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More pointless relotional caleulus: the transitive closure

In*rOc\uc‘-oB Remark Tn +his note we sholl use

+\'\a+ equou\'ion Y- [?Y = YJ has o unique
s\-ronges+ solubion Fcr monotonic p . The
theorem oP Ynaster-Tarski, wviz. thet dhis s‘—ronses)'

solubion 15 also F)'s smn35+ ﬁxFoM)-, will
not be used.

Insltead OP [AvB =>C] we shall mosH

write the equ.ivolenl- (A=) A [B%C] .
CEnd o? I‘n\-roduchry Remarl. )

The +ransitive closure o? R  can be de@ned
Cs -H\e s‘-ronses}- so\u\-'lcmn o{?

Y[’R v"P:,Y = Y]
or of IR v Y = Y]

Legenda The semicolon " is gven a b'mcl'ﬂ:g
Power belween d‘S/CO‘ﬁJ““ChW ond the unary
" "/ "~ (End OP L%erwda.)

One of) the pucposes oF) this note is o
e

demons'\'r‘a -'H'\e ec'uivc.lenc:e Q? -H».ese ‘J'WO
definibions | j.e. o prove [@= 5], where
@Q ond S are 8'|ven b:j

(00\) T./R =% Q-.‘
Gh) [RA = Q)
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(> MRaY) A [RY=aY] 5 [@>aY) G
(a) [R=> S)

(9.5) [S,S = S]
) MRaYlaAIV;Y=ayY)l a {SaY] G

,Pr‘ogE The \’JF‘OO’? OF [Q = S] is -—no‘l‘ Sur-
Prisingl:j‘ ij ma el imF!iCo.HOf\. We observe

[a=s 5]
& { () wth Yz 5‘}
[R=35]) A [R;S = 5]
& -f Tono‘?niciﬂj__oﬂ? ) 3
[R=a5) A [S,5 = 5]
§C2) ond (2B}

¥ru e

[S= Q)
<« {(3) with Y= @}
R=2Q] Al Q@ 3 Q)
{ (oD}
L = Q)
{(Ol)) aoncd (1), see Lemmae be\ow}

\'T‘Ul.e,
(End of’ Proof7)

h

Tn the Poin’r\ess relabional caleulus,
‘\'ransi\‘u'vib is ex]Dnegsed b:j

(X is -}r‘o\nsih\fybv = ]:X5X =>X]
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From the de?yni)‘ian o]P S -see (2b)-~ i} ?::-“ows
‘nmmeclic;}eb that S s lronsitive. Qur remain-
inﬁ ob\igohcm is o show that & s }ransi-

bive.

Lemma “Relatien C:?, aiven b:j (O) ancl (1),
sobsflfes [@;@ 5 Q)

’ProoE We observe -@r‘ c.r:j pa

[R;Q = Q]
<= {monc:o*onicib o? ;g
[2;@ =2 Q) A [@=2Z)
10 order Yo -F%:ci'i)‘c«’-e -“-)e es-)-obl’nslq wment OF

the second c:onduncl- we choose +Hhe weckes)

2 *’schs@mj the P’f‘rs}- Cor'u'unc}. We observe

[2;Q > Q]
{ leﬁ-—exckongej
[1Q;~Q > 2] )

@um which we conclade thot +he weakest Z

H

() (22 = ‘:Q;NQ]

In order Yo demonstrate [Q=2) For 2
given bj (4) we observe

[a= 2]
<= {(‘\) with Y= 23
[R=22] A [R;2Z2 = 2]
{ COT\‘\'FO.POSK}‘?VQ; rish%- exc"\anje}

]
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[“2 = R] A [N’R5 WA 12}
= 1@, 3 hmes!
[QRrQ =1R) A [VR;1Q,0Q = 1Q5~ Q)
<= 's_morno‘ronic.’b o? 3}
[+@;~r@=231R) A [~R; 1R = Q)
{ IQPI- -exc\'\om&e 5 r\gh]‘-exdﬁo\nﬂe}
(R a3qQ)] A [RQ » Q)
{ (o)}

true .

i

I

(Enc\ o? /PFOOF;-)
The eabove Proo]() contains o y-loik r‘olo}:i‘}:

instead o(’deﬁnin Z as we have done, we
could have tried +he wedkest Z Scﬂ-‘ns%m
L2 %Q]  Such was indeed my {?irs} e%’érh
W} would hove been +the correct choice , had
(ob) been r‘eplc.ced b,_‘j [@;’R-—; QJ . e in ho-
duc Fon o? Z o have come as o Surprise,
but T think that, wpon closer Scm}iny, it does
not qua'i% as o rabbit: we have Yo show thet
Q;Q ‘umFlieS Some"}ﬂnﬁ, and, ccm])osi‘)")on
being wmonotonic, we hove to use (1) ie.
we have o exploil- Yhe circumstance wunder
which we can conclude that @ smPlies some-

"“'\inj; %a‘} latter 5ome+»\ln3 we c:o.“ecl P4

The deﬁmhon o-F) the transitive closure fﬁ?f’ﬁ
the strongesth S SGI-FS%MS (2) con be recd
as ~ the s*ronge# Jrensitive reletlion impliec\

‘03 R’'. I} s better d.isenh.ﬁsled than the
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de-ﬁnihon oP Q , since in (D) both c:onJuncl‘s
rePcr Yo R . Moreover, (2) does not con @‘on}'
us with e dilemme hoo Yo compose with R,

COMqu‘e '}he s'ak.v.a)-‘lun u..rﬂ'l'\ ']:)12 s‘jn)’ac\-ic
deﬁm"}‘;m o? <wordd> ; here we have Yhe
C\ﬂO\‘OSO&AS -H'\ree oP)"lons

<word?> = <\e-H-er> I <]eH~er><wor‘d>
<wordd u= < leder> | <word> <word>
Kwordd u= < letterd ]<wor‘d> < letrerd

The wmiddle one | "H']ot.ts)'. leo.cl'inj Yo an o«m‘biguous
grammar, mo haove c.dvan')-ajes. 5)‘1‘@3@:‘, ks
am\aisuﬂj could be ks virlue: we can blame
& Srommo\r‘ {%f‘ ':}‘5 me‘nﬁuit«j or ’)rc\} se it -F;_-,r
) not being oversFeci?ic.
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PS . See clso EWDI4S .



