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This EWD is devoled 1o o P!‘Oo() op Hi&mon‘s
Lemmo., because we tried '}o I:rove -n‘:e \o.-Her‘,

bt -Po.i\ed.

For ﬁni\-e 5}'r’mjs cf) characters {i;"om an c\})ha'oe%

we de@ne +he \en3+)1 # and Yhe Subsequence -
lation © Cin Yhe S\'\'j\e o() SF}SL) b:)

#1] = o

#laix) = 1+ #x
(1 ¢ x

Ca:x) E [] = ?c:klse
(a:x) & O:.:j) = ._(’ a=h 5 xsy ()
| atb » CuxdEy €))

i
(3 (éﬂows —--\\nough we shall neither use nor prove

it here—~ that & s < ForHal order , i.e. r‘e@exwe,
}ransitive, and on\-isdmme%:c)

We now consider Possi\o\ in@ni}e sequences
o() Flni*e s\‘r'lngs Cor, i{? Yo Preér, fumc’riuns o{)
\-:j]oe: nat+ - s’frinj) and deﬁ"f on them the
T.)redic*c.}fS "Jgiaiﬁ'" and “Bed |
tight.s = <Vid:0$i AI<: (#si < #sj) A (sis SJ)>
baod. s -lia\n-}.s A~ (s is in{’.nﬂe)

L

Hiaman's Lemmo =stroles Thol there are 0o
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bad sequences BF 'n'te s}'r'ma cl\of‘ac}er‘b QT E
’\'O&en ﬁom a inﬂ-e Q{P}\abe"

¥
* %

We shall prove the cun*-rc-lbosil-iue, le. we shall
show how the existence OF bed sequences
imPhes Jhat the QIFHobel- is infinte.  This s
done in 2 steps. 1n the -rirs* s{-eP we show
jhe existence DE o “minimal bad Sequence ” % .

he. a bad Sequence + such Yhat |
(0) {¥s: bad.s: < osk: stk =tk = #skr #1x))

in which “..1k * denotes the Prr:-: Px o? ‘engﬂ-\ e .
In +he second step we show +ha} ecch character
0? the c\llbhabei- s the ‘ead\nj characler oF et wmost
a Vinite number oji? shings n {; hence, t beirb
QN ‘mﬁnﬂ'e Sequ.ence OF9 S}rinasz’ -\-he O.\leo.\od‘ 'S

in?‘mi}e.

The existence o? o bad sequence ' sq\-is%.‘r:j
(0) s demonsirated b\‘j mothemohical induction.
Consider the induchion :jFon\eﬁs Hheat Fin
So\\is@es |

<VS: bad.s: <\o/k* osk<n: S1k -_-'Hk = #Sk 2 #*\( >>
A <3s: bad.s: sln =tln)

For n=0, the ﬁrs}- Con\]und‘ \s VQCMOMSb rue
and  the second CcﬂJL\nc¥ reduces to (Js: bod.3>,
Le. Yo +he antecedent.



EwWDi1111-2

Tor the s*e]-: ﬁ-cm n=N Yo n=N+1 , we leave
HN as it is,ond defme +N by FN=2N | where

z 5o¥ss{'.\es
bad.z A 2IN=HIN A{Vs: bads: sIN=FIN: #s Ny 2Ny

The second cemiunch o€ the k‘j?o}\\esw 'Tor n=N, viz.
{3s: bad.s: sWN=tIN} ensures Yhe existence o?
ot Jeost ome such 2 , the choice ensures ithe
invariance o? the induchion h\jFo“wes‘rs under Niznd1,
(For +he second Ccrr\Junc‘h s=2 s o uwnitness )
Hence there exists o Yt 3het sa\-isges +he
induction h Fonﬂesis {701' all n , and hence
—-{zam the First Ccnz')unc)-»- So\isﬁes (0). “Theat
+ i1s o bad Sequence '@)uouda ?I‘cm i+ beinj
‘mgnﬂ‘e and +the second c:nUunci‘:

<Vn:: <E] s-bad.s: sin =.+1n>>

= { the reﬁx o\?cx bad Sequence 1S i k*}
<Vn: ‘\"t{;h}<“1n)> 2

= 'fdef OF Hj\n} ) o?“ and Fn‘edim}e CQ\Cu\uS}
-\-ish‘.t .

And this COm‘:le«les the F;rs} s%eP.

Tor the second s}we we consider o charocter
b that occurs as F\rs’r character o(’.' e S\‘rina
in +. Let u be the (non‘em?}:j) _§9¥>§_¢_a3uence
o? + o\o}—o«inég\ Bl remoahs _ ey 4‘ Q“ s}r'm‘ss
“Whose "'_"Grsr" characler di ﬂ;ers e b . Our task
's +o show that uw s Fini\'e,

We degne h Yo be the smollest value such
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-H'm* th  starts with a« b | Yhen w0 = th .

?

We det¥ine v as the sequence obloined @o—m u

ba removinﬂ -fazovn each s}rina n -Hne FFS*'

character. We remark

o #VO = #U\-‘\

® Decause W s G Subsequkence o? k s i+ s
hqht , and *h@m'rcfi vV s ).3%} (on account
of (x): cll shrings uf; w sherk with the
some b , which = removed gvm all ch -H'lem)

® sl—.wmj that o s nite  means fhowiriﬁ

thad Vv s Finite.

Let m be the minimum value such that
#tm =#th | Because £ s hSH-’ m S h |
Deline Sequence w CS E4em ’ {’o"owed b\'j Vv
We observe
e tim s \-'\S)ﬁ: Csu\osequence of L")

e VU is Yight (see cbove)

e because o? the def)‘mi}‘uov\ o? m , all s’rrinss
R l:1m have \enj-ﬂ\s less '“'\Qn #t\‘n, (-e.
ok wmost #V0; in shorl

Osi/\‘mj = #w.‘\ -‘S#w;')
e because wm<h ,alse in Me case
ogi<m Amgj we have 1 (Wi § w.}),

Aow on account of) Gew): Wi is o T d'f the,

Form cx with a#b wj S OF the @:fm Y

with b::j occuﬂ‘inb higher wp in t; n short,

oy ALy A T &.‘. 14 va

o Combining the last Jwo observabons, we conclude

that W IS '\'?3}& .
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o f}_‘jowina bhat v s ?in#e meons s\r\owing Yhat
wis ﬁni}e.

About woowe cbserve
e wim =tlm Cb:j construckion )
Fum < #tm ( #wm=7Fvo,Fvo=#th ~1,#th=F4m)

Con gv.m\-wzj Jhese dwo dbservoltions wihh (0), we
conclude <1 bad.w 3 because c? "lah'}'w .
we cenclude thatr w s ﬁnﬁe. QED

E
X ¥

As CQnAFessed, we wmissed this Pmo@ We hied
o prove e} a nondelerminishic Qbor}‘n')m bui\dins
c lish-l- Sec'uence wou.]d -l-erm‘mq}e and wvain\
Searched -@r an oi‘deriﬁj {i;r which the well-founded.

ness Could be shom o ami\‘aar manner, ]} WG s

Pmbau\j :l-hc-}_" last comshraint dhod did us in.

We did write down the @fma\ degnr}icm QF)

S and were \,e:j Gwo.re cf the wwmediare con-
Sequences 0‘? C-x-) ond *x) . %llow'm& on old
habit, we builk wp o litHe -Hneo-:j abou} £,
viz. }ho} B s o "aorHa\ order, missing the hin}
Yot the relahion oc:cnrrir:j N )-';3\-\ is # :

The Cen}'rbl nven Remn n “'le. above me s
‘Hﬂe minima;\ bad S@o,uence {.‘ . ﬁaam,‘r }D\Gme
. % The
moyself? {or not having thought of
eX‘D‘Oifokcm o? an Qx‘lgﬂhal quon\r?@cqhov\ in
an anlecedent .ﬁ_n- the conshuchion o‘? c sPecial

—uSch\\j in Some sSense ex')-reme... w‘,\ness s Qa well-
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known device, and T kneo . Bur T did not think

fﬂ.?eﬂnq?s we should invent o calchy name
or i}x

The decision, tcken «n EWDIlI-~1, to prove the
Ccml-ro.PosiHve wes not nNecessary: o wea\cenins

chain s\nouoinj P=Q con be translicted (bj
s:m'}achc. Jrrans-@wmc.}-icm) into o s)-renj-i-ken;ns
chain show\na “TPeE1Q

T om ra!‘e()u\ }o Douid gries g)r havirls
brouah\' ')ijmon's Lemma o my atren tion |
and to the members o? the OTHRC, 3.‘?.?9@
in Poﬂ-ichor, -F)or havina drscussed +this Pmb\em

Im“\ me.
Aushin, 23 Oclober 1991

Frof dr. Ed.sjer M.TDS\ech.
’DePo.r}‘men}- o? C"om)vu\-er Sciences
“The Universilv o? Texas oF Auskin
Austin, TX 87i12-1138
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