ne ex\-reme bouf\ds are mcmc-k:nic N
Hﬂe ’@“O\aﬂﬂj Sense — W€ ofnﬁu\o}e and

T)T‘O\fe {CDJ\"' n -

/fr_u_o-_? We observe
ﬂ(b: 56“:?&) [ ﬂ<3:jew: 33)

= { (0}

V(Z:: 2 C ﬂ(bbew ()‘:J> = 2. n<b 56 \;JSﬁ) >
= {4 twicet

V(-z:: V(:j:bew: Z Efj) = V(_jj eW: 2¢ 33) )
& {!Mcmo"onicib oF) V}
V{2 V{rj:jeb\\: 2 Efﬁ = =z & 33>>

{ih—}erchan e o? universal q‘uanHr\piCo..}iOﬂs}
V<3=36N: {z: ZE—F)& = 2 594 ))
= {(.0)}

V<:j: :je\n}: f\‘j c 33)
Note how (0) is wsed “In both direchens . Ho
mhroduce and Yo eliminate acoin the universal

quanﬁﬁcahm over 2., CEnd OP/PFOO{?)

—
——
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1~ the obove the 83mbol Nl s Pr)mori\J
wsed o {érmu\o\‘]'e. Yhe '\'\ﬁeorem; M Yhe FrDoe

'H'Ie Sambol i 1S C:"\'lmino\-)-ecl as S0 AGS

\Possible.
We leave to the recder +he Y);—oo{% QFD .

Vew = [”<b=3€‘~‘=%> C n<5-.be\/'.ﬁj>] A
[U(bri.je\/: f‘j> o U<33€Wr}j>} :
—nne PrOO{?s are Ver\'j Simi)ar‘ q‘t‘b Lnj.\ﬂ&}‘ e Jus)- SGAw.

X *
¥

Funchion ][3 IS monotonic meons here

(6" B Ej] = [{)x = -Pb]

Tor monotonic ]() We Con  prove CAENE:),
2! U(S:je\\l: f3> = QU<3’36W13>} ;

we shall prove ().

’P,-QOE Tn the -Q;How'mﬁ. we leave the range
"Ue\«l" under stood and observe —Fér bty

monotonic ?
{CaY with  xi= LKy:ydd

[ W<y PKysyd s £9) 1]
{ interch ange}

¥y [f<yp e {91

& {{) monotonic

——
—
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= 100), see Notre below

V<3:: [VZ'Z.:: 2. C ﬂ<tjf_'j> = 2 L b) __] >
= { ) wh x, £ 2, '.clenhb}

V(:j(\‘/(l\/(:j D 2EG) = 2 93) 1>
= {Predi cede cal C‘L.\I-(A.S?

frue (End OP /Proo(?)
Note The a Feca) to (0) |, rather thon 1o 1),
s to oet (33) as rig\nl—-hcmcl O)DGT'Ohcl o()
c,as -see (4)- we need V] there "N order

Yo be able Yo &iminate 1. (Ena df) Note. )

E ¥
¥

Now we are readj {ér Yhe Yheorem o]p
Knaster-Tarski :

For wmonotonic ][) , the equa)-ions

(9) X:[—?xng and
(40) x:[f.x =><]

bolh hove a lowest sSolubon, and the jwo

>

lowest solubons are the same.

Troof We define g oy
] o = |"]<(j: [Ffj Ej]b>]

ond observe , in order 1o prove Mol 9 solves

(o).
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{'q
= {aef of o

Ky:[yeyly
= .V {% ;sbmm?o}unc C?)}

ﬂ<3 [y =yl fjj)}

E {N is monoio
Wy lfyeyl:y)
= {deP of c‘}
9
which observahwm essro‘o];skes [?q q] thanks
+O 'Hne. +rO\ﬁS)‘}'lVl¥ OP s

solukion  of” (‘9) , and A— 'S #s lowe st

solu\}non For we observe

1) W [ﬁj ] q& )
gy O

1£ Iy [(fycol g
= e o]p S £ is reﬁexive}

—\-rue )

Next we observe

[fa=ql

& { C is Qn}iscvmme}l‘itg

[f929) A~ [q= 9]

e {1 wh gy

[()q c;:} A [?(fg)qu]

& js rMmonolonic
: éq

cql A [fqeq]
Oi solves (9)]

It
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Yrue

so 9 solves (40) as well. Moreover, is the
lowest soluhon c—? 77(1_9_)7”, as rg“ows 'g’)ufh ‘}'J')e

ohservaH on
{ [Qj""bl = [-()3 ‘53], as & reﬁexweg
1k

M

fl

Frue,

¥
* #

We now consider the equa;'iOn

(12) X [-fxb c x]

We assume ‘PXU ja:) Be Cu mohOL\‘onic @nc}ion

o{’ Yoth arguments. We howe JMS*' seen that F‘.s
Y‘nuno)-onicifj in its st arﬁumerﬂ- Suarun)f‘ees
the existence o() c lowest solution o\p 12)
We denote it \03 85 , Hs being o
solwlion €XFr€S$€d \37

(13) [{)(35).3 = Sj] @r ol Y
ana '\1-5 \Oe‘\nj cS lou) cs Qnd So\u\}%m exPreSsec{b
C14) E\()-X'fj & xl = [35 EX} @"G“ Y9

(Het‘e e merﬁion (13) and, (14) Qs Pro]:er}-‘)es

°¥) g '»l‘l:j do, In -Fac)r, determine 9 )
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T s well-known  thal g s monotonic ‘-]P

f s monolonic n W‘vs  2nd dr;ojumen\n 1
used *+o demonstrake that b:j observ'ma

= '[(‘\4) with X,3 td 3‘:] » P}
cgnral U

& 13) v i=q , tronsi ivij -
[P (39).? c ECS-Q)H}

& {{7 mmo¥onic o 2nd af‘ﬁumen}B
L peql

QLD .

Bu+ because.

Egb = (Kx: [ij < x]:x>]

we can wr'))re Ql']'erno\)riveb

(F) Y_ﬂ{(x:[.f.‘x.fng]:x> & TKx:[{xqc¢ xl:x)] |
<« ronae mMon o&onac;b" of T1, see EWD10O7-5
Woxs [Prp ex] = (Fxqe <))
&= ’ ‘[ “F&ns‘:-)'lvib OF Eg
V<><:: [fxr: = fxaﬁ)

< '{? monotonic in  2nd Qréumen¥

Lpgq)

Com\varinj the hoo Proo@, we see M‘oa}‘, 72
the lcHer }Drooﬁ there was ho need to formu\o}e
('\%3 and (14); we could €uen hove done
withouwt  Yhe unclion nome 3 y @5 WE could
have teken (%) as the comseguent o()ow‘
Proo'? -o\Dliga}‘ia‘n. The 1&’)‘]‘6!" Ibroo? hes the
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Cl‘ISO\d\ﬂiﬁ}C\je —-i? W+ is ome -~ oF) needinj the
dieorem about the f‘anje mono}onicib OF) n,
bur the charm  dhgl clfer dhe Frs} s?‘ef), all

treces QP exireme soluhens have c\isaPPeare.d.

Nohce, in contrast, that in the ’@rmer )oroop
Yhe intermediote result c{ﬁer e second

s}
7 [f(goq)-l? = {) Cg.q).q]
S}i“ Yher'n-]-’\crns —H]e No 10036:“ re\euan'l ‘F)unc}‘icm 3 .

% " *

In dhe wr}}inﬁ ﬂp this note | there was a
Si?eob\e 1n¥ermissicn, cnd N —qu yeon -\rime. the

quantifiers like V' and [ moved back inside
-H-re Or)gu.lar‘ bruc\«:e}-s. T owe 40 Dawvid Q_Nc«umqnn
‘Pne observd-}on +heat

<Vx: nx: l—.x>

can be viewed as an abloreuial-ion %r

(Wx: rx: 4 x))

This chbrevickion is most welcome because a

Foren-}%e‘Sis Fair‘ around +he quanl-'n—ﬁer is needed
oS sovon Os G -?a\nc‘-fof) is G,ﬂoliecl ‘\‘0 Co quanhfi)ec\
expre'ssicm.

X . %

T owe 4o D,(R./R&o the Yheorem that {g)r —fj

morotonic in both an:ﬂumew}s

[<nx: [-f.x.x Ex]: ><> = <ﬂx: [(ﬂ:j:[gx.& Sj]:3> 13 x]: ><>] :
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W'ﬂ'\'l Co SPeCiﬁc no)l‘c.)'icm .{Z,,- +lne \owes¥ Gx):om)-
—_ licable Hhanks to Knaster- Torski — we con
opp
ahbreviate +he statement o]cj +he Hreorem +o

[Gpoxs Proxd = Gpaxs Gy x50

which looks o lob nicer, but is not nice enoujlm

To show +that the rigln*--\'\o.nd side is « «ﬁxf:oin?-
OF <>\x::.g—,’x.x>, one has 4o show

{—F </JX:: </u:j i .()x:)» </...X:: </,‘:j()¥b>> =
i/u.x:'. </(Aj P .FXJ>>] 3

and -these %rm;»\\c.e become unwjddj. NC\mir:j

]ch)-icms and values soles the Froblem, TDef?n;nj
8 and ¥ }33 [Sx =</MD¢X3>—_] ancl
[ K= </ux::9x>] . we are S'N'En abouwl S and ¥

() [fx<9x3= gx]
(o) [{)xﬂ SJ] = ng = :j]

<) [gK=X]
) [Ggxex] = lrex) ,

and  shall Proue cebhout them

@ [frXK=x)
(?3 [ﬁx.xs x] = [Kex]

No)re 'H‘;o»}' in the above we ha\fe ex}D)oH-ed
Knaster - Tarski b,fj <:\r\c>0sm\%> (a) Hm‘ouﬁ)w (a)
i

Pormo.“\j ) 6)—1‘@3 Qs FOSSi e, i’\‘ "urns Ou‘}'
+hat f?or +he demsnstrandum we can do the some.



cWL1107-12

The cuI)Peal Yo Wnaster-Tarski is our c_ml.fa use of
the mono-\-onicil:j o{) P ) To {)ulf)in our Pro«:f

Ob\igc\“iuﬂs, we observe {c’;r ony X

to prove Ced: o prove (E):
[PsK = K] I Kex)

= {(d wice § & {(a)5
[CK.(G KD =] [Gx = x]

= {CO} with X::K} « {Ch) with ﬂ::x}

Frue [Cx.x';. x}

Note +hot +ne 1eﬁ column s en)-"r'eb f(o)rmula}'ecl

n )rerms o? 'Hﬁe, ”in}‘oleran} E‘.quo.)‘i(:fﬂs Luker‘eas

the righ}'-\wancl column uses the “tolerant equa -

Hems ! . /l)‘re w\no)e Ieﬁ-%o\ncﬁ CQiCulaJrim IS in-
d@PendenF o? Jhe Par)-ial order £ it anly deals
i,\nu'\ —Hﬂe F;:X oi'n}‘ \Sswe . ]} s unc.':“l:_’";.-f: me

o whet extent the POSSib_fl"I:‘j o{) the above

rigor‘cms SQPGPQ‘HOH O(D Concerns could have been

Prec\'uded on 3enero} )orinciples. CSuck Principles
would be c:f) Srea‘r heurishc value.)

Whe.n com]'ac\rinj ﬂo}‘a}ionol alYernchves usin
0 or‘/a R lines () %hrough <](J) should be in-
cluded in counl-inj Yhe number op]ines of
Yhe above ?roop, -)@r 4}1@3 (ecord what otherwise
would e standard Pmperkes oF M oor «.. The
reader is invited 4o re%rmu\mLe the above, soq,
‘n terms OF /o«; it will make him Q?’)PreCiC’.)"e the
conciseness o? Yhe obove.

*

*

X
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We now consider a new 45)03 o-? equo\'l'ion,u‘sz

x: [{x e y]

ond deﬁne H:) lo be the lowest }\iﬁher bound

OF its solution sel, i.e.
(1.5) [}),3 = <U>< [(?X’Sb]3 X>] ?

forn  which, using (5) and Jhe r’eﬂexivilb
one can derive in o —f)ec.o 5‘!‘6}35 -H‘mc:" {’or Om:j x,\j

(16 ) {Px ‘:—‘.3] = [x¢g h.:j]

Qur next theorem 5}11}-:5 now the equ\iva]ence

OF) Yhe -F::Howing three assertions
(130 {’ distributes over U

(18) —? s monotonic ancdl [P(hﬂ) Ej]

(19) Yhere exists o {Gnckion 9 ,uniqueb
clerermined b:j

(20) [fx c 31 = [x c 95]
and i equals n, as de?im-.o\ b{n (15)
’Be@re Proc:eedina with  +he PmOF) we Pjr5+
clraw -}wo 5ener‘a| Conc\usions Lae S\QOL.Jd houe

drawn earlier. ’Bj ins}an"iaﬂ}inj (s) with

Xi= <L|Ej yew; ﬁ3> w2 def'l\)e, because E s Feﬁex]\/e

(24) (Vb :je\«\!: [()3 LY <U35€\J ijl > ,
le. U is indeed « h‘zﬁ\ner bound,
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InvesH5a¥iﬂ3 cboul the s}mples} c—'xam)ole. m which
WEe Can use ’H’\is, e observe @:r onj P,q,{) :

(Uz: ZE{P,qE: -(72> = —Fq
= { C is GnHSﬁmmehic
(U=z. Ze{p,qizpz> c PG\ A 4.9 E(UZ:ZE{P,¥:¢Z>
{(‘21) Yijrh 5,\!;: q,{)o,q
<U1: 'Ze{]'),q}: Cz} < fcl
1(3) wt W,x:= {Psc,i, £qf
{Vz. ze{P,q}: {?.z = fq)
{\”Onge sP\ﬂ- anad one-‘roih)' 'ru.le:’(
Cpefq A flq¢ {4

{f ©s reflexivel

{?P c -F.c] , hence
(‘2’25 [(U'Z: ZG{P,C{S: fz) = fq = {)P = fq]

i

|

]

]

i

Dnd now we Proceecl with  4he )oroo{) 010 Yhe
equf\m\ence oF (17), (182, and (19,

/Proo;f The Fmo{) is ba C:jc\'lc '*mP“CGHO”-

— i —— ko

observe {’or any P9
[Pp & {a]
= {22
[<U'Z-‘52“_G{P,C]S: $'2> = fq]
{ (43, le. -F dishibutes over U}

[ P<Uz: ze{pa}: 2 = £q

& { Leime}

lj



)

——
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[(UZ: Z € {P,Cﬁ Z> = q]

{22 with £ dhe idenhhy flnchon
Lpeaql
and {Grihermore we observe

{(15‘),:.e.def o? \’\:j}
[ f(Ux [?X [ ljj x> c :j—'\
1(17): -Fo\‘:shi\ou\-es over U}
(U TPxey): fx) £y
- {(8), i-e. def of U}
[(Vx: E?x 93]: fx Eib)]
= {’Pﬂ?d.ca\c.l
frue (nd of Froof” of (1712 G8).)

)

-

We show -}he exis}ence OP O 3 Sahs% IVB
(‘203 b:j showinﬁ Haet h 1s o Sui‘\‘c.\ole
witness.  Without ang assuomplions  cboat

(1&) gives LHS =>RHS . Teo show LHS & RHS
e  observe fo—f- ony X,y

[fx e y]
&= { c Is %ansi}we}

(Fx s {?(h-g_)] A [E(hy) gb]
= 108}
(Ox € Phg]
< '{[18)5, F-rs MGﬂO\"OT\iC}
[ % hy]

To show That (26) delermimes 9 unigue[;a,
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we  observe fm- any x4

EX & }'13]
{previous resultt
(Pxgyl
'f(?b)é}j
[x Eg.j]

il

]

ond MNow c bQFn reﬁexiue and Oan'}-iskcjmme}'ﬁc

cloes ’Hﬂe f‘es\'i ‘ms}c\n‘r'la)inﬁ -}\ne c.\oc:\re §u..'icc-.’
X:= gy e observe ?or any Y

with X:= hv and
Yrue
= {aboue. T€Su ”}
<[h.3 thyl = Thyz 9.3]3 A (Eg-gj‘-“ﬂ-g] = gy 99D
= 9§ ¢ is reflexiwe
[hycgyl A lgychyl

{ T s Ctn\-'\SJmme\Tic

[33 = BJ] { Encl o{)’?roo?ae (183@(19)-)

.
—

(19) = (1D

o ——— e -

\f\!e observ'e {g:r‘ om.:j b ._,\eov'mﬁ %e X~ mnge Ou)'—

[ﬁ(Ux::x) & fj-l
{(‘20) Lui“\ X.= <UX::X>.S

[{Ux:: x> & 9.5]
= {de? OF Ug
[(Vx:: X ngj>]

{jn’rer'change: ronge u'e X IS Scalar:g
<VX7'. EX c 63]>

{CQQ)])

]

h
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<\?/X:‘. [fx E‘J]>
= {;m\'ercho.ngezl

[<VX?= gx EEJ>]
= {dex() D‘? ug

[(Ux: Cxd eyl :
ancl ?rrs}' ara lest %Erms bemj e’(:u'.\rq\en'i‘ -?or

> ‘,

ANy [‘P_\/Ux::x) = <UX1:§--XS] ‘l(c)j‘l’lOL.OS
as wefore . Notice +that Yhe above Proof) eskrab-
lishes +he S\‘VOﬂSer‘ (20)= (47).

CEnd c{)/})mo() QF) (19) = (13).)
(End o]() "Proog)

* *
¥

The —F?:Howmj sechion deals with (2). Hutakis

mui-o.ndis, Yhe same remark can be made

aboult (3), (4), and (5).

RBecouse OTO the /?r'mc}P]e o? Leibniz,
Th=B) = C[ﬂ_] = 'BD , and 'Hner‘elﬁare , & K
-so}is%inj (2) alse salis ﬁes Yhe weaker

(23) (vx: Ixekl = (vyryeW: [xefiyld)
Thouﬁk seaker, (23> shill determines Kk

uniqueb,

Proof ‘et k' sahsfy

(23> (vxr Dx e W] = (Vg yew: Ixe {1yl

Ve now howe to show [k=k') . We observe
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+rue

= {3}
(vxi: [XE k]

= §¢aN)
<\'/x:: [XE\«] = [xEk']>

= {insbn}io}e with  x:z k and Xx:= klg
(Chekd = Drhe D A (Ce'ekl = Dk's WD
{ o reflexive]

[kex'l A Uk'e k]
{ £1J 1= Cch'unc}i\/e

Ikek A kek]

N { C is Qn{'is(vmme‘}ric}

<Vb: JG‘U:-[X = Cv]) )

)

]

—

[: \(:\'V'] .
(End OP /Pr'oo,())

¥ *
X

on of how wMuch
Ihe introduction o{?
(17) ”f diskributes
Lith

TJo So)r\ﬁer on incicati

we lost or Sained btj

L we now f‘eﬁ:rmu\a¥e
over W Y, cnd thea redo the Proo{)':';

(17) os antececlent or ccmsecluen\x

Plna\o ous o (’5) and (5) wie
mulate € distributes over U7 by staking

theat ‘ﬁ:r all  h

tQé) <vtj - [hE}j = <V><'. xe\«J-.r X§J>1>=>
<v';j s [fhey = (vx: xe W {2 Sj>]>

or, In dhe S\U\e o](’) (23)

Can  reror-
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(25) (VU:: [hc_:j] = (Wx: xelW: [x951» =

<V3:: [?'ﬁ E\‘j] = <\/x: x e W [fx c U]>>

We now show: (24) = (-P is mono\-onic.)_—f“o

Yhis end we observe -ﬁ:r an\j P,q

—
—

]

—

as

Frue

{24) with h, W = c],{\o,q}}
<vtj-.-. [qs'ﬂ = (Vx: XG{P,G’B: X53>]> =
WU" [?q sy = CLIR G{P,oﬁ: f.x g 3>]>
{rmﬁe-sp\i’r and ‘.::ur‘ae-I:cm'nL ru\le}
(an:: [qE& = PE—&—J A CI‘E_Lj:D =
<V<3:: [fqcy = f.]: 59 A qu_:tj])

{ pred. coleulus S

[(VU:: PEj < g gy =
[Vy- Ep ey «{q59]

{ (1}

[psql = Up <)

The cbove s mq}-hema)-icc\b the sSame

EWDI107F -~ 14 but it s no\‘aHoﬂqlb

2

Simpler. So much vPor the ﬁrs?- f)c:.r}‘ oF
the r)mof 0? C1z)=> (18).

Our second obligahen wes o Show

[ff(h.ﬁ)gj] , Where hj was  given bj
C1s). E\imina}mﬁ L1 (15) gives

—
—

true
{ aef of hy] o
(Vz :.'-"_[V\.S cz) = {vx:| Px ¢ 3] c[xe z]))
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= § (25) ]
(V= [f(}\j) c2) = (v [fx Epj: [fx cz]}))

= {inS'l'O\ﬂ}'la}}oﬂ, Z'—=‘j 5 ]‘)redic‘c.e CQ\Culus}

This Pr-o_o{7 is not 7Shor¥er_ ___}han Jrhe

Ccprr‘esr)onding oNe  un P EIAI‘D“-’HO?—KSM; ijr”is
nhot much 103’\39(‘ &'Mﬂer‘} *l%e \ndividual \me.s
are.

Now woe shall prove (20) = (25) , %o
he coqureci wsith the Proo? of (19) = (13‘)
on p.p. EWD1107 - 16/17 '

We observe f’or any h

<V:j:: [he fj] = (Wx: xeW: [xc U]>>
=3 {}ﬂS’l’an‘lio\Hcﬂ T 93,3

<\7’<_Lj:: [H ESD] = <Vx: xe W [x 2953>>
= i (20D erice.}

<\7’_‘j ' [{’h c ‘3] = Vx: xeW: [fx Eb]»

1 think -Hﬂis Froof ot least as nice os
'H/‘le. Trg)rmer' Pr*oo](?

* X ¥

Epilo‘gue T aPolo i2e (ér my il\- con sidered
choice O]P ic(en}*i%ers .1 B hove wused ?,9,}1,
kK, X,y,2 over and over "aﬁo.m in such o way
thet GF somedimes almost Coﬂﬁtsec{ m selﬁ

T is portl, the consequence o‘? dhe @d‘ that

hen T stoarted on —Hnis,f\_‘ wes nolt sure
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where 1+ would lead me. This is wmore a“wor\('mj

c\ocumen}/’ +han rmost EWDs.

T shorted with a dual SOO\I. 'Tose%er‘ woith
C.S. Scholten T hed derived wmost ofj the cbove
{ér Yhe sPecic\\ case +hat the obove & s the
‘)m]:ulicc.{'ion., anc mj ‘9\'54- Ffur“oose wWIGS wrihnﬁ
a ‘Su"\mwb 0{7 the 'H'\eorj or Senerc.\ c .
(ﬂﬁer et summonr hcd Leen writien 1 r@und
a 143_\' _oi? i+ -—@r‘ Wose who can read enOLtS}ﬁ

Col"eao:j %o;:xj— in Douvid B. Naumann's "HO?S'»S.)

™M second urpose WGS Yo investi gate the

9 pery

u*i]il- o? S ecio\] Pur‘}'bose no-\-o\-ions lilee n
and U {%r iﬁh‘\'esjr bounds and /u.& v {ér
extreme .ﬁx?oink. T -PeH' O\D\igec\ Yo this investhi-
9a'r-icm because L have seen Yhese nototions used
but howve never used —them méjse\-ﬁ I»@:e\ thet
this inves¥8ajriOn hes so {?:xr ?O«'lle(:\ Yo estrablish
dheir ul‘i\ib- I? -ikea Can easib be eliminq)-ed,
%e3 are roboJob an ermFle o€ how Sener‘c\\
mothemabical reluctance o mO‘mPulc&-e boolean
expressions has led ‘o sPuricus no-|~o\}1'0ﬁc\‘

O\iuers}{)ica\-i on.
Austin, 11 October 1991

Pro-ﬁdr. Edsger‘ AW ‘:DSkerro.
’Depar\'merﬂ' o—E? ComFu}er Sciences
e Universiby o? Texcs of Bushn
Austin, TX 78712- 11’8
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