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The uni-ﬁco}icn of) —n')rchch_g_._\_Li_

“The purpeose og) this note s 1o show how wmuch
the Ff'ec{iCo.‘\‘e calculus, the relational calculus, and
the reguiarit«j Ca\Culus }vove N common, or, more
Precise!j; how much commona\ib we coan desiﬁn
into them. DBecause '\'he redicale Ca\Cu\u.s weill
Emerje as o subcalcuius oF the other two Cc.lculi,

we discuss +he Precticc}e calculus ‘Firsl-.

To begin with, T Gssume the reader 1o be
-Fo-m‘\lic‘r' with
e lhe boolean domain {true, {é\seg
o the unary (Preﬁx.) oFcrcaJror‘

11 (nok, vrTe‘jio‘Ffo;j_ o
o the bina::j Cin?ik)opero}ors

v (or,dis;')iahiciiihoihw‘)ﬁ A (omd,:oﬁ‘unc.}-ior\)

= (i'mlplies, 'me\icaHm), & (?o\lows an, Ccmsequence)

= (equ’m’c.le_s or equc\\s, equiualeqce or equo.m:j).
Above , Yhe order g‘om top o bolom <oincides
-@;r +he ca‘f)erc.:l-ors with the order o? deC|“EQSGn\3
S‘vn‘|~ac5—ic bind‘ulﬁ Power; notice +thot ~-in oider
not ‘o cles}-ro:j the stjmme}r:j helween Yhem — we have
3‘|ven Yhe same bindm3 Power o Vv anad A .

In }the {él\owinﬁ, s is vorble ronging over
a domain S and (Primarib) x . :j , 2 will
be used Yo denote boolean @mc}i ons whose domain
s S . Funchion GPFIEQQ.H en will be denoted
b:j cn m@x dot , preceded bj o denoctalion o? the
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()umc\'ioh and ?oucwa:d b:j C deno\‘&}-‘:on o{) “‘oa cu:ﬁu-

men} -\-o which the Q.Anc]"lon is arz}o\‘aed. 'ﬂ?e o.ﬂ)]ica—
Hon dot has —nne highe.s!‘ binc\’:ni:) Power‘ ond

associctes Yo the {e?+ ~ e ”F- P g " shoﬂ:i
Gr CPphq” =

N T-Y express thet %X and :j are the same Pumc-

Yion, one wirites 4rac{i)-ionc‘5

<Vs: s € S: X.S

Here |, the @nclr'rons QPP\ied b s , Vi2. X G“dj »
are denoted b:) s)nsle }den-]-i-ﬁers. With the rule
+that GPP)icq}ion_ Yo s distributes over Yhe

\ogica\ conneclives , we can write the cbove as
<\7’5: seS: (x 53).8) ,

with Yhe unders}anding Yha} X = IS nNow on
expression deno—linj the @nchon Qcﬂ- is brue
wherever X and j ore equ.c.] ancl  1s %\se

e\sewhere. “The c\'szr‘ibu-}iofﬁ can be O?Plied
re‘oec}edltj, e.g.

{Vs: seS: xs v ys = 'z.s>
hag the lowesh

]

4

can be written -~ remember 'Hf\cJ- =

\oind‘mg Fowem- as

{V¥s: se S: (xv:j)_s = 2.5)

or  evuen &S

{vs:sed: (x vy = 2).5)
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Tor reasons thar will hecome clear \cﬂer, we

now PpPropose 1he {f;”owinﬁ abbreviction:

inslead o]? s s€5: (7 we write ”[” and
instead 0'? ’/)-S>” we write “-3{'

Us'lnfj the sSquare br‘acke}*s, our F:)rrram]c\ G‘XPreS—
‘Sing -anJ +Hhe dii)unc)ﬂor\ OF) > and ij equ)va]e.s

A reduces ‘o

[xvy=2]

our fﬁ)r’mer‘ —Fc.n"mulc. > QXPFQSSME '}‘IﬂQ" X and
:j are ‘H’\e Same -Ft).anc)-ior\? noLd S'lmPIJ bhecomes

[><=-=3—J

*
*

We now take what 1s o standard S“EP in
mathematical  theor bui\diﬂj. “The Sjre]p is taken
aﬁer the introduchion o?a notctional nouelb
— such @s a new abhrevialion or a "ma%emo}icc\l
macro - {ér @rmu\ae that were 'm-}er])re}ed "
a {;&miliar domain o discourse. The s}'@F <on-
Sisks oF) S'}‘o«anﬁ with o clean slare and axio-
mo\Jr-‘nz'mS a?res]n the i‘honipulc‘)rions OF) the new
«@:rﬂnulc\e. Tn doing So, one creakes a new domain
o? discourse} he role OF Yhe old , @mll,‘ar—
domain o d:‘scow‘f:e} Yhat wsed 1o constitute
the Sukﬂec}‘ maotter, is  Yhereb reduced o that
of l’:rov‘adinj & Foss':b}e model F%,r the neooﬂ:j ]Dos)-u.~
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la—\ed '\‘\neotj. -.u' 15 essenlr‘m\ -H’\orl' 'H’le axioms OF
the new H’)eor:j — which can ke ‘m}erPre)red s

theorems in +he o\c\ LnNiverse o?discourse— are
C\@On‘\:j Posb)a%ec\ 65 such and 4hat the new
Freory is derived ffum them without refference

Yo the model OF the old wuniverse oi? discourse.
This is the ol wgiD lo assure that the axioms
o? the new :’?760;3 Fm\ride, an [n%rf%ce that s
inde[)enden)- oF the old wuniverse OPdFSCOur‘Se
and that, hence, the new "H}eow is Sa e\:j ap-
Flicable ‘o alternative models.

Remark The above Fomgrqu skekhes in o bird's-
eye view the process oF mathemaltical abshachon.
The reswlt OF befn3 monre cﬂos}rc«c}' s not be}nj
more vague , on Yhe cun}ra::‘j: e pur pose
OF abstkrachan s the crection o?o\ Nnew sSemacn-
bie level ab wlnicir) one <an a@&ir\ e abso\u}el:j
PreCiSE‘DbuJT with less gommi¥men#. The virlue of
the new H’\eoiqj is dhat one can work in i},
wnburdened by the irrelevant details o’ Yhe
model thal inspired ik Ex?erience has shouwm
that Pecr'p\e's sk Con%njra\-:‘crn trith mQ\-}‘)e,rnc\_
bVical abstractkion i1s oﬁen Qmo'}-iono\b dis]-urbirﬁ}
the res} of the educa banal process harclb
Yeaches +he Po&en\‘id 1 rell echual advantoops o
f8n0r?n3 auai\o})\e knowledg«a ancl 'H’PC maﬂi%‘s*
@‘eeclom OF CrCO\)"in\(j mels own wuniverse o? dis-
course could very well be Pﬁgh-}emnﬁ. CEnd o?
Qemark-)



EWD1123 -4

We beqin our qxioma}'iza‘r)on b:j ‘an\-r‘oducins
Cvariables x,:j,z o?) G Newd +3Pe Hat we cali
“boolean struclures”. It contains +he tradikional
boolean domain ‘[}ru.e; s -?cz\sei‘ GS SUB‘U)DE,
whose hwo wvolues are sometimes relerred to cs

T e — /]
"the Yoolean scalars

We introduce «a ]anhon -ch boolean
structures Yo boolean scalars; b is called
“ the eue.gjwloere o]Der‘a]-or " and is denoted
by surrounding +he boolean struchure it

IS oTJPIied +o b,fj G FQir‘ o{) Sc[u.&r‘e brqc\ce\'s.

Legendq TThe axioms and theorems Yhat

-fz:\lot,o should be universall cluom\-iﬁed over
their 3\obo.l vqrjgb]es o J{ﬂf)e boolean shuc-
Yure. The wmarks BAx and Th olfs\'inguis)ﬁ- _

axioms F"“’ -Hneor'ems; the choice is some-

what ar'loi)-rar-‘j. (End of’ Leﬁendc\.)

Tn order b ex)or‘ess 'Hﬂc;}' l—mro ):c:oJeo.n

shructures X ancd Yy ore the same
we write [ x= J] instead Q{D the wmore
wsua | X 23 . 50 5 Leibni?'s (Prmciple—

b —_-.3 => P.x = ‘Fj
we render ‘ﬁ)r‘ ar{‘ﬂumen“s anl «F&DAI’\C‘HU\"\ \falues

op l:jr:'e, boolean ‘SX'ru.ckAr‘e &3
Ax  [x=4g) = [fx= {y]

(Qemark I’]‘ s unders}‘ood 'Hﬁca'}- arn EXPFES‘S"ion 15 o
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gunch::n) OP any o? its Subex)oress‘.ons. (End o]p
emari<.

Tor +the 3encrc:.\ in ¥ix oper‘c.\~or o e define the

@How}nj Yerms:

" is c‘ssoc‘]c}ive ! means [(x-j).z = Xe (:j.z)]
“o is s‘jmme}‘r‘ac” means [x-:j = D-x}
"® iIs ic\emPO'}enl'“ means [ xex = X 1 >

Ghe Yhree %FMU\\O\ Yo be wuniversall quaﬁ\iﬁecl as
usu.c.l ovel ® ’U ., 2 ) In w]nc} o“ows, we Slﬁc.“
exFioi“ GSSOCic.'}"lv'ib b:j omi)r’r’m:j Semo\nHCQH‘E
SMFer -ﬁuous Fc.."en-}heses whenever convenien
—ie. we don't hesitere Jo write X-D-Z {%n

any associative e — |

Bx. = s associahve

e —

Remark  Tor nonboolean i-yjaes, equo\ib is not
associative — its C\‘SSOCio\‘}'i\/Ib would lead o «a
\‘:j]oe Ccar»ﬂid‘—-- . The assodo\hvi}j o? Equa\ib
%r boolean {jf’es s -}herej-%re very sr:ecica\,so
sPecio\ that it deserves « sPecio\ ‘S:jmbo\ (ﬂ?-")
with & SPecial Pronunciahon ("equivc‘)es “). (End of
Rermark. )

Qx. = is Samme}ric

Ax. | x = hue = x| or [x = x = drue )

Tn the Qrs’r version, this axiom exPr‘esses Hat  rue
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s Yhe \e-ﬁ and rij\n* iden'}‘i):j OF) = —~note thak
1 admits +he ?Qrsmﬂs I x 2 (drue = x)] cund
Lx = brue ) = x}—-— . In Yhe second wersion
{ ( » = X) = —\rue] — i} ex?r'eSSes -H'\o.}
X = %X s clso the identit element o = .

(The existence o? an '|c\er~.'\'i‘:j elermn ent o?
\?o\\ouos g?‘om the }')revious o Clk}oms_)

-~ Pc‘rsed

i

1}\_'_ [“rrue] = ‘\'ru.e

Tor +he d'uSJuncHOn v we give He axioms

Bx. v s asffs:ic.—)he
B_'_:_(, AV s s:jmme‘]‘r‘ic.
Px. v 1S idem)bd'en-}-
Tor equ]VQ\ence and d'nsk')unc\—ion -‘oge“)er weﬁ’ave
Qx Vv distributes cver =, e,
EXVC“jEZ):—: Xvasxvzl
'__n_'\‘, E XK W -']'ru.e = ']‘me] or Y_X b4 ‘h‘ue.}

’Proog We observe -For‘ anc boolean struchures X,y
X N '*rue

{ﬂx. with Xi=y :j‘ne\c\:s I.(:j 55)5 'l'rueJB
« v (y= 9

= i v dist. over E}

7)(__\/ 3 = XVS
= {0k with X xvyd

true ( Encl o? "Proo?)

i
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CNo’re. ’H'\cx’r YN vitkl O F 'H'ie 53m meh:) o]() N , wWe did
not need 4o dis}-mauis\w between \e@ and riah'}
distribution over = )

The canunc¥i0n N\ is de-ﬁned }33

9_3_(. [x/\j Exztjf_—”‘ Xv\tj) ,

an axiorm thel is alse lmown as TThe Sc]dem NRule .

Th. A is associative
Th. /N s Sjmmeh‘lc
Th. A s '\dempohn\'
Th. | L x A true = _x]

’ProE[L’_ We observe —F’or any boolean structure X

X A irue

{go\den Rule  wath G= —)-rue}

A = %ru.e = X WV Frue

{ Lxv tree 1)

]

N

> ;_ "h‘u.e, = %‘ue
= { iden}':b element c.)? -E:‘]
A
(End dP quou-()-)
_T_lw_ _ Ix A (352) = '>7<7'/\5_—.=_-‘. XAZ = %)

’Proog \Ale_? observe For ony Choolean shuc\*u%) X,4,2

ROA = XA Z = X
= {golc{en Rule '\wice}
XE&E XV(:j = 2. =} X Vv Za

|

‘{E Sﬁme}‘ﬁc; v dish over E}
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X 2 y=2 = = v (y=zz.)
= {go\def\ /R.u‘e’s

o~ (yERD (End of Proof?)

A CQrollc.r:j o? the Jast theorem is

L m

Th. A diskributes over == ,ie
[UACXESEZ) = UAX = uny = u/\z]
Th. A and Vv distribute over eoach other

’Proog Because oP the s:jmmeb c;TP N and VO, we
heed not c\ishnﬁuisln behieen lefdt and r’rﬁlm‘ dishri-
bution. We show +hat A dishribules guer v bj

ob5erv1n3 ?or 0/5 x,b,'?_

XA( vz)
{ Golden Rule §
X A (b =2 = 3/\2)
{ A Tdish over = =}
x/\j = XANZ = XAﬁjAz
{PmPerHes o? /\}

i

I

)

PaFAN 2 XANZ = xAb ANXAZL
= igo\ders ,Ruie?]
(XAj) v (xAnz) . (End of ’Pmof.)

Th. The Laws OP Qbsorp‘rﬁor\
{X/\(va) = x] , IXVCXAS) = x|

/_Pio_cig "o demoﬁs¥ra¥e +he -F)irs}' | of)qbsorj:“l"ion
we obServe —ﬁar arij X,j
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XN vab) = X
= {So)den NRule  with Y= XVD}
X WV :j = X WV X v:j
iV ic\empo}ﬂer\'}'ﬁ
X W :j = X V_b
-{_'\c\eﬂlr’:b o? = |

true

il

CEnd C’F /Pmo]())

and <onsequence &  are

Im]ﬁ\}cc.\-'lon :.—..>
deﬁned bj Yhe ”‘f%“owinj T axioms

Ox. Ix=2y = yex)
Bx. [x=>y = vazb]

'ﬁ‘om w\‘wich wae immedia}e\b deduce with Yhe
905(‘,{60 rR.ulG

Th.

[x-.—..\,j = X/\:.j X]

il

a s‘umP)e r‘ewrﬂin& oF)‘Hﬁe Laws c:]() QbsorP}ion

nNow Y elds

‘_T_h_. [X:-")va] and [x,’\lj—-—-bx]

which are also known as Lows op Qbsorrﬂ-ion .

2

Th. I x= (b'-——>‘2) = X/\:j-e;z]
ﬁrogﬁ‘_‘ We observe %r‘ any

X = (3%2)

{e\'aminc}a outer = with /\'.—:S
X A (3@23 = X

X,9,2
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i

{ limincte inner = with /\-515
XN (:j ANz = _‘j> = X
{ N clmost dls"n]’)u}‘es ovelr

PN AN Z = R A

h

=1

{ reintroduction oP =  wth A ;_:_13
X ~ Y = Z

(End o?/ﬂ‘oof)
Th. Ix A (x = 2) =

/E__*-_’E We obserwve ,ﬁ;r

X A (x = 3)
‘{e\]mina*e =3 w%n‘: N -*""_:}

X A (xxsz—i_x)

'Z A almost diskn butes over _:_3

XA X A = X AX = X

' A s idemFd}-en‘i-}
X A
J =
Idéﬂ%’ L\L_‘] ﬂ? —""_}
XKoo b

XN 3]
QﬂJ X,ﬂ

i

i

]

(End of) .ng-))
M From —he above and o laws oF Abso: )’)‘hon

we coan derive I x ~ (x mbb) %j) , & law

that s afF 3ec\s¥ Since the Middle Qﬁes Yenown

as +‘he WModus Formens. TThese c{o:js it no

\cmﬁer deserves s]')ecia\ name . (End o()'RemorL.)

One o? He wmosth imPor'}-aﬁ‘]' ]or'operHES oP the

]mp\ica“ion is

Th. = is “ransibive |, i.e.
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[(x%j) ~ CU%Z) = (x> 2))

?roog We observe -R)r' any X>Y-%

(X=>'j) A <fj==>2) = (x=2)
{‘meorem be@re \&53'}

X A (x:gj) A (\3%25 = =z
{tast theorem J

X ANy oA (3-—-)2) = 2
{ Last Yheorem §

XAYy A Z =z

{ Law o? F\-lb.Sch*‘Qn}

"

i

%rue.

CEnd of Prosfl)
TTh, =5 is reﬁexive , i.€e. [X = x]
Th. = i3 on}-is:]w'\me)-ric ..

[ 9) A (ya x) = (Xﬁjﬁl

/\7roo£ We observe ni@;r GﬂJ Xij
(X:—)j) /N <:j“——=> X)

{ =2 n AN and ?._?“47\-..7:’ice}
(x_:\ﬂax)/\(x/\sz)
{fpuncluql Le?‘oni?., See \Delcu.'i}

Cx/\tjsx) ~ CXE:])
= { P\bsofpjf'mn}

X =y - (Bnd of Proof?)

Our earlier Proo‘-?s cJ] ccms'asjred o-l@psequences

I

o? equi\l'&\eﬂ‘}‘ exPreSsic-ns. Nouo wLae \ho.ve TS ~
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’\‘a}olislﬂed -HmoJ' =3 1S '}raﬂsi+}ve ) we a\so accerr},
as  in —n\e \&55- Proo@i Froo% o? ithcc}ims
in Which some exPressims in Ahe sequence

are conneclred lo:j =  Jo Jher successor .

The implicalion is not a sgmmehic OP@!‘Q"‘OI",
its two oPer'cmds have -H')ere@r-e diﬁ%ren*“hames:
in x= 4 and in y&ex , X is called +he
“antecedent? and 3 is coalleal the "Consa:iuen-l".
Tn our \osh roo? we strarted weth  the ante-
cedent oF) the demonsirandum and ended wp
with  ils Ccmsequen¥; hence +the occurrence u—?
= in he \e-@«mos}* Co\umn. We surmel mes
arrange implicw\ﬁon lcroog +the other w&j
round ; in thet case we stoart with the con-
sequent and end wp with the antecedent,
such ruu@ have occurrences o? <« in the
\eﬁ»-mosi- column.

Our last 3 +heorems stale that im)olic:q)ion
s transibive, reflexive, and antisymmelric, le.

L4

+hat im I:'Cc.H on 1S o Pgr}-io\\ order ’I. /\]'ie
aoLJechves “wecker  and “stramaer”’ are in com.
mon  usage ‘o describe +he “direction’ o?“‘\is
}oarHo.\ order : in [o\n’receden)- = consequerv})
the oantecedent 1s said o be /'sh‘crnser +han
Yhe CO'Y\SC-’Olueﬂ‘]' “ ond the Ccmseoluen} is scaid

Jo be “weaker Yhan the antecedent” (he use
o( the comparotives is nof en"}-{reb ﬁ)rhnq*e
since anlecedent and consec]uen*' could be

equi \rc.l en)‘ . )
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The unory oPeroJ-or' 1 C nc&, ﬂe\ﬂc.hon ) 15 degned
‘DD the two axioms that connect i+ 1o the
equi\rc\\ence and the diSJuhc}ion rl?sPec)rivel:j

[‘1()(53) = 71X E\b]
[X V"lX} (ie. Loww_gf the Exclucled Hic{dle)_

? P

From the Grs-\' G X om b\j i\*se\g) one c<an deduce

[1)(:-53 = Xaﬁn-j

[ % b x__] Cie. m s an involubion ) |

.t

i

Toﬁeu'\er +he‘j Uie\d another wa\'j o wrke

'H’\e imp“co.-)ian-,

’pmog We observe @;r D"b x> Y

true
{ Excluded ﬁaddle}
[CXE3> v-\(x:-b)_l
{ 1=}
L(X.:,:j) v (ix = \3>}
{ v distribubes over 573
[XV ™= ij = Yvix = Uvbl

{ Excluded Hiddle; v idemp@‘ren*}l

—

[xv:j = 4y \vx = j]

_ { = oW SbmmehiC3 = in V uand "—-:}

.[x%j E-rxv:j]

h

1l

H

"

(End o ? fPFUGP)

On 'mmediate consequence 1S wlnoﬂ' is known
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as the Law of +Hhe Cov-\hc.rvosihve

Th. [X=‘a3 = X € '!:j]

—————

%

TFurthermore H\e"Lau}s o?de Hor‘som

cre | mror“aﬁ*

-_rh. [-TXV“l:j 51(;«,,\3)]
Th. ['IX/\ 19 = "\()(vy)]
/P_"Ci{g). We _prove the Pir-s-\- one bb observinj _fé'”.
0"‘\3 X,ﬂ :
TIX W '15
{ = A VS

] ] ] il
o > ~=
VLo

m < o <
m i_, 1]

m -

1}
PESN
J
n

2 <UV X =2 X = )
{ga\d?n fleu(e?]

jcx/\b) ' CBrd of Hou ).

]

B use @\ € qui ua\c—rr\ Ce 1S
Th. [XAS-—-‘)‘?_ = X:‘;"lb\/z} .
an C\T)Peal Yo i+ is called ”Sl'\ur\hnﬁ ".

ClOS&\J connected +o +the nejc\J-ion is the boolean
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constant “?o\seq. ™ s Connected ‘o Yrue

B_xh, [?&\se = '\-l-rue]

Ry

and to the eueww\ﬂere o]::echor' b:j

9_,5_ . [ ?q\seJ E. {)alse
We ‘QQUC-' -}o ‘H’l@. r‘ec.der' .qu Pﬁoog ij

Th. [-Po.\se =X = A%

Th. [—Fa\se VX = Xx)

Th. [\C}alse A X = -Pc\\se}
¥ . x

We worite the c,uom'l"l]@ed axPressior\S o8 %Nows.

For the un‘\versc.lbj quan%ﬁed expression we write

{Vx: rx: 4.x> ;
for the exi.sjrenhc.llj quan’riﬁed e.xj::ress'aon we write
<3x: | i ¥x>

Tnsteadl OF) the &ﬂgu\ar‘ brackets ) , one
con also use +the normal Faren-ﬂweses () without
'ml'roc\uc*if\ﬁ 3jn¥ach o‘mbiﬁ“ib' For moany years
T wsed , in —F%tc\-, the normal )’_‘)c:.rt—:n-}lnfeses'7 later 1
\earned ‘o oFrrecior}‘e +Hhe Gnﬁular brackets as «

welcome Visu aid o Porsinj. Tn the ohove
Scl'iema"o.:

]

X -colled ”—H\e dummyg — IS a local varic\\ble O,()
the quomlri—ﬁecl expression ; the angular brackers de-

A
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hineate Hhe scope O‘F the dummy , whose ‘-(-ﬂ)e
we dencl Yo deg:‘?ne in +he environment O—P the
c‘uanH{’?ec\ exFression;- inﬁlread 0{7 a s'mgle dumn:j
we admit o list of durmmies | say ! X-,"j,?"
instead o{) usk  Tx”

X stands {%r Gn EX‘P!‘eSS}Oh o]() }‘5736
”Fredicc.)'e/' which | in 3enero\, deFends on the
dummy . (Us;n5 the ‘m(/i'x dot - with the
hiﬁbes¥ bindmj power — to denote {anc)r'sor\al
C*FF“CO.‘hOr‘\, we denotad the expressi on in
{anc}-icma\ —E:rrﬂ, all other séjnh:'.c'\'nc: ﬁrms OTQ

oy Pr‘ec{icc}e expression  are allowed as we".)

The expression rePresen}ed\ in the schemala BJ

r. X is called “the rance /.

”

}x  ~called “dhe Yerm —~ is olso an expression
OF fype ” precli cate” which, like the range , in
3ener‘o.\ : d@Pends onr the d-b\mm:j .

Universa] o‘uan"iﬁcc‘}ﬁcm and eXis}en}ic‘\
quan’riﬁc:a}'icm are T@pr all r,t  connected bfj

Ax. [ {Ix: nx: tx) = <KV nx: Abx )]
“The SapFéfEC_ ca}egories "ranje" ancl “derm”

are EHSIOiFed bj -H)e onalaﬁj Lm“’r Hwe no']‘c.)ﬁon

@31‘ summation that would denole the sum o{)

-H'\e Squares o? ﬂ';e ﬁrsl- 2% nc.]-ura] numbers

>9 (Zn: ogn A n<X: 0D )

Yhe oml di%rcﬂce beinﬁ thel here the term .'S_n,‘?}-_ﬂ_..

o? k:),)e. Pr?.dic;o.“e (bur OF }UFQ m)-e&er') .
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Ff‘edi cate , We cou \d

With the derm o(’ \-3)9@
restrict ourselves Jo rances theat are
@pllowinﬁ ho rewrile rules are known wn der

"'rue p ane

2

the name "-}'racliﬂj":
% [<V><: r.X: ‘l‘x> = <v><: ‘]'rue: X = }x>]

[(Tx: rx: bx) =

Note -ﬂ- is Cusjromo.-:«j +to omit the ronge (and
1o write affer +e dummv) i(" the range is

or constant all -}—Hroual\ o caleculahon

I"_’_ <3><: +rue‘. X AN l.‘x)]

4rue

(End of Nole.)

rite rules |, known under the

'T)':e -Fc.l\owinj e w

7 . it ‘e . K ,

NwmMe s hes\-mj and “unnesting ', are in o woay
Yhe an c‘lo\che oF) Hhe 0550cia4-ivi¥:, o]P Conijnng ~

4ion and Chskjunc}ion:

Ax Kv’x,‘j: FX A S.Xy: bxauY =
(W% roxcs <‘v'3-. s.>~<.(j::j +.x._¢j)>]

E<3 x,jz r.x A s.x‘yz 4-.><.j> =

Th
<ax: r.x: <a:j S.X-g: +XJ>>]

As « Consequence we howve -the Fa\lowinj

"inker ch ange s 0? quaﬂ}i{':Cc\HOn

Th [<Vx:r.><-. <V3:S.U wL.x.:j)) =
<\7’b S,J: <V>g: FoX: '}‘ X.j >> ]

ang s;‘mi}arb -ﬁ)r‘ Hhe ex'JS’JenHG) Cluan“'iq@ ca tion.
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The omo.lo\cjuue OP the distribub on o? [] over
A s given bf_‘j |
Px [<vx: [rx]: +.x>] = {(Wx: [rx): [fx])
T s re—@rr‘eo\ o bfj ’ m’rerckaﬂﬁe “or “[Jover V¥ ”;
the [ ] around T X indicate +that the renge has
bo be o boolean scodar. Nore the absence JF

“C73 over 37!

The f@gllous;nj Jwo are known as " s]o}i-Hinj
'H'\e_ l-erm “:

Ax  [{Vx: rx: sx A bx) =
VWV x: rox: s.x> AN <Vx: X l:,x)]

Th [{Ix: rx: s.x v +.x> =
Ix: rox: os.xd v (3x: mox: Eox))

and  with —)rodin\cj we dcernve Yhe Jwo known

it

as ‘SPli‘prinj the ranoe —~ note +halr in both

cases +the roange beinj SFH is o diSJunC'}ion._

[{Wx: mx v sx: bx) =
<Vx: r.x. t><> N\ <V><: S.X: t.x)]

[Kx:r.x v sx: bx) =
IELELE Ex) v {Ix: S.x: tox )]

i t—

53

Im]?or\'an’r Gre the c\'n,s}ribu}-icms known as

“v over Y A

Ax L q v {vx: rox: Box) = (ke rox: q Vv ’c.x>]
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and as A over 37

Th | g KD x:rox: tx) = {(Ix: nx: g t"‘)_] '

ma—

O-F +he -?o“ow‘w:j theorems Loe prove the fpirs}-
Th [(Vx:-ﬁ:.l'se: bx) = -}rue_l
'_Y_b [<3>~ {)c‘\se: bxy = —Fc):.lse:l

’Proog We observe -f%r any k

(W x: 'Fo.lse: |:><>
{—}radin'ﬁ}
{VWx: true: False =S f:.x>
= {Fredica+e cal culus
<Vx.’ -l-rue'. -}rue N b.x)
= { Vooower V}
rrue v <Vx:-}ru.e: {x>
= {Frecliccﬁ-e Ca}cu\us}

( End cf) ’-Prooﬁ)

H

+rue.

~TThe above hwvo dheorems  deal with ”em]:.b

L

ronges For nonem]ob ranges —Sfjmbo\i’zec\ b:j

r.Xx [’ma] - we howe
Th [CI/\ {Vx: rix v [X=13]: -\:x) =
VXt rx v ["‘-“_-j]i q A Fx) ]

T [gqv Ox: rnx v [xzs]; tx) =
Ax: rx v [X=3]= q v b.x2 ]



EWDI123 -20

'nnefj —?o“ou.l {?om the 1-I>o'm} rale
Bx [KVx: [x::j}: bx) = l"fj]
Ib. [(3)(: [x::j]: |:X> = L':j}

We shall prove the ]Pn—s}-, c\-ﬁer‘ es¥ab]ishin3

-Hwe Lemma

K¥Vx: rx v [X-Tj]'- O|> = Q]

/Proof We observe

[{Vx: rx v [_x::j:)‘. C‘> = q-l
= '{S]DIE'HinS Yhe [‘Gr\(jﬁ}
[<Wx: rox: q) ~ Wx: [x"':j]: q> = 91
'f_ 1-Foin+ rule}
[{¥x:rx:9) A g = Q]
= { Predi cere calculus
[‘1q v SWx: rox: q)]
i v over YV}
[<Vx: r.x: ‘\o\vc’>]
{ Excluded Hidc“e}
[ <Wx: rox: Yrue ]
= { kad:'“fj}
[ {)o.\se '. "tf'.x>:l
'[em]:b r‘anae}
“'rue . C End OE; /PruquPLeman)

The j@“si- unFrovecl Hheorem  nowo ﬁ)l!aws:

g
—

]

I

i

Ct A VX X v [xsz: E.x)

= { odbove Lemma



EWD 1123 - 21

<v><: V. X Vv [X:j}: C7> AN <V>(: X W [K:\j]: ‘}:X>

= {SF“'}"HH& the ""erm}
<Vx: ™ Vv [X:tj]: Ci AN \:X)

¥ »*
X

We hove introduced +he EOEUM}"C’? O‘Fef‘is'°r []

as Cu @nchon —g‘om \Doo\ean S}ruc.\rures' }-o boo‘ean

scalars, and have used i} <l

the dime, without
beinﬁ vcrv s])ec}](‘s)c. o\oo\x}‘ 'rls FroPerl-ies, We

r‘ec::.”

[‘i“t‘ue] = "‘ru.e. and f-?o.lse] = {é&\se »

-&-?'mh which (éllows +that dhe eue:jw%ere o):)ero.’-cr is

ldemPO‘}en*;

Th. L{x]1] = [ x]

We also conclude -Fom Hhe
—n’

1 Ix v 911 =[x (]
which s not o wve

form; it is o litte bi

OJDU\/-E

2

useﬁl thecrem in Hhis

more T)Q|a+ab!e as

Ix) = [g] = [[x] =>5_J

A {?mchor\ +hat -ngr' g_ng scalar range

c\ish‘ibu\'es over un'lve.rsc.\ Qu&nﬁ—ﬁcahon. i-e.

an () %T" whick —Fc))r‘ ﬂ\; SCc\lo.r r'anﬁe
[P,(Vx;;x> = <Vx:: fx)]
holds, is called ”

universall conjun chive”. (1

i+ dishbules »Rar any scalar range over existential

22
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quxani-i-ﬁCc.lion, e,
H).<§)x;:_>$>_..~::—' (I fx)] ,

it is said to be ”Lini\IEFSG.nj disjunc.}'ive ’t )

’Booiean s}-rucx-ur“es are a\so cal\ed ” l"edicc‘}-esq

andl unc)l-imé 'Y:{om Fr'edi cates “‘O r‘eclica}es

~like Yhe ahove f—- are known GS

A vt B
© v
(-{? s MOnO‘)'Oﬂ‘iC) =
<Vx,.j:: [xz}:j] = [{)x = {3])
above is +hat

/” ]
redicaodte

and +he conneclion with the
a (cvn- or dis-)Junc}ive —chhon 1S

We s}-;all s]qoa..) -Hn‘.s j)<:>1‘ - unclion -“’)c.w‘

distribules over C‘on\')unc-'-ion. 7_\7«Je observe r@;r
C\Y’L:j X,:j
[{{X = 1?3]

]‘-’f‘ec\i cote calew lu.s}

{
[fx ~ Py = fx]

diskributes over M~ }

{
[ £ (XAU>_E fx]

H

il

W

& '[ Le,-'bn‘lz}
[ AN Y = x]
= { Pf‘edicc"re Co.chlusj

[ > = 3]
Since o Lo,ﬂiVGF'SO\“D Con\junchve ’Qanc%"lon

dis}ributes over A ,ond | ] is univers«e.ll\j

monotonic.
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c.onjuncl-ive, we conclude

Th EXA}j]EE‘XJAIS] >
’?rmn w\n'ad'\ 'Hwe. mona}onicifj ow oll sws
T [x=49] = (I =1yD

/hjemark O‘F -Hne +o wa:js O‘P rewuri }-inj o

eoluivc;ience
[KE = <X='>‘j) ~ CXéD)] and
[xzj = Cxxxj)v (']X/\"lv)-) ,

I H

- .
Yne {ormer —known as 'mul»uo.l im ]icc«)ﬁon -

19 Muck more Poputc\r’ 'H')an *H')e IQ‘H‘CF. ’ﬂhe
exia]o‘no.}ior\ is to be —f?:und in the dishkibulive

poperhes  of L[], which (\jie\d
[X':‘ltjj = [x:_-j:j] A [Kﬁ-&b]

>

ie. muhual }mFli calion “dronslales o Pmo—f)
Ob\iﬁqu cqo +he {grm [ x zb) Yo two inde-
Perﬂ' Proof o\o\'.go.\‘x ons, while rewri \"mj with

[xavj z f(XAj) v (1x l\'lv)]
cloes not jield such c\Isenl-cmS\emenF. (End af

?emo-r‘k-)

1n view o{) Hne mono‘}‘o'\icib oF [—J
Yhe rule of Leibniz

[X':"":J] = E{)X E-F:j]
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—@;Hows {?om
L(x=y) » (fxafj)] ;
L' unc\-ion -E SQ}iS@;n .-‘?,r Qﬂj x,‘j -]-]'Ie \Q"“-er

" .
S+fmsef relaliom s celled < ?unc.\-u.a.l @nc)'lon )

Since

[(xzb) = (fx = -ﬁj)J
= {Fredicm\e CalculUS}

[Oxsg) A (fx= fy) = (xzg))

= { i‘eclica}e C‘c.\CLAluS: A and ;7_(
[(xs:j) A px = (x.-‘.fj) A ¢b]
an aolernclive de I(Din:-iionn o? Funchtalii:j 1S

stj) ~ {£91)

]

(-F) s Punc}-uOJB =
<V><,:j i [(ij)/\ fx =

We are Now readd ‘\‘O demonstrote -‘HWCJ G:"c]-)r.’:zs--7-,7_,,_

Sions %rmecl «ﬁ—om variables  with +he \og'aca} o]:xzra-

'\'ors anrnd quan'\-iﬁcg—hon Gle Puﬂcivuq, .ﬁ;nc-}iar\s OP
He variables. Since heﬁa‘)'ion and  existenbial

ClLLOﬁf\HﬁCC’\'\'i(}ﬂ - L.J\nicin if\c\ude_s‘ disJuﬂc}-'\crn—— SuiFice
Yo write down +he exPressions, it suﬂ?ces +o
show +hat

(i) Jr)"ne idenhb {t),anc}iorw s Punc:‘-uo.\
(ii) dhe neac-)t"ion of’c\ )’Junci-ua( ‘dechon is Punc“ual
Gii) an existendial quon}i{-’)ca*ion over Punc*}tfa_l_

?unc}'ions 15 Puncluoi;

/Proo:{ Tar (i) we observe [(xi'b):%(h':‘j)j .

25
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Tor (ii) we phserve

[(XE\j) = CEXE ra)} = [-(X-E:j) =3 <1-[?x = '1?3)__)

For (iii) we observe = with {) ran inj over some

set o? ]’Junc‘l-u.c.l {&nc%ions—

=

i

-

(xsj) A <§|Cz: {’x)
{ A over o

<3{7:: (X“:‘j) ~ «Fx)

< -{f)-F(:s Pgnch;]})

A Axzy) A Y
{ Noover 35

(xz )/\(3()1-' . > '
J 1()3 (End of TRoof’)

323 wagy o{) Mustration c:f) Yhe use oJP Phn_c}uql;b
WE Now Swe another Froo? DF) ‘H\e 4mns$-\~ivib
0? Yhe 'lm‘[J}i cation, We observe -@r o‘"'\‘j X,4,2%

(Xéj) A (3-—-*)2) A (x=>2)

‘I r‘ediccﬁe Cc.lCu\us }

CXAb:—:x>A( A2 = )A(XA2':‘:><>
{X/\Z = x 1S 2 Punc?ml {L’Ancl'iuﬁ o{) X}

(XA:j .-‘:x)/\(b/\z 53)/\ (XADA?_E X Ay
ix/\(b/\z)f X/\:j TS G Punch«&\ @nc\-;an

H

1]

of (yazd}
(x/\:j =x) A C:j/\zs D> A (x/\:j; XA3>
{Fred'tcc}e CO\\CMIU\S?

(x39) A (y2)

(x=)3§ r\(:j=>z) = (x=>2)

# *
¥

]

hence
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The “gc‘\ois connechon "’ 13 & )Or“oloeH‘j -Hmc.n on
ordered porir o-fo Predicc}e -}rans-?ormers mao
3?03. Tar +lne ordered fair ng) -Hnis shk

o.ﬁ?:u‘ns is denoted b:j 30.]((39) ., Which is
defined by

SGL (J;)’j) = <VX,3:: [.Fx %b) = [X %331>

The central theorem aboul the Sq\ois connection

states +hat dhe '@:“owiﬂj 3 assertions are

QQMi\fc\lEn}‘:
() SOJ.({),S)
Gy ) {j s un‘i\lef‘SC‘“ disJunc¥ive ond
[3.3 = (4 x:fj.x —-g,_ch: x)] for all 9
(iii) 'S univer‘Sc.“:j Cc.nJ'unc]‘i\/a cand
[fx E<V:): [X:)gb]3>] ,Fgr‘ all x .
/Procf The Froo? o? (l) = (i) s leg }o the

reader ; we Prove' D) E(iii) bg mutual imPIica-
Fion, o |

(D = Gii)

<

“The universal co'njunc\"a v:'l-u] of? 9 states
-H'lcd' Por o«r}j Scox\b.r rOﬂS; o]P \(j
[9<Vyuyd = (Vg gyd]
Phis will be demonstralted b:j sho wing that
{—Jor O-n:j x [x = 9<V:jv>]-3[x-g,<vﬂ 33)_]
To +his end we observe , us‘iﬂj 5&\(?,3)
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= {9l (fg}
[£x > vy yo]
= red.calc. 1 \/ over V}

[<VU ?)(:b >]
= {[] over vj}

- {gal (B}

Vy: [x > 99]>
= ‘I [) over V_}

[<ij SRS S )]
= { vV oover V

Lx = (Vyz= 93)]

Th order %o rove the second ch\junc)- o]()

.(\'n'i), usinﬁ E‘ij.(ﬁg), we observe fm‘ cmj X

= {3a\.(ﬁ9)}
Wy [{x —-%3325,\/

= ! ])rec(;‘ cate cal cu\us?;

Ox

Usiﬁﬁ Ciii) , we show

[fx=y) = [x=99)  {or ol xy
\o:j wminhaal imrhcq]—ion.
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LHS < RHS

Tt v  —

<VX,3'.: [{)X -‘—"}31 - [ X =3 93])
= {ﬂeshng, 4radin3
<V>_<"_'::W<V3?§ [x= 3.3]: [fx =)5]>>
{ Pred. cc.|c:.}

= <vx:.‘ [ Cx = <VD; [x = 9.33: b>]>

= { ("“), 2nd Con\gunc%}

Vs [fx = Fx >
'{Fr@d.‘:c.lc}

frue

H

We observe —@r any X,y
[Px = Y |
= { Gii) , 1s ConJunc}"hence g s monotonic}
= { (iii), 2nd ijunc}‘}
f9.<V<j: [ x %9-3]:3) = 53_]
= { Giii), st conJunc}
- [<v:j= [(x=g4]: 3.3) = g.y]
= {}')t‘eo\.ccﬂc}

L x= 9.4 |
2 (End J‘F(PFU'J“F)

E xercise Let 8CJC¢’3) Show

(i) f"& and SOF are monotonic — with °
we clenote ?uncl-'aonal <omf>osi}ion : [(fﬂg)b = () (33)]-
(ii) {)"(j is s}renj Hwen;nﬁ and 5 °—f 15 ““meo\« en'm3
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— le. [(C“S)j %J] and [CSC"F)'X_é“X) —_
Ciii) ° and 86 are idem?o~)‘€m)' —~i.e.
[({)"3"&533 = ({%9)3] ond [(Ejaraso]()).x =
CP]C"MG“j (Foﬁ‘-" F) = {) ’ G’U"n w\‘\ic\q

ﬁ:llou}.) (End of Exercise. )

7

both 'ldemPo“eﬁces

A

_n‘xe re\c\l-ional CO-\CLA\u.s emarﬁes gcm the
]'Jr'edic:cﬂke c:oJCu\us b& ex}enclin ‘Hwe lcs-H-er‘ with
Ho oferoﬁ-ors and a constant. Tn the conlext o)(\

Jf¥f\<€ r"?.'lc'.jrional cc\\cdus, the ?r‘edico}es are uSmo\fij

calied “reletions

The @rsmL add‘&iond oFer‘m‘of‘ 1S ‘H‘\e. wunNar
I} s denoted b‘e the re iC;ix

. .

tronsoosition

et pronounced: “dilde = | which s given Jhe
<

Same S&n}ach \:»‘mc\irzj Fower‘ gs +he neso.-\-‘non.

The second oddilioncl operc}or is the blno;j
":om})osi‘\'i on " T s denoted 1'2:) the in ipfx ’ >
” w}\'xciﬁ 1S fjiven Cn binc{m‘j

—

— ‘?fonouﬂced.: "Semi
Fowef‘ bebéeﬁ ‘}’he bin&f\j EDSiCc.\ oloera4o=‘s

o G ‘Hne u.‘nar‘j o}:aerc}ors_

—ﬂﬁe CmS‘]‘an‘} 'S olenoted b J
as 4'}1(-3 iden'}‘ib e]emerﬁ‘ o{)*}e COmI:-oSi%'Oﬁ_

it will emerge

_D’lO\.S)’] e axioms de«?;mnj -“';e newo oPera%ors
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are geua, dthe relational calcwlus has o much
richer struckure Hian the ‘Pr‘ec\ic,::}e CO!CL«.\L&S) o
major di‘ﬁéf’eﬂce \Oeins +hc',%__? i contrast Yo +he
loqucai oFercﬁ‘Of‘s Yhe dwo relchional operators
}uefcl ex\'):esswms thot are not Punc‘-ual {andions
OV Hheir Qr‘ﬁumen¥s

X *
a3

’BJ Fosb}o}e e ~}ro.ns]:wosi4-’u on Scahs iners
B x [ ~x —bfj] [x%wj-) g)r Al X,y

———

P\ Sl’)or'\-cr -‘orm;«lc\‘}ior\ wc)uicl \have been-_ ﬁa‘.(fv,ﬂ').

1n o.nj case WwWe can conclude:

~ 1S u.niuer‘,so.\b con'uncl-ive anca dus unc}':ue

hence [m e = +rute] and [w -Félse ]()Ise

oncl ~ 15 mmo#om’e; ~ 1S on Invo u}aon
{rmx = x} %'?:r all x — because (see
Exerci SG) ~ s bo‘Hw wQO.Lcenlng ond
S*\'reng—ﬁ’)enin:j.
Ne)f\' we S)now ’anﬁ' neﬁo."‘ion and —h-omsrosihor\
distribule over each other, i.e.
Th [~ % = e x]

/Proot T}‘\e PTOO{D 55 lij mutual |mF\lCa"'|0n We ob-

serve (in Fara“el) ‘tor ony

[~1x = 1~x ] l [~'\x<=‘l~><]

E

= {Pred.calc.ﬁ | = {}’)f‘ed-CGlCS
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L-N‘IX A X =‘9~F&\S€], , [N'Ix VX & ‘}ru.e-_]
= {N over /\,-E)PN = {m over Vo, Por‘”-'
is cOn'uncheS 'S cl‘ns‘uhcl-iue}
[m(‘lx.«x) = ?alsc] [~<1x vx) <——-+rue]
= -{Prec.\. cale.} = {Fred. cale.]
[Nfc:lse = {’a'se] [N-}me & ;'ru-e.]
= i rel. cal .y = {rel. cal .y
‘}I'U-Q ‘)'ru.e

(End o-gofﬁ‘oo]@)
As qu\an}i{i}cqhon and nejcahom Su-ﬁ?ce {ér

qn other |05icc.\ o]:erc}ors we conclude

Th. —FF'O\ﬂSFDSi'}"!Oﬂ distribules over all \03icc.]

——

c]’)ero}or‘s :

Th [x] :—‘.[~x]

et

?roo We obser ve -@)r C”:J x
Lx]

= { pred. ca\c.}
[‘rrue = x-.\
{ rel. CG\C.}
[N'}rue. = x]
{ Sa\.("‘,”)}
I:'}rue = ~X __\
{Preo\. cale.

Lvx] (Bna of Prof))

H

k
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One axiom deals with Com?osi}"lcﬂ cmb

c::mFosh‘ion is cx:ssocic.l-w've, ie

[CX;j);z = x; (3;2)]

The stociaHviE‘j is 1he main Jush ‘cotion -fcjar

'|ﬁ¥roolucih3 on in—ﬁx c;])erc,\'or Yo dencte com-
osibim. We shall exploit +he GSSc:cic.Hvi):j le s

P
wsual ) imPlicib b\lj omission OP ?aren}})eses.

B

T\"te Y\Q)A' GXx)om C\QCJS LAJI""’\ Ca r.lﬁ h*." iC\@?‘\)Jb

eiemen'} OP Com]’)osi')':lor\:

Px [x;JEXJ

The last axiom

Yhe 7 rijh} - exch ange ”:

Px [x;b = z] = [~><;'|‘z a,.'?D]

(The oy to memorize +this o observe +halt @
s & com)ainoHon o? ’}Glcirlﬁ ‘H’\e Con)‘rc\})osi}\ive

ond 2 ore cmcerﬂec\) anad

<QS J\:’ar (e j
—l—f‘o.ﬂsrosirzj +Yhe Ff‘e@x > O]EJ the Qﬁ)‘eceden}'.)

oshla+es w%a}“ IS KNOWT

s

We now observe —ﬁ):r om.& X,9, 2

[ ~Coyd) > 2]
{J is righ’r-iclen}ib —F,ur' 5_5

[~ (xgj);J S 2]

{ righ’r —€><c}mc.n5€)’ osstcic.}—;v;lDS

[ X345 12 = 1) ]

i
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= {o.ss<>cia-|rivi§-:j)- rig}\’r—exchange}
[ox; T =2 2(y;02)]
{] s r'iS}\}“-iden)-ib}

[ox = 1(33'17.)]
1 cm-\-raypsii-iue}

[133'1'2 > x|
-[ri5}1¥~exchan3e}

[~3;~>< = 2]

i

1

ana  Since -H'\e equivc.\ence o]cj ﬁr5+ and l&s)-
term holds %r oll 2 |, we have ?rweo\ Oas™

fe

NW;

h [~ () = ~ys~x])

Kemark Note how S oF the cbove 6 S-}ef)s are  wn-
avoidable: 2 o.ﬂ:’eo.ls do Hhe righi‘—lden)ﬁ}j elenmenk , vi2,
one +o inhoduce J and <ne 1O elimincate J agen,
and 3 C\]’)J’)e.als o Jhe I"i\jh"-QXC\’\CAﬂ&E)OUP ov\b
ool o inlroduce or elimincte o tilde . (Ena 010
Remeurk. )

Nex\‘ we obserue -F,sr" [Ya) X

Hue
1) right- ;deniiljj
[NX;J = Nx]

il

[m(mx;(j) = rwvxl

1 rel. ca\c.S

[NJ;X = x:l

H
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cmd_ zprom "}}‘ns Ly COnc\t«.de ’Hﬁa‘]‘ ’\-'J is o '€Q~
';o(e_n)-:\:.) demefﬂ‘ OF Com)’)osi}ioﬂ. Nowo

™ [ =~]]

immedic.’reb .F?;Hows. We leewve to Yhe reader do
14

derive F)rom ~ pver and +the \"ijh} -exc%onﬁe
Th [Xb%Z}E[‘IZ}M&:‘)"IXJ ,

7

known s +he "!eﬁ—excko‘nge

From dhe exc\'\o\nge rules and “Yhe "H1€or3 of-)
+he ga\ois connection we now derive that

it

Th COmFoSi-]"woh 33 b\f\i\lef'SO-l!j dis‘_)uncl-ive

in both operands .

In view of) the -H\eo::j o? e clois  connec-
hion we <con conclude that , ol =z

X,2z s univ@rSaH‘\j disjunctive in  its ﬁrs)-
C‘al‘gumeﬂ}, i() we can estoblish

L x,2 .-.g.jl = [X = Smne~)]nmj‘5 —Cof‘ all xy.2
oA

i

w)_‘ere %e "Sc:‘me}-l\'..:a" (w\q‘.c\n J)'lc:“:)s +1h:9_ i‘o}e
“q. ”) dees not depend wn X . TThe le[?-
9 P

exchange does Jhe Job:

i
~n
Iy
0
i
9
X
]
3
D
>
)
)
N

[13 y ML ==)1X]
- { Con}ro.?osi‘)ive}

[ x = 2 Cys~z)]
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Simi\a-’b, ‘Hr';e. rijh‘l-cxckanse es)-c(b]is)wes com?osi}'ion's

uﬂivef‘SQ\ clisjun»:’\l‘?vi}j in {}5 rianr QPer‘c.nd.

*
4 L

From its d}s‘junchvib %Hows -an.-l- ComPoSi‘)‘ion

is monotonic in both its Gf&umen)‘s, “From  that and

the exis*ence o{) J ’ e veader mo:j Conc}ude

Th [x = x;*me] on ¢l [ X = true; X] >

—

F‘Om {,\J’HQL;

ﬂ [ -}rue' +rue = ‘J\ru.e:]
'lmmedics\'eb ’f-?a]\ows.
Remarke Hence yosjrﬁxm o reletion with b

2
or T)Feﬁxirg i wi'um /"}'ru:Q;H 1S w))cﬁ' is known

as o cloSure:. a monotonic 5 we&‘aenins , and idem_

}90'}-@'\]- oFerah:r. { End of Remark. )

I{) the ’:mF\ico. Yorn in the other direction ho|ds,
there is some ’Hn'mf) sPecic.! with the relation , which
\S FGCOjn'azed bj 'H1€. in‘}'roo\uucx‘i on o{) S]’)acic.i '}e_ru

m'ino\o&j-_
(P 1S o \e]p-}—c.ondli'icw) = [P;.}ru_g = F,]
(q is o right-condition) = [ tue;q = q]

Note -H'\cﬂ- O»nj )eg-corvc\i}ion P can be

writlen  as X frue —\por“ some R ( g)r instance

.,

}’3 J.

_ﬂne ﬁO'HOT)S O{) \EQ- and rij‘h%—COT‘lOi”'foﬂS Qe
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c\ose.\.j re\o}e_d ) the \as¥' aXxiom o]p ‘“ﬂe ,~el&_
Yonal Ca\cu\us (-\-o which J CPS. van der Woude
Jeve Yhe name “Cone Wule 2. 1n one O'F its T%r_

mux‘xlo‘jricns i+ s
EH__ES Yor le%—condﬂ—ioh P and  riokk-condibon q
[qu] = [P] v [q]

(Note thed the inverse im}o\icO}ion ho‘\o\j 4:—%{* AT -
resHicted) P,C} because [] 15 monoi'onic.)

The Cone Hule is op imPor+Qﬂce because |

without i}, o sahislockory  model of the relokionsl

c‘aécuius, is oib}*‘aineo"\ | Jrcfkinq
) : o J ~
L] -]'he lden-l-ab {’i»unc%'@n —g%r ~
. {2
e the conjunction Jor
- Jl‘rue é\—or J

Hence, i{?a lemwma oTO the relahional calculus
W\S_irl\fc\_liiclc‘]red bj +he obhove Sgbs-}-i-‘\-uﬁon, i+s
oo requires the Cone Rule . Converseb,
4}15.}' arjr o ’M’}e. re\ahond CC\\CLA\M‘S ”H")c.} Con
be derived without ‘H’\e_ Cone Kpule IS a true
Senerc\\EZC}ion O? ‘H"re T)I‘Edica'l‘e CO\]Culus. M_j
experience with “the r‘elo}ioho\g calculus is un -
doub}eo\l\‘j iﬂCOmF\E‘]‘E and one-sided , but 1 Hhink

thatl | so ag)or, T had no use -*.Iwgr the Core Rule

And that, o? course, (18 Wiy Sro\}i%inj.

Leg— ona righ}-condiiﬁons emerge c)usi-e naturall
from ccmsider'mj the shtandard wodel oF) e rele-
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*}'nohoul Ca\chlus: —\here C. reiac}‘iorﬁ 15 modeﬁed \Oj
¢ boolean @nc}sm cie(])ned on the Cartesian
square 0() Same s])cace R le-}-/’}-—— anc h’fh)‘- COﬂc{3'{icSV15

afe modenec\ Ll‘j ei')-}"ter‘ 3 booleo.n uncl-ion o

that ('s'urBl?_) SFGCe of , more ac:CurodLeb, as o
relalion +hot does not de]:enc\ on one OF its
fwo arﬁumen}-s‘ ﬂ is the wmixkare o]-p boo]ec\n
@ﬁc]’;dﬂ:’)‘ U]O 1 and o—F 2 ougumen%s that has
mioducect +the conditions into +the relatonal

calcwlus,

-ln -H’:e —@“ou}ﬂ woe Sl‘no\n m—;b —(grmu\a‘}e a

Alﬁeorem r@r‘ \e;—@-—c:»hdi‘}ims it a s'nmi]c-r‘ one holds
%r r‘igH--co:ndhtions. The s:mi\arib )—(Ool{ows %ﬁ.
Th (P IS o leﬁ-c'sndiﬁoﬂ) = (MP s a rijh}—cond.’#on).

Im‘:or)-anl- —ﬁ)r e iden}‘aﬁca)t'am belueen le7ar~
conditions and boolean {anc}-&ms en Hhe sErBJe

SPace zs_ *Hne -((J:“ow'.r:j
Th ExFress'ncms bl 'gurn lc—‘a?-condﬂ-ions and

R 1035ca\ oFero.-i-ors are lefd-conditions.

/Proc)£ /'BJ induckion over +he SJnme 3+ su%c.es
‘o show this or n@c\}‘mh and existential
Ciuc\n}i(?cc:-)—ion, as all l%'\cc.) operctors ang Con-
S}G-ﬂ}'s Can be e:z:'essec\ n -H’\ose huo . Qur

0‘0}130.}% wunsS  are retvore

D) Fof all P
C P is o teﬁ"COﬂC‘;‘}"lOﬂ) = (‘I]D is & \eﬁ-concii)rim>
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(i) -ﬁ:r P rc"}ﬂ‘tﬁ over o ba oF) relabems

(V]') )ousg F’l condi 1L:un> ,L<3p P/ s a \C‘,ﬁ ondhd'\>)
Froof” _of ()

(-xP s o leff-condition)
{def} ]g
[7]35 true = P ]_
= '[ ﬁ GXC\f\onﬁej
[ps ~ue = p]

© [ = e )]
[- true = ]
= F‘}depg r

(P is o leg-Concli;'iOh>

Troof o ()
(<j}’.> }’J) s A leg c()ﬂd:*iQh)

L
[ <3Ip: P25 tue = (p: j>>]

= '{ : umversalJ clis ‘V‘”C}’V€ }
[<]F )9 4ru.e> = *:'IP P/}
&= { 3 s wono toni C

<VP:: [Pﬂrue- = P-_]>

I
e
a
m
CP,

=ad o() /Proo{).
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Th Tor all X5952
) [(xvex)zaz] = [x;b Az = X (jAz)]
(@) [xGve)ax]=s [xn g2z =2 (kay)z ]

“Pro We on‘:j ?TOVQ Cii) ; b& *}ronSPOSihon, (i) Jhen
Fo“ows. We are 30&3 +o es"abl}s)‘\ 4the ris}w‘l'—hc.nc\

side \oj muheal imPlicc}}Oﬁ,co\\ec)ir:j the needed

condiions as we 90 C‘\mﬁ'
Yor Slnowifzﬁ [x.r\ Y52 <= (x:xj);z-} e ohserve

(x A "j);?_

= {mono*On]Cil:j of ,'}
X52 A Y52

> f comdiion A: [ x2 o x|}
X A 3;,2

For s\nowitﬁ [x/\ U;z =3 CXAJ>LZ] , We show
the eojq-.valenl- [552 = IX Vv (xx\ccj);zj bj

] .
oDSEthf':j

X v <x/\ ))'2_
&= ‘{Cono\ilﬁon B [ﬂX;‘Z:—%'TX]S
X, E WV (X/\b);l
= 15 over v
(ix v {xAyD;e
= {Pre_o\.cdc.}
(Wx\/j);?- |
&= i ;Y;OﬁD'}U“I(.;]:.J of ;j

whde

-Tu.rnitla O a"H’En}im b -Hne Cond'nhms' we obhserve

40



EWD1123-40

RA®

= {deﬁnihcm:}

(x;,zﬁ/x] AN [1)(;2 -—é;'xx]
{ leﬂ —exc\"l Omfjej

[x;2 = x] A Lxs~v2 = x )
{Frec{. co.lc.s

[ 2 v xiez = x )

= {5 over v

—

[ x;(zv~2) 3 x )

il

h

ond this concludes ‘qu IDPOO{?.
( Bnd of?ﬂru}o)

*
* *

Iﬂ_;}be stondard model of’ the relotional
calewlus , the relalional varicbles in the above

range over boolecn {ch;-, ons o? 2 variables
OF the same tj}oe.. We will denote Hhe boolean
@nchon corresf)ondinj to dhe re\o}-ionel ex—
()re-ssion x b:j an ]nF‘:x (%)  The rela-
honal caleulus s then wmodelled bJ

P(—:x)q = " P(x)c,

P(xv )C1 = ox)a v <fj)

pix=ylg = pldq = plyg

PCK%/?)q = '?(x)c] > F(j)c]

P(Nx q = q(x)P

P(x;j)cl = {Fr= P(x)r ~ r(ij)q>
P(Pa = Pp=9
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“The ueri{gicc.-’rmn -H-nc.} this mode\ sa}is ies all -noe
G xXioms o? —Hﬁe re\c.a\-ioncx\ Co.\\cu}us 'S ieQ &S
on gxercise -@:r -H‘\e recder . ’ﬂnese aAxi\oMms , we

reyvec} , ofe

(i) “;” is t,miversd\j di{)unchve in both araumenis

(i) %" is associekve

(i) “3” bhas on icken%-ﬂa element called 3

(iv) ~ is & monotronic involution |
(v) [x;j =>12] = [NX;Z “-‘-’;13] {)or all X,D,l
(vi) [ x; ue v }rue;j] =5 [x;-h-ue] v [‘}me,'j] vfur
all x,j Car, c.lvtemo\}‘we\j, R. Tarski 's
()meLan\ a—]D the Cone Rule:
[ x; brae | v [+me; '\x] {)ur all x )

We shc.n Now s\no«.o how an Q\Erhc\}ive
model s ]Drovic\ec\ bj the r%u\orib calculus
(also known as +the calculus of’ I'"E‘ﬁulou“

ex?ressions).

We in#—erw‘e\- Prec\lc:c.\-es as loolean -valued
(Z\nc)-ior\s over Some hon-ennl'_)b se\- S, and

>
"‘eue:jw\oere ’ as  wniversal quo\nhﬁcc‘\-ion over S

Lxl = <Vs:seS: X.S)

-I.h -‘r}we regu\ari}:j CQ\CuluS s s -Hwe Se+ o{)

@nﬂe 5¥r\n35 o() sambo\s @cmn sSome G\Fho.be}-_
\r\HH\ \JQ\’“{C\]D\CS T, S, and t rQﬂSiﬂﬁ over S

8o »

the COmFOSiHm > - Siven b\D

42
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Cx;fj).r = <35,t: r=s4b: x.sx\g.{:> (o ol resS.

where 4+ usuallﬂ cdlenotes concatenction. Trom the

ahbove deﬁnihon oP “:? in terms of “auq {éuoms

- “‘, ” s univers::.\lj disJunc]-iVC in both c-rjumen\-s
“,m . Ry e, M, paa
® 57 is associakive & H IS associative

€6 .2

- ’ has & ris‘h*‘--iden)-i}:j <= “-H-” hos o rij)\)--
ic\en}'atj .

Since concelenchon s associalive and has
c righ%iden)—ib , iz, &, the emf)bj s}rirlﬁ , our
Com_")osﬂ—‘»m toith -F)c:f‘ # the cemcarenchon
Sokis @es (?xCii), Ciii) . Furthermore ‘{J »? is
modelled )"’fj

:).r = =g -g-r ol reS .
and this 3 SQHs-ﬁes

[J%x] 51[3=§1x] ,ﬁr all  x

(Laler we shall @rmulo}e Jthis as: ”in the Feﬁu\orib
Ccﬂc.‘u»lws, J is o Foin+~‘>r‘eclic<;\¥e ".>

We shall now show +hat :}hua _pﬂodei sahsffes
‘”\e Ceome {RL-\\Q (Vi) , in Tars\ci’s {grm: |

[x drue ] v [-hue;,'lx]
{?erECG}: CalCu\u.s}
[ hrue = X;'\-rue] v [}ru.e = *}rua;'!x]
{J s idenl-i‘n element 0{9 cow\?os."}?m}]
[:)ﬁme = Xﬂme] v [ere;,J > true; 1"]
<= 13 s d‘%uﬂCHVE, hence MC’“O\‘W\iCS

il

h

43



ELD1123 -43

{3 = x] v [:) —_-_a,-tx_.]
%= {Ffed.ca.\c..ﬁ
EJ 5 %] =1 [:)=>'1>r3
{ dhis J is o ]’DomLPf‘?_d‘rc::;*e?(

true

li

“The Frob\em lies wsth  Giv) and (V) |, which
menbon +he ~ ’L.o‘nic\f\ does not occur in the
rif'f)ulo-rﬂj calecwlus . Dur rask is 4o invent a
~ (and ,in }the process, lo extend +he notion
of concatenction) so that  (iv) and (V) are

mek.

A w&J +o assure thal ~ s & monoklemic
invelukon is 4o degne

[mx = Cxainv)]
where inv 15 somme  involuhon me S ke WS

Prool” To show thet ~ is an
C:Bé;;‘\f& @r cm:j ><.
~(~x)
= {de? c)?"-’}
C X oinv )e inv
= { o s C\S_S_QciQHve}
xe (lnv o Tnv)

involubon , we

= {inv is an involu\icm_z]
X

To show mmohnicib,f.e. [x:):j] > [rvx -_—.)mj]

we observe
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[wx =~y
= {defuf’ (] cnd ~ 3
<VS:SC—‘S: x.({n\r.s) =2 tj.(inv.s)>

{transf rming the dumw:j: inv  has an muerse}
(Ve teS: x.b gt

- {wP P
EX%U] ‘ { End o??ﬁw?)

We now %urn owr C\Hen}ioﬂ )m (V) ' order

Yo derive the preper cons¥raint on  inv. We
ﬁrsl- invesl—igq)re the ex]—n-ess}cm U? [X}"j 1‘)723

]

in terms  of our  model

[xsy =22
= {mode\ o() [] cand 0?5}

(Wr:. {(3s,b: r=sat: x5 A ‘;)-':> = '\z.r>
= {Pred\cal-e CQ\CulusS

Vrys,t: r= s+t ‘.‘1(><-3 N l:j*t A z.r)> ()

Thus
["“X‘, 2 = 'ID]
1 above resuil; Gvxds = x.Cinv.s)J
(Vr,s,b: r=s 4t 1 (x.CGnvsd) A 2.8 A Ur))
= {chmnjiﬁﬁ Aummies | 1,5, b= f:, inv. s, rll
vr,s,b: t=invs 4 2 (x.s A nj.l: A z.r)) ()

We ths("J (V) %y seeing Yo it thak (x)=lm),
an ec‘uivq\ence hat ]Qﬂ}ows Fw)'m-n ecluiuolence 0(3

‘\'i'\e rangeg :

1]

r-=s#t = E= invs # r

45
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Bj substituheons = € and bt:i=g , rcs]oecHVe\ ,

we derive

E = S H inws and £ = inv.5 H#+ 5

Tnsiead OF) considering all ﬁni\‘e. s}rmf)s of
75__5_!‘1\50‘5 Fc,m some Q\P\wabe)- A, we consider a
|o.r5er se} dfs\'r?njs,_C?fth?‘@d Gcrrn cun Q\Y)Habe}-
Ywice as ‘oiﬁ Ecch c:ru;cjina.\ .leHer‘ o? Q\]‘))‘.c\be}-
RN is introdiweed in two  versions ~black o
whike | Soy~ . Our New S s the seb of
all J?in&e. s}-r{njs o? S&mbo)s ﬁm the c\ur\ica]‘e‘r\
C«\FBATS&- such thal the lwo versioms o{? a leHer
@rm- Hhe s]né\e. Q\ic:l:»e)- don't occur next fro each
other. In Yhe concatanahon pro<ess the
Ywo versions o? the same suymbol @cnm Hhe
oriainq\ G]‘D\’\a‘od' anihile¥e each o-}\'\ef“', +his
annihilelon  cdoes not desh‘o:j concatenation's associa-
Hvibg, nor ihe exislence Q? an  identiby element.
“The cr?:erc.\ncn\ ¥at's s the cembinabon o? hwo
Cammu.l‘?ﬁ& cfem}ﬁor\: re\fer‘SirE 'Hr\e s\-rm\ﬁ

el :nver}fns -}-lﬂe Co\oou" 0? each S@mbol, and  dhe

colecwlus does nor use the n%aﬁm, it is a
Subs:js}em N w\nack we  em neadt \‘O dis}‘fngwis)'\
belween 'SHngs o? 53mbo)s o one colour. “The

standard \"e(julomi}' calcuwlus cdoes wse c..s\\ar;“*”;

X# cLeno&s_-Hne S‘\‘ronges‘}' ‘So\u‘-ior\ oF the equ\alion

Q“ 53_-_-.-_._---__-—-_--53 [3 = D v XLS—.}

46
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Intermez2o ’Bj wony o{) illustrelion  we show the
eclui\ra\ence of the Awo -@rmAlaxions OF the CTone Wule:
(%) [ x;true o -\rue,-:j] = xdrue) o [Hue; :j}
() [ x',-}-rue] v {-\—rue; % )

—— e de

L x)'-}rue:l v [true; 1x]
< 1(x) with Y= x}
[Xj'h'hm& A ‘}rue','1><]
&= '{rnc.mo*onic.i\-j o{)’;}
Uxs v J3sax])
{1 ) s iden}i}J of);}

[XV"IX

fl

= i Fred. calel
frue

(#) < (xx) \We observe -ﬁ;r any XY

- o i  ——

[x)"}ru.e: v -}ru.e;:j]
{ Pred. Cc»ic.}
[ —;(x;-*rue.) = —\'rue“,j]
= { mOho')"O‘ﬂiCib Of ;}
[‘}ru.e; ‘1(%}4“"3) = hue; true; ]
= .".T_.-[ﬂ‘-l’rue;"\rumé = Yrue ] (Rvice) and Gix) with x:= x"hu‘e}

[h'“e} 1 (X}ME) ‘%"ru.e)‘j] N ([X;-lrue] s ["‘ru.e; 7 (x;-\me)])
= { Preo\. c:ﬂc.}

([JrrueH(Xﬁ-me) 2 Jrruz;a) ~ [x;-\-rueJB N

([-H—ue; W(Xj, frue) S -\vrue;:j 3 ~ ['}rue; ‘\(k’; -\-rue)])
= {T)red. c.qlc.ﬁ

[ Xg"rrue} \i_ [ -\ru..e; fjj

]

(End o{) TnYerme zzo.>
* . ¥

47
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Point “Redicales

The 4raditional model -@:r the ‘Dredica'}e calculu s
is known as  the cher‘se* model . The “”der\J‘"ﬂ

s]oc\ce i2f o viemem 4~U set S and each Prvac\Er:q?e

?

Q Ccrres‘)mcls Yo a  subset o-f S . The ?r‘ec\i-
cates +thot corresPoncl Yo singleton sets | ie o
the elements o? S, are called ((P03n¥-]>redica4es):
and 'be:‘nﬁ a ‘coin’r-]oredicc}e is or‘mc.lb deﬁqec{
b
U (P 5 o Foin)'-lvfedicq+e> =

VR [p=2@] =a[p210))

fAn immediale consequence is thot {75‘\'56 s not
a Foin}—Prec{icmLe. A next consequence is Ahat
there s no Ff‘@diC&}'e “ehoeen ” »@alse. and

o ‘Joiﬁ}—]’)rec(ica¥e, mofe Frecisel:j , —(gr Fo'.'n\m

Predic_-m\-e P

[@"—'—bp] = [@E'@L\Se] V2 [@EP]

/_\zn_ggf -\A;e obs.enre {ér owD ]’Dra:iicoﬁﬂe_ Q. ard
o.n‘j ?Olf\ —*Pr'ecl) ca b )’3

Ne! -—-‘;aF]
= {ID is PQIA“*PI‘GC“QC:)‘Q}

[CQ%P] ~ ([')r:)'\@] Vv EP%CQJ)
= {T;rec[.Cc«\g.g

[CO.?: {)olse] v [@EF] (End o??rou]o)
Tn what {?:’Um.os " P is wunderstood to range
over ")oi n}-Fredi cates.
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The crucial decision s whether or nox we

add &s agxiom ‘the “Pouer set Vos}u\a}e 7
— “PsSP” {Z,,- shork -

CPSP) [<3ppd)

whick os¥u‘o-lres the Ex‘\sxence O{; So vr\omj-
Poirﬂs” Hhat 4-}1@3 G” wp the underlbir:j space .
An clternchve @rmu\a{:oh is

Psy) [<3P: [F@»Q]P>€= Q‘_\ —@r oll @
CNO'\-G Yhat [(3{3 [—P g@j:\')> =3 CQ] {;or al\ Q@
is o direct Conseguence o Fred‘aca¥a c'q\c:u\us.)

"P\’ooE The Froo€ is b:j mutial imF\icq-}ion‘
(PsP) <= (PSPD By -\ns}mhox-mj PSP with

- m wa Em A e am mm e = . — ma

C’PS’_P_)__—"}_C_’E?_’_?__’) We obhserve -ﬁ)r" anJ R

[<3P:: |°>) |
= {deﬁm}'ion o() Poin‘-r)redicc.}eg
[(3}3: VA :: [P%CQ) E“‘![F-"—"}"I@}>: P)]
=, {’W\s{-om)—ia}e W owith @:=R ;3 monokamic in ranéel
[<3p: (pa>Rl=nlp 57R): P>]
= { Pred. ca\c.}
[(?lp: [?%?1 v []" =’>1’R11P>]
= { range SPW:]
[<3p: [p%’R]:P) v GJP"[F':’"R]’F)}
= { pred. cale., os noted Obwe.?)
[<3]'>: E]"'—*’R]P> v TR
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= {Freol. Calc-}
[<Fp: [paRIp2 &Ry o Prof)

'Po'm#-]oreclicqﬁ's are o{) interest | as "f}led ?rovide o
ConceP)' n terms of w\\ich -”ne re\c;honc.\ Ca\cu\us
and  +he regu]c\rib caleulus coan be clis+in3u'ss\ned:
in the lcHer, J is —0S we hove seen- o Foirﬂ--
}oreclicc:}e, whereas in the —ﬁ;rmer i+ is nor. More
interesting , Howeuer, is  how wmuch can e Provecl

without PST !

Wemark, 1+ mckes sense ‘o alk about a Pr?dicc.}-e
calculus  withoul /PST), v{ér TSP is druly an in-
dePenden} axiom , as 15 shown by a model of’
the predicete caleulus dbhat salisbies cll axioms
0? -}ie Freclit:‘c}e CalCu\us- C/Rou sketch: Fred‘.-
cates are associated with seks o wpen intervals o?
Yhe real-niumber line such the theit union equc\ls
the inteyior of the closure c.g) Hhar wunion. Neﬁa_
)f"o"‘, OUS‘)'Uhc}w‘orw, an gl chuncHon are wmodelled
b‘j complement, union, and intersection resI:eche\ S
ot O«\udo:as rfo“owed ):J the idem?okn* U’TJGI—Q')'i(m
OTO %o\cina Yhe nterior OF the closure. The
cotchword in the mathemahical literalure seems o
be KFGSIA‘.O@ o')')en ? . Unless 1 am miS"'!:\l(en, this
conshruchon can be 5enero.li?.ecl —Fsr Yhe relatiomal
Ca\cu\u.s N Suc“\ c waO Jhat J skl cx'\S‘]'S,{c))r instance
bj ccm?ininj the reﬁu.lo.rizc,hon o]';»erahcm (o? Yoking
the interior of the closure) 4o dhe direchom Pc.ro.ﬂe\
Yo Ihe dicﬁuﬂ&\.) (End oF’ /Remar\l..)
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The calculi without PSP are known as ”Poin‘)'-
less Predic-c.}e caleulus ' or qr?in}-less lc{;):c "
”Fo‘ini\ess relabonal colaulus r‘e_s]?ec‘-i‘i\-’dﬁ , and it
s omazin —~over tHhe LRors i+ was an eye -
opener ot least {?;r me! = how much can be

deme in dhese Pom’rlesq ‘C‘O\lC’U\\l‘.

on el

T knew | @r instance, what T 'Hnou\(jhl' were
three eolu.ivalen]' expressions @:r‘ he wen-ﬁundedness
og)c.. relah on
e the U‘Cs\'tdil:j oFc. Fr‘oo? b ma]-})emq}-icgi induchion
e the exisknce OF) minima) (-ﬂ?amen\'s g"’ no-nemr;)-:j

Subsetrs
* the Qnﬂ-eness d{)all decreosifb Sequences o?

elements.
Tn contrast o the last hwo de(;?ni\—funs . which ex-
FL‘c.‘HJ mention ‘elements ) the ﬁrs}' cne admibs
a Fornlr}ess ormuelation
(S s [e@-we“ oumciecl) =
<V"\D [/P-—'b g?:.\se] <& [’P = S{P]> ,
intless clepiniHOr\ o? we“-ﬁ:u.nclec\ness +Hhalk

e (&}
su%%ced ta rove @ Wnumber o{p @nclo\me.n\nl
‘nneorems Q}Dob\.\‘, we“-@unc\edﬂess Olu..‘l‘e Gle\c)‘canl'b,

In reasonin about ]’Ji‘o rams the anrnotabans
3 J
Fla\tj “.'e role o{) the Prec(ico.)-es, machine s\n}-es
%e T“o\e o\p “Poin\‘s ". nachine 5}'6\}‘85 are wL:c)'
individwa) Co'rﬂ?u\‘]‘a\’ions are G‘Dou'}' s and ‘Hﬂis obser-

\Jo]rion S‘Nes LS anol')')er‘ woj o}()oFFreciai'inc— ”‘;e

#

Heansiton {7‘0711 Set *‘Heoij o 4he ”Posnjr ess lciﬁic:



Bl D1123 -5

without PSP, dthe machine sloles have disc-lp)'zeored
{?’m the Pic\-ure ond | oF necesslb, our considera-

Yions become nonoperc.X ' anc.l .
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