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LE'} c be G. reorder, e, O T‘epexive, "'r‘ams..

iive relation. “Then relakion ~ aiven l:»y

P~q = PSq AqEp

is reﬁexive , ransitive | and sgmmehric, ie. it s

an equ.ivo.ience- relalion. In Ca'}esor ‘n'\eor:j. wne
encoun ters all ‘nne '}ime conclusions VO\‘id ”U.P ‘o
eoluivcx\encg", a covect +hot acks as a reminder
“Jhel =2 s weaker than = . W mckes one
wonder  wh g€ s not s\'reng-nﬂenecl inke o
Fo\r}ia\ crcijer, .e. 1S Poslulo}ed Yo bhe anki-

Samme}r'lc. as well:

The '§>°“°LJM3 consideration gives o Foss}b)e

ex":'\o.no\)-i on.

A »
*

Tn the uswal wmodel OP our Predicc}e __.Ca\-
culus , our aloms .._.(‘P, @.’P\, Say — stoand @»r
boolean ex]‘:ressivns n . some variab\e , X sclj ,

and when we wsrite

[’P = CQ/\’\?]

?

Yhe square bracketrs denoke universal ql&&n}'iﬁca)im
o ver % . “For 'Hne Purpose oF ‘Hn‘.s discussion

T shall +o.3 the square brockets with the nome
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”F the vorichle(s) Quan¥iﬁed over ;. the above s
than rewntten os

[’P = Q A"ij

lel nowy X% be a lresh variable OF sume non-
eme }:jloe Then , for ‘ans\'cmce,

[’P = QA(R]X

I

[’P = Q/\(R}x "

Since quonhﬁca\-}on over o F‘esln varichle opa
nonempl-\j '\-m:e is the 'aden\-ﬂ-:j O‘Perc\{‘iorn. 1n
other words, in the usual model o]() our pre-
dicoke caleulus we are {fee o view our
oltoms as expressions in & Fesk varieble as

well , Frovided we freinterpret the square braclkets
Gccordinﬁl . We }:j }o CaP\-ure -Hq'.s nhice
Frope.r'b SOU'mj Jhat our usual model o{)
the Fredic:c. e caldulus s “insensitive ‘o

N . L}
Corlesian extension |

Let us now 'm»/es\-‘.ﬁoﬂe ‘o what extent the
l.Asu.cl MOdel o{)-}'he f‘ech'ionm\ QQ(Cu‘u.s s sens?-\-\ve
\-o Carhs'sc.n e‘x'\-en:sion. -n're r'ela)-‘ional c:cx.\c'u\us 'S
?reo\icc.-‘e caleculus enriched with a wnary ope-
otor called ”‘}ransrosi-]-ion" (~), o binar oPerc,]lor‘
called ”Cownr)osi'l-ion” (;) and a c:ms?o.n-} (D),
\A»\ic\n 1S ComPosi‘}'ion's 'lden')-ﬂ e‘emen}‘. Tn the
usual model {gr the r'elahona\j caleulus, the atoms
ore viewed as boo\eo.n exPr‘essicms o‘? \wo
voricbles off the same (nunem ,but T am not

geing 1o ref»ea'i- Ihat all the +im§) l-jjpe; we shall
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be33n \o:j cleno\'inj 'n‘\em b:j X ond .:j I‘ESPec\"Neb_

That 4mnsPosi+ioh is an nvoluliom  we con

express \Dj Efp = ~~’P]x y ,
1{9 Yo think i+ he\\’a@\ » You <can view the
u.nclerlij'mﬁ S’Foce as o quksian 5c1u.are.

The -'ransloosi'l"noﬁ ~ 's in +he model

[-N’P (X,(j = b,k).?]x’:j 5

Gnc\,‘@;r this oPera\-ion, the model s insensitive
o CarYesion ex'}enSEOn, since vror F)rEs)w xl,a'

)

(x’ l’ > = ) .,X, l)-’P = (X, = ,X)rP ' '
[Gex, 459" = oy 2o LA

The c:om?osi'l-icm 5 is in the model
[?:»Q 5-‘:<3'2:: (3::2).'PACX:=2).Q>]X »

ond also »@;r comPos}'\-‘aon, 1the wmodel 18 insen-~
sitive Y Carlesian extension, since @r Gesk x‘,:j‘

[(31:: (b:z‘z).’lp A (x:_-:-z.).@> =

<32,2‘:: (_:j,j':: 2,2'):? AN (X,)(‘:: 2,2')- Q>]X)J:j 3,

Since ”’R is +ransihve 7 s -[Ztrmqlb e><f>f'e$sed 5
[(RyR = R]

¥e norion of -]mnsi}fvib is }nsens'ahve ‘o
Car Yesion extension.

With the constant J > howeves, things are dif@m&.
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]} (B3 ”-“12 cl'tc‘jma.l’ X::j OF 'nne underbinj
Cartesion Sc‘uan"e; aﬁer ex)rension w'l-nq ‘Hwe
-()res‘w \fc:aricubles X‘.,!j' . i+ s x-.-j N X':j'
Yor -ﬁ'es)ﬂ varichles X"fJ' we observe

(3R] X,x's 4,y

{ extended de{). of 33
[xy A Y %Q]X,x'ajaﬂt

]

i}

{ ?f‘ed.c.‘c.lc.k
[lxyg 3RV (x'gy)] Oy ]

{x',b' ore F‘esk}
[ x=3 %FR N rx'?!'j']x\,3| 3)(

'
{ x',b' dgmmempb }:jpe_?]
[ x=y 2R]

9
= {def T}
[3%?]&3

Y

]

L4

Snece /”R \'s mﬁexiwa s ormq" exPresS’?c(
\03 E J %’R] > the above 'Sl’iowé thet also
the nohon o? I‘Egexivib , and hence the nohon

o?o- Freof‘der‘, s insens;\-ﬁfe_ 1o Cartesion @x-

Jension.

The {Z)rma\ expression of) "R s QﬂHﬁbm:ﬂe}r‘)C_
is ['RA R %33 . s , however, is not

insensiHve %o Cartesion @xtrension, as is shown

b:j —Hwe, -Fy\lowinj ohservahm %i" Gesk Ucriobles



EWD e -4

X'.a' (u]n.'.cl\ we -‘co\ce gvm c hcrh}rrivio.\ -l:er, r.e.

with o less} 2 c\is-‘_‘mc} values)

[’R AR = 3] x:x\’3‘3|
{extended def of J}

['RA«:’R = x:b A x'-.-&j' \
i P,rm. m‘.t‘ .’ )(1,‘1‘ {‘;’.es}\} X:X‘, 3:‘:’
[RAPR = x=j]¥,3 A [X':U'__lx"au

— {deFaFJ, -G‘es*\v\ *j?e hcn\\'f‘nﬁa\ns

[’RA&-’R = j___\ij A -ﬁ:«lse

{ pred. calel

‘PO\ Se 5

in other words: Carlesion exYensien C\es)'ro'js
anh sbmme\'rj and  Juras < Fcrkal order inko

o Pl"eorder.
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