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On a pr"::olfO of” Kaplansky's Theorem
T ' t -1 ot

'Tl‘) "-In G rin j with ‘:den}'#-j , &N element wiHnoul' (=Y
\e]@ inverse bul with af least one r:3h+ inverse
has m{)m#et van right inverses. "
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Let b be an element OP +he r‘mﬁ ’_DenoHnj
ux}cFo.snlncn, the \e@ inverses

0? b are the Sc:e i‘rons OFD ‘Hne equcﬂ-non
(O) X (Xb:'\)

we assume thal (0) hes no solubions. The

r‘iSH‘ inverses op b are +he solubons °{> the.
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let a {ér 0sk <N be N diskinct solubons
Of) (1) , e

(2) bqk =
3 G, =q, = h=k
We Sl’?a]‘ Show et i€ N>o ’ (1) has <t

lec. s} N+1  solubens . Flom now on , we
wssume N>D s ie. -Hwe exfs"ence. QP QD'

Covisider the N quanHHes C,. given bj

(4) ¢ =a,+1 ~ab (Z,r 05k < N
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Lemvwa O Each S is o ris\n)' inverse o? b .

Proof We doserve {or ong X 0sk< N
bck_

= {4
b(a,+1 - C'kb>

= { ring }DroFe‘rHes}

ba, + b - ba, b
{ C'?.) -)w';ce}

1 + b - 1b

{rinj Fro]:erl-ies}
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C End o() ’Pmaﬁ)

Lemmg 4 Al the <, wre distinct .

Prool”  We observe %r any h.k , Og b,k < N

Ch = Ck
= {4}
0t1 -oy b = G+ -akb
= {ra‘nﬁ Pmperhes}
QhE = C!k‘D

= i Leibniz}
qhqu = qk bqo

'{ (2) \Nl}"}‘. k::O, )wice}
C\h1 = C\k"

4 Hnj Froyer‘*}es}
qh = Qk
= {G)

h o= k . (End a?’Pr‘ooE)
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Lemma 2 Each Ck d}%rs @u-m Qo

/Proof We observe -(c)m any k, o< k<N

a, # S\
1 @]

W # G+ 1 - b

= i ring )')roloer\wes}
a b # 1

'S (0 hos no solulions

rae ( Bnel OF /Proo{;?)

H

]

Consider now Go and the N values =

Trom (2) and L emma O we conclude +that
these N+1  values are all riShJ- inver ses o]()

b . From Lemmate 1 and 2 we Ccrnclude
that  these N+1  ualues are  all c\is}‘mc_]_-. QED
* %
»

The chove has ‘aeen lrrlgﬁerec{ 5\‘7 “R rP':geun]ﬁo)e
Proof’ o’ Ka)olanslr s “Theorem ” bﬂ Tra “Wosenholtz,
Pudo\ns:)'?ec! in T}’)e merican Mathematical Hom’rh\j)
Volume 99, Nuwmber 2 , Rebrua 1992, p. 132-133 A

?or‘*—ed arcument S

Copy oF) Qosenho\}zs con s

included. T wes o pure coincidence that Y en-
countered +his article in the AMM « -()ew hours
a@er T had announced in my coursa  Hathema-
lcal He%odo(oﬁj* Yhat next weekk T would lechure
on -qu (Pisear'\""lo\e /?rind?ta ”beca.qse hois so
?requen¥b misused . “Besides the spurious wse
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A Pigeonhole Proof of Kaplansky’s Theorem

Ira Rosenholtz

The purpose of this litile note is to sketch a simple proof of the following result,
which Kaplansky has referred to as his “infamous little exercise”™®. {See [1), {2], [3],
i41)

Theorem (Kaplansky). Suppose that an element in a ring with identity has two right
inverses. Then it has infinitely many right inverses.

The proof consists of the following two lemmas. It is analogous to solving linear
differential equations and is a nice application of the pigeonhole principle.

Lemma 1 (The Homogeneous Selution). If b has N right inverses with N at least 2,
then the equation bx = O has at least (N + 1) solutions.

Proof of Lemma 1: Suppose b has distinct right inverses a,,@;,...,ay. ThED
a, — a@,,8y = ay,....ay — a,are N distinct solutions of bx = 0, We will show that
the set {1 — a,b,1 —a,b,...,1 — a, b} contains at least one additional solution of
bx = 0.

Clearly all of the elements of this set are solutions. If there were not a2 new
solution in this set, then for each j there is a k so that 1 —ab =a,—a,
However, 1 — a;b cannot equal a, — a, = 0, because then a; would be a left
inverse for b, and in this case it is casy to see that b has only one right inverse, a
contradiction. Thus, since there are N (1 — a;b)'s (the pigeons) and only (N — 1)
acceptable (a, — a,)’s (the pigeon-holes), by the pigeon-hole principle we must
have that for some m = n, 1 —a,b =1~ a,b. But then a,b = a,b, and multi-
plying this on the right by a,, we get a,, = 4, 8 contradiction.

Lemma 2 (The Non-Homogeneous Solution). If b has N right inverses with N at
least 2, then b has (N + 1) right inverses.

Proof of Lemma 2: By Lemma 1, bx =10 has (N + 1) distinct solutions
X, X, ..., Xy, But then if a, is a right inverse of b, then
{a, + Xy, @, + Xgy..., ) +Xy,) isasetof (N + 1) distinct right inverses of b.

o? the /Piﬁeon\ﬂo‘e /Pr'mcaf;le, i} contains o nestecl re.-

ductio ad absurdum’
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