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Covering rectangles with bars of” length 3 . EWD1121htm

In EWD1039 ”Seeminjb on & Pr‘o]:]cm }ransmitted
b:j "Beng'} Jonsson” T wrote on the Foﬂow‘mg Pro):]em.
Consider the 8x3 square ; can i+ be covered by 21
bars oF’ 3%x1 ond 1 liHle square o{) 1x1 7 ecent-
lu T heard o 3-dimensional variation: i‘ra 4%x4%x4
cube is Vil]ec\ b:j 21 bars o{) 3Ix1x1 and 1 cube
o() Ixi1xt, show +thet the liHle cube is shuated
in one of) the corners op +he blﬁ cube. 1In s)norl',
}ime 4o solve the Frob\em in N dimensions.

T was struck by +he \nadeqqgcb OF) the uswal
me+a\o)10res. F\‘:jumen’rs about coverin red-qngles
b:j 2x1 dominces are Jraditionally carried out in
derms of) chess boards , and the above 8%
]oro\a\em wes accordin b solved b@ co\ou.rinj
squaies red, white, or blue. Bul we sre used
4o PQinhnﬁ Surﬁ:aces and not Yo Po‘in-lﬁnj volumes.
Another awkwardness is that in the one case
we +alk obout ”coverirB " and in the other case o-

bout "f’i“inj'. Even more seriously, our bars cl.f.
Fer: -F‘om baors of) Ax1 we went bars 0F3x1x1.

Qi these (linauisl-ic) Prob\ems can be overcome bJ
Swi\'c‘ninj jo an N-dimensional rectongular array
0{7 9r'|d oin}-s or, equ'.vq\enl~la, -Hneir' N-l-ufales oF’
Coordinoﬁs_ Coverin and il\in become arrilionin R

9 9 P '3
o boc becomes a triple with consecubive values
P

in the °nl3 coordinate in which “"ij diﬁ?er. T+ now
stands }o recson to “colour” each Poin'}' )B 0,4, or?2,
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viz. the sum olp }s coordinotes reduced modulo 3.

'l_{-’) ot lecst one of the lenj-}-hs oF’ the rec)-angle is
oA Mul‘h‘)\e OF 3 > Fo.r}ﬂ'ioninﬁ in bars s o‘:\)iouslﬁ

Possib\e andl, hence, the three colours occur wibh
+he same —?rEc‘uenCﬁ. T? none o{’ the lenghhs o{)
the r‘ec:\w:mﬁ)e ‘s a mu“-iple o? 3 , -\Jwe }ota namber
ofsrid Poinls is not o m'..\”}]':le o]() 3 and,)')c-znce,
the colours do not occur with the same ?mquenfj.
The frequencies, however, d',ﬂ%,. ot most v . (The
Fmog ¥ ,?j mathemalical induction over the number
OF) dimensions. BPn (N+1)-dimensional rec}-o.nsle wiith
no lena'}']'\ divisible bj 3  can be lurned inke an
(N+1)-dimensional reclangle with one lenjl')'\ Qivisi ble
"’J 3 b? addilion or removal opczn N-dimensional
rechamau ar slice with no \enﬁn\ divisib'e Lf:j 3_)

With the ‘ote)l number of 3ric\ )»)oin)‘s equo.\ Yo
3k +1 , we cllow one "exc:ePHOnal" Po'm')' Co{?”"e
colour thet occurs ki }imes ): in the case
3k+1 , the excePhono.l Po‘.n')- o{) = ”Far)-ihonirzg”
is the one thet occurs in no bar - in the
4 x1 rec.h:.njle, ona o? the end Po'm\‘s 'S exceﬁfhonal--,
in the case 3\\'-—1, }he exceF}}mq[ ])oin}' o?o. Fc«r‘-
Hl—ioﬁinj" s “\e cne ‘M\aﬂ' is a“owed to occur
n Ywe bars —in the 5 x1 r‘ec}cmgle, the mid-

\Doin?' 'S e.xc:eF\"tonc:‘ —_ .

The r)ossib.e FoS‘i‘rioﬁS oF -H'ne excelg}'ional Foini"
afre @r\-\r\er r‘es}riched b -”\e considerc.l-iorw o

S:.jmme)'rj Jhot tels wus 1hat the colour o? the excep-
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honc‘l Foirﬂ" remains unc‘\anﬂed b:j reﬁee::."“on, i.e.
if one coordincte instead o{j nu.mberin3 qu m o on,

1S made {'o number gurn ™ -\-o m . In r:o.r}'im.\laf‘:

in o direchion in which the \engi-k o? the rec-
'\'onale (13 0{7 He {éf"“ 3]3-?1 > the difﬁf‘er\ce

belween exireme and ex:ep\ionol coordinate
I o? the {-c’:rm 3c1 . (s deals with the
4)(4)(4 CU.LDQ.)

) n a direchion in which +he )enﬁ)-"\ o? Yhe rec-
hnsie S of the @rm 3P+‘l ) the c\iﬂ?erence

belween ex¥reme and eéxce "iOﬂQl cOor‘c\ihc)‘e
P

is o{) the @orm 3q+r2 . CThis deals with the
8x 3 Squc.re.)

G)

For ‘-n's"'ctnce, N the 4xS

r&:\onsle, one of) the two

marked osihans occurs in

wo bars.
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