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0 Comparison of relofional proo,ps
L) ] T 4

The purpese cF) this note is do ComPore di-fgren')-
Proo?s -Ff:r the same theorem oF the reletional clew-

les, so thet we Mov 5"-“ Some ee|inj -F;r the sources
of man; Fu\ otive advant ages and dis O\dvan'l"ases . The
theorem chosen is SimPLe e.noua‘p. +hot i} can be

Pro\reo\ @'om @rs'} )’)rinc{‘:les; Ue)— T "\o]':oe i+ e "dee)o"

enough Yo rake 4’-’Fwé"'éx]:erimenl~ in\'ef‘es\'ing.
Theorem  Let t be the shrongest solulion of
(x) x: LY voyx = x )

ie. -in view of Knosher-Tarski-

(0) [3 v et = L:\

(1) [aéx]/\[c\;x-_ﬁx] = [é%x] -F;ro.llxs
let s be the shrongest solubion  of
(3¢) x: [b v oayx =x )
() f[oves = s)
() [hax]) A [ov,x = x] = [s S X} 5 then
@  [s=¢;b)

, e

?"OOEE o TIn +this roo'? we '}'r:j ‘o -ﬁ‘td closed ex-
T)f‘essions {61‘ t and S , w\1er‘eo\ﬁgr we es-
}abli sh 4) lij mon'|]9u(a"'in3 these ex)’breSs'wns,
Comr:c.riné (#) w'vl-\q (n),we see Yhal () [K:2

obtained m Cnx) width -ﬁw b the sFecial choice
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3 y So we '@CU-S on (xx) and hc‘j o 'Fi)nc\ an
exrression -For S wn terms o(D (Q,b) . We
Obsemg

S
= (DY

b v o S5 1
= {3

b v G;(b vVas)
= {; csue.r-v}
bv ajb v o058
= 1€2) and ; over v
bv ob v cyeybh v oyoa;s eke.

which suggests for s the closed form, vz
(s [s = <{3ninso: gn; b)) , whew

() [q0s= D] and [q.(n+) = c.;q.n_) e al n.
To check +hat conjecture €5) verifles (2D we

ohserve

b v Q;<an: n3o: q.n;b>
= ‘[ 3 over 3}
b v {3An: nyo- G Q-n E)
{ (61}
q0;b v {3n: n3o: q.(n+1);b>
= {P.c:._?tmns{)orminj Hhe c\ummj'_l]
q-0;b v <3n: n21: qn; b)
{_J:.c.}
{In:nz0: qn;b)

1
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w:j X , we observe

[<3n:n>,0: G\r\,b> = X]
{ Fred. cole. }
{V¥n: nyo: [cl._n', b = x]_)
& { by methematical induction, see below §

,___.,[be,x] A [c;x% x)

For the mothematical induchen we observe —@r-

the hase: {%r Yhe shep:
[q.O; b = x-J [q.(n-n);b = x]
= {(6)3 = {(63
[J;b %X) [-Q',q.n;\o%X]
= { rel. cale.} < {Tayx = x))
[ b= x] [ciqn;b = a;x]

= {mcanox‘tmicib ‘;J
Lansb = x]

33 subshluhnj b= a we- derive -ror‘ k
&) [t = <7:']n:n>,o: q.n>] ,
and Now we are reo.o\:j Yo eshablish (4)

=
= {(}
{An:nzo: q-n b>
= {)' over E}
{3n:n3o: q.n);b
= 1)
t:b

(Ena of Troof® ©)
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,Prooro uses ‘H'\o.'} r'E\oA'iono.l composition s
associotive . Suﬁ?c}en“y diSJuHC'I-ive ond has J
as its neutral element. Tt is the *U)Oe. a? Froop
Yhat T Moy have Fre-@rrec\ 18 yeors 290, but

now it annoys me o litle, as ibs mathemectical
induction over the nclurals shtrikes me as o

-(’oreign e‘ emen }

’Proog 1 Here (4) 1s estoblished by means
O€ a Fin5~]:>on5 o.raumenh P'ma 1S eosJ.
[S = 4;‘:]
& {(3) w-\'\-\ X = ’\‘,b}
[h=t;6] A [oshib 2 4b)
& {monol-on'nci)‘ of;?}
[3st] A (3ot >4]
{ ()}

'}rue

f

’Ponj uses the exchan

e rules, T)r'\maril ks
ae\- t aoll \23 i‘-se\()g\ Hhe Gn**eceden"\jjposi'\-ion:

[65\0 = S]
{\eﬁ- exchange §

[1s;~nb = At
{ conkra post bive §

Tt » *\(‘153~b)]

&= § (O with x:= 2 Gis;y ~b)}

[:}-_-_5 9 (1‘3', ~\r>)] A {0;‘1('15;“\0) =" 653“']’))]
{ conbre Fo'a:\—ive. ; Tight exchcmae}

[1s;~vb 1T] A [~vajas;eob = 0s50b]

)

3
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<= {le@ exchonge and mono\'oniches’s
[ Jib = S] ~ [ma',’ns = ws]
i D P | riaki- exd-.o.nge?s
Lbas] A [a;s =5 )
@Y
hue

It

(Eﬂcl QF(PNUF‘\) .

In o globa\. Sense | (Proof‘l ismt loo bad:

the woy in which in uses (0)&(3) ond
Y R'"9

on uses (1)!\(2) ts GbSO\M‘lel standara
P°rd J ’
and Since , sob. 1985 ., 1T con write tHhat
down without -H"l‘m\cinj. There VS, howeuer', 12N
dual FroHem with pong - ?irs’rb, oll Hhose
neao.\'ic.ms 8‘|vln3 rise O Con}rc\PosiHves +)-.q|~
Aem't FEQl:.J contribuie }o the c-.n“gumen} -—’\?u};rjer
M. ’.DSlcs\‘rcs obiechon — and +he v | which now
can be reaor ed cs o -grei n element.

¢roc[--f‘?_ ,P_!lﬁa as chbove . FYor Fon , we ﬁrs}-

observe that on account o mono%n%c%;es
[kr-:)u] A [u-;b =‘>SJ = [l:;l;. @s]
Th order Yo ease the demonshratiom of

[(tu]), we want Yo choose a weak «

T‘-or'\urwo\\-e( , X [X;b = 53 }\QS < bJ@O.l(CS)'
soluhon becouse , i3 universo.ltb d‘fSJ wnelive >;
call; ng i} w we have

@) [u',\:':‘)S]
) [xb=as) = [x=u] fral x
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And now we observe

L&k = s)
& '{monc‘}om Ci lLQSS
[tau) AL wb=s]
= 1 ()3
[t o)
&= 1C1) with  xi=
[Jgu] ~A [au=u]
<= {109) with Xz:J ,’wl'nn X= Q;u}
[Jsb2s] A [asuwsb s |
<« 1) ond (8)§
(b=as) A [eys o s]
4 ()}

true (e of TrwP )

%rmulae (3) ond (9) oo #ure Ta) -H‘ie -l-r‘c.cli'-ionc.\
monner +thot w is the weakeS'\‘ solution o()

X: [x;\: %S] . 'nve do mﬂ‘ eol:kare the conse-
quence o the L[act +hatd [x;,b-.—; 3] s an
ontimonotonic ltinckon o© x , ie. +het any
rediccte sl'rcmser than the weckest sclutbion
solves the equotion as well We toke that

in occount \:b re,:lc:c;na (2> bfj

(10) [x;b > S] = [){ = Ll—_\ ]Qx‘ all  x

which reduces (8) %o o consequence (inshan.
Hate (40) with Xx:= w ) |
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The traditien is emerslna o eliminate the
iclenh ()ief e and Yo wrile 5/b ] If{s tead
- read: ”3 over b - . ’nne inﬁx u-‘aem“‘or B _7

is now dekined bfj

(" EX',\tj = '2-_} [X = 2/‘3] -Fsr all X, 2 .
(No\-w‘ce the di{’?erence hetween (10) and (11): |

(10) wes used Yo detbine W in terms of

b anda s , (1) defines the osperoter /)
“The o.na\osue cs? (8),

(1) [(2/3),3 = 'Z] "@xr‘ all U,Z >

becomes a censequence, known as the law oF)
“

”Conceia\-im . We can now re«.ur”-e. our last

C&lCU.loJ-icrn s {fy”ows

(&b = s]
-{dee o? /S
[t s/b]
& § (1) with x:= S/b‘s
[(3»5/k] ~ [e;G/b = s/6]
{de? o() /, %wice}
[k =>s] A~ | a;(s/b); b = s

n

<= '[ ond conceloton + monotonici Hes}
[bass] ~ [as 5]

= { (DY
brue

We couldd do withoul the S'}ep Yot intro duced
w, , as the wmonotonicilies exploited have now

Yoeen CQP‘-ureo\ bv the inboduchen a‘F /
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S\rfi\qrfa, we can c\eﬁne \ —recd “under”’ ~ b
(’) [X;bﬁ)‘Z] = [3:@ x\z]

with s own law o() conceloabon

Gy [ x; G\2) » 2]

The fect dhot using formulae like (8) and (9)
or (10) is o Seneml jechnique roises the ques-
Yien: are  the ec‘uo.Jricms x:[x;:j—_,wz__) and
té:[x;3 32] so sPee?cJ thot their solubons
deserve SPeciOnl orpcam"'ors (or @nc}ians} do dencle
em? — ———

(D s QPH’)e -@rm [Cx_—_)z]:—.[-xﬁ)&'z].

he. Hhe -rorm c? c olois connecliem, and so
is Q3. g‘iven oan , the inho duction QF) its
Golois ]'Dc.r‘mer % Moy be o simP|e o oF
C'Q]o\-urinﬁ that i} exisks Cand -‘:Eo:‘]' F is univers—
___ole disJuncFive), but b s mosrrewardinj
n€ 3 has much micer manir;u\a}'ive rJroPerHes
Yheon -F T \ooks as iF the onswer lo the
qu.es\-u‘om roisedl coan c.mb e S'iven b':j -H'le. ouk-

come of oy 335+emokc sl-v«cln o]? how we con

W\omirzu]o.‘-e woith / oand \ .
Qus}in, 16 Oclober 1992
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