EWLD 11250

) Summary %r Turner's class (An extract Fcrm EWDHO?)

f

\_e‘l‘ [ ~-reod ”}Delom— be G Pund-uai I"'?lc.Hon QN

structures Q]F Some }er , Le. {é}f‘ all w,Vv, X,j
[u.:v A\ X:j = (ugx = VEJ)]

For & < Pfeorder‘ —-j.e. G reﬁexive and +r‘ansi+iva

releh oN -

(0) [xg‘j
() [><§3

M

<‘v’z:: ZE X D 2Ej>] and
<Vz:: X 2 é352>]

M

For o preorder © , & value k Sa\-is%’mj

(2) Wx:[xgk = (Vy: yeW: x & fg)])

5 colled “a highest lower bound” (Br the set S given
"9 S={2] <3313€-N‘- F5>3

(Note thot , for £ the idenkily Rinchion, D=W.)
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remind the recder +hat these two nomes Onb moke
sense because we have chosen Yo read the s¢mbel
€ as “bdoun” . Yor the rest o? this note

we restrict ourselves to o preorder & sSuch

that  highest lower and lowest ‘niS\ner‘ bounds

exist or o\r‘? set S. Each OF these bounds
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[XEJ A jsx = x=j] ;

Ca Preorder‘ H‘\c\}' S c.n)is mm@*-r‘ic Gs well S
called “a

arbial order” wnd in whet -F%:“ouos ,
15 @r“ner restricked +o <
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artial arder. We
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" bound.

’Eio_of et )\-‘_ sahs%
2" (Vx:: [xgk = <V3:56\'J'- X S Pj)])
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= € is reﬁexave.}

(End of?roo?)
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dred: hiemall denoted b

T and called " ‘}o?"-)
the lowest his]ne.‘ baun d 0? the emp

sek is
ond celled ”boﬂvm‘

4radf¥iang|lj denoted b A

TFrem (2)  and (3) ?

ollow

<Vxs L x 5T]> an d

oo TLEx])



EWD 1125 -2

The unigue walue for k Sa\‘i‘s%m& (2) is
dencted by Ny: yeW: C§j> . e
(4) v [’*C<ntl:bew: f_‘j> = (Vi yeW: xg £y21> .
Similarly, the lowes} higher bound s denched wsing U:
(5) ¥x: [(U:J-'SGN- ?j) tx = (Vyyehs ](’j =x))) .

*
*

Tunchon ? s monaolornie means here

(6) [xeg]l = [Fx s Fyl  forall xy .
Tor monclonic § we con prove (3 and (8);
®  [PMgyeW: ) & Ny yel: EHY

@ [{Uy yeW: £y & LUy yeWiyd]

off which we prove (7).

’P;oo{f Tn the @;llowmj we leave the ranges xe‘N,éjeN
understeod and observe {ér om:j monotonic P

[P<Nx: %) ¢ Ny fj)]
= { ) wih xim PN
[<\v’b F’(ﬂx x) & FB)]

{ interchanage

(VU [-?(ﬂx :x) E ? 1)

< { i- is monotonic; T)r‘edccc.}-e Q:.lcu\us}
(V [ Mx:x) = 1)

= {(4) with X ]C) <n>( X> 1den-\-')]:js
[ <ﬂ X x> <ﬂ5 fj>]
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= {E- is re@exweg

ere.
(Bad op/PmoF?
* X *

We are now FE.c.d.j g;r the 'HneOrem OFD Knaster-
Tarski : {’or monotonic {7 5 -Hf)e equalricms

2) X [fx = X] and

(10) Xt [?x = x|

hove each o lowest solutien , and the hwvo
lowest solutivns are the same.

/}_)_.ri’f_f We deﬁne ﬂ b\j
[q= <Ny: [{y Ej]:‘:))]

and observe , in order Yo S\houo ot 9 so\v‘es (9)

Fq
{degmho:'\ D-F) ci}
i}’.(ﬂ«:,: [TB Ej]&)

]

& { -f'ns monotonic, (7)}
s 40 'tsfjmono‘\'oni?:, see (12) below §

My [y ey g7

{de@n.il-fcm U‘? c}’ﬁ

q y

which  obhservation establishes [fq gc]] Mhonks ho the

¥rc\ns;l-ivab of & 3 so q solves (9), and i is
its lowesk seoluhion bj conshuchon, @r‘ we observe
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G vy Lfyegliqey)
= {G&), cef of N}
9k <ﬂ3 [fj Ej]j>
= {de(?a,oo] , & IS re@exwe}

brue.

Next we observe

(£q=49]
<= ‘[ € s c\nhs\jmrne}'nc];

[Fqsql ~ Ly ffﬂ
< {(11) b..n”-\ b::

[(fq 59l A [FCF’C:) {q]
< { ? s monotmict

[ﬁﬂ Eq] A f?q Eq]

{q solves (9)%
True ,

)

So q solves (10) as well. Norecuer 9
is (10)'s lowes}t solubon | as g)\lows F‘l:rrr\

the observebion

Vy: [fy=y]: =3>

<= {[f -j] "” {fj :j} Since & 1S reﬁexwe}
Wy [{’3 syl gy

= { G}
Hrue.

¥ X X
“The mmr\ohnic.'tnj o? N s exPressecl lzj
(12) [<VD:: 99 g I’\ﬂ) = <ﬂ3:: Sfj> < <ﬂn }'\3>]
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where e leQ the range a? 9 undershrood.

/Prooé We observe (?:;r‘ omJ 3,}1, and range “’Pj

(ﬂt,:: 3:..)) = <ﬂ:‘.’.1:: ht))

= < { ()} N
Yz 2E<ﬂg G, > = 2 _C_<T'l < h. >

SUBEL g

= “[(4) Ywice) j U
<V2:: (VU 253. > = <V 2 & h >>

& o) mmo\‘onic}b‘jcf) V] J J
Vs <VU:: Z 5 gy 3 Z g \q\<j>>

= '{ }V\*l‘ef‘c\ncqnjes
Myn (Vas 2594 = 25 hyp

= £ (o)}

<Vrj:: 93 c hb> . (End 0? /P"UV'P>

Notce how | in the above Prooﬁ we started
usinﬁ (0) and not (1) > which would hoave nho.
duced 11 do Hné_E]@ QP L whereas &)
enables us Jo eliminake 1] “o +the ri_cj)'\‘)‘ OE <.
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