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No*a-l-lono.l conSiderc.\-ions and -\-)\e re‘a)rional calaulus

WH) Feyen and B.)M. van go.s-}eren - and others -

wrote Hae excho.nge rules o? the relationeal Qc.lCulus

{0a) +4he \eﬁ- exc\no.nse ”
[x5y »2] = [2invy 29%]
(ob) -Hwe. l"lSH‘ exc\nanae

[xpa’izj [~x; 12—"—")13]
The oppea

}o an exchonge rule o? the cbhbove

—ﬁ:rm Vs oﬁen {)o”owed or Freceded

)@ -Sl'-';:.n"})'iﬂj
or +Q\cm-,3 the c:;m’t-rc?os‘h\fe

Ru }'Ser M. ’Dﬁks}rc\

realized +thet these manipulo.)-ams are couwused

b:_‘j the {Dc:«c:}- chml the |m)o||co.}lon s on CS s

wehric

wr:*m the disiunction, bu}
ins}lead o(; wn]-mg [ (x‘j)vz‘)} , which
iNnfroduced o nesc\"foon \ny
'})ﬂe Com]‘)osr]'lm, \me

would  have Fron"

‘r)uslnecl that negc.)'icm

os {ar Yo the outside as he could. F]ll?ke
Jhe Inkreduchkion

O

o? Yre “somewhere erotor”
(> m\mc\"\ is ~the cwdugm\-e OP the euetjw]nefe

o}':erc.}or <><> _ ‘l["lx]
he forrnu\o}ed Yhe e><¢lnom33

(10) _<>$;3 A ‘2.) =
(1b) <><;,:j NZYy =

-

rules
(z3my A XY
<~x5‘z FaN lj)

“Tor o number o]() C‘o.] cu(al-icms this was ¢ com-
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siderable imFmvemenJ-.
Formulae (0) lel us thot equations

x:[x;:j %z] and 3:[x33=§z]
Tor Yhe weckest solution 0? +he %mer‘, C AR Heore
andt He D‘\{%nj inhroduced \= and @:r Yhe
weckest solubion OP the |O~‘|’?€r‘ ‘Z./x . RC.
Bockhouse interchonged dhe role _o? N ond /,

ond ever:jbod:j ~Hoare and He :)iper:_? inclucled -
agreéc'r""f'ﬁd}- this woas an imProve.men'}. The

/ Cread: “over’) and \ ) (recd: "under”) are
nows inhoduced b:j +he "-*%:_-_}crnc.}iun rules ”

(2a) [x,;b =z2] = [x= 2/3]
(2b) [xiy=>z2] = [y x\2 ]

1ns}an¥-io\¥in3 these deﬁni}ions wrth
X = 'Z/:j and Y= X\Z T_QSPGC\"lVG,-\j y W€ 82"

the “concellation rules”
(SC\.) [(2/3),5 -%7.-_\
(3h) Lx;GNz) = 27)

Tn the cbove ‘f‘;':rm, the cancellabon rules have
on undeniable QPPeql’ but  so ‘@‘r‘, /. end \
are cml:j art 0? normenclclure  —uiz. a woy o
wr-i\-inﬁ e leakest sclutons o]? s)oecial }Jloes
O? QqLLO.}ians. The / ond \ can m‘j cenhributbe
"e‘"‘“:?v rovide we know their Proper}ies,bu}

which? To qw:ﬁ-& /\'Z\M,'ngsl'rc\ “The number OP
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lemmas thal con be -()ormulo.l‘ed obouwt @.c}ors
is vast. T will re@a'm Fv’-wn lsshnj He~ because
‘e \’:roperhes o? “under ' and "over” are much

less nice than Ythose oi? ComI)OS‘ihcrn ond -~given

4he l.Q‘H'el"- ?ac\-ors ofe N @}c}' T'edundosr\;\ "

The chove- mentioned redundoncy can Pe moade
more eKF\iCi" b.'j QFPljuns o (O) the conlbra-

Fosi\-ive:
[x33i>23 = [x:b “l('!_z;fvt:))]
[x;agzj = [3:)16»:3123]
COmPc."inj +Hhese @mulc\e Loith (2) , we

conclude
(4e) [2/3 = -1(—1-2.',0-3)]
k) [x\2 = 1(sx32)]

Observ‘mg oll the cbove, we see thar WM.
’D:‘j\cs}m inhoduced 4Hhe somewhere o'roemlor
ond '}'»10\‘} Hocxf‘e, He Ji%ﬂg ih}roduced, and

P/
Rackhouse wmamtained “over” and “unaer’
all because no one knew how +to negc}e. (>N

COmPosﬂ-ion.

* *_ *

'Bc{ére Pursu‘mj -‘r]ne obove line of -H'\oujhl-,
we Yurn —(’or o moment to ocur unary oPet‘c\%rs
and Mei r nototion. Tarski deaotes nej clion
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b«ﬂ an over bar’ , so thet Fé” instonce, de
ﬁorﬁo.n‘s lows can be rendered bj

iXI\b = 5?\/9]
The cthrackion o? Yhis notalion is that it in-
}Yroduces neil-‘ner +Hhe need «ﬁ:r Poren}keses Nnor
‘:rior{}b rules. There is the }-‘jFoaraPkicc\l disead-
Vw\“oge thet} Yhe bars can 324- \onj ond the
"Por‘mu\o.e \’\islﬁ — Y Euo'\‘e .F:"orn . reror‘} T

recenHJ received he o\lowirlj @rmu\a

————

X+ X+ X+ %X+ X+ X4+X%X+x —_

there s +he mel-hodoloai cal disadvum\'ase that
it does not rec\}j eneralize — i+ is cmb he
line Seﬁmerﬁ‘ Hotl Tlends il:se(tg) nicelj ‘o  ex-
dension — , and ﬁno.lb the Fndamental dis-
advo.n-)-o.je +hat there s -~ lecst 4o the west
oF my \cnouo\edsc-- no momcﬁeo.\m\e -@rmc\.\ism
Clike BNF) ‘G‘M‘ the de-ﬁnihon o{) such wmulki~
dimensioﬁa\ S:jh\'c\xe.s. "Hocure and He ai{';nj
stick Yo Turski’s over bor, R Backhouse

L ”

adoP\‘s the convention oF) the Pref’ix 1
\Ni“-\ C bind.‘n3 Fower hisher“ -H‘wén .,3,, .

Then there is -H-ue '\'rqnsPosi-l-ion. Tarski
uses Yhe “over cup ", so thal ks beirg an
involulion can be rendered bfj

[¥=x)
X =X R
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but the renderinj o? [N(x;‘j) = ~'3',~X3
requires the stretched Cup!

[?"5 = 5'.»5?]

Hoc\re ond He :)i-ﬁzn c\e-ﬁne R =:—R\T
and then use dhe righ hand side in their cal-

culabhens — T qu.cﬁ-e ,{Por instance,

@D s (RMD\EIMT |

T think thal we can cgree +hal here someihmj
W ent Wrong . Commutalion with "'?jGH*"‘ can

be renderedl bfj T
[s=%].
’.Becau.se '}anSPO.Si“"IOﬁ Commu"e—s wi“n ne\aa—

Hon, "Bockhouse olal-s '@r o Fos+?ﬁx Sup.
Commuteltiorm can now he rendered bj

[Gx) = 2]

V.e. 'g)l‘ Yhe combinahion o? the Awo we 3&‘)‘
by Mmere omissSion of +he parentheses the
) g

Umiﬂu.e {z)rm T XV ” whereas , so @r, T
hove Yo choose belween ™~1%  and X

Qn QHerncul'ive. wo.:) OF C\voic\';f\j —H'ﬁs choice
is the introduchion oF o +hird u-Perc.\-or.

':Denohné 1 bj v ond cca“'ma 1! mirror
We can define ik b_j

(5) | [//x = e~ x]
We awe + the same his)-u binding ‘:cwer as ~ and " .
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1~ EWDOB2 "Relotional Caleulus o.ccor‘c\ins |
QTQC", the remark was G\f'ec.ct.j made Yhet
when YO have 2 Cowwmu\—if:j iﬁvoluhcms,
you hove a 3rd , in arhicdlar |
with Yhe h‘iFle CD(,B.,).) any Permw\mhm
o? the *ri]:le (n,~,p) , we have

Loxxxx = x ) and E«[}:x:rx] @r all %,

ch which i -g:l(ows +thot we never need Yo

a lj more 'Pnan on e o? -H'\em. 'ﬂne ‘n}TOduC)'ic.m
g// can be de@nded on +‘he Srounds Jhat

does \-’{:\s}ice Yo the under\vzng S\(jmme\':j

o
9
be} ween

e Ythree cr?q'rn\or:.

»* . *

ﬂﬂer this interlude on the oPem‘}or Vo, wWe
continue our considerations -\riascred b, “some-
where ”, “over ’, and "under . T is quite Possa’ble
4o neac.}e o comPosHion! As o maitter of -F%c}-,
Tarski has shown us how Yo do it: introduce
e New oPerc.’ror -(%r‘ t+he Canujq}e of? the
comPosiHcm. We call #+ the ”ConFrw‘}-o.-}-ian “
and dencke it b:) on inﬁx ”g" +hot we&'we
the some bindinb Fouoet" os the ";" . As
con'u:)o.l»e o ComT)OSi'}'ICﬂ'\, cmﬁ‘on‘\'c‘\'ioﬂ,
deg)aed b:.j

(8D [Xlﬂ E‘\("lx;‘tb)] ,

e is associative
e is universc.“j corUt.mchve. in oth orjumen\-s
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e has '1J as its neulral element .
Noreover, we ho.ve Y1OWw -Hne \rocnbu\c\rbq 4-0
describle how our +three uwuna oPeralors

nteract with C.oerS:Hon and  With cen-
‘F'Oh}‘oo'\'lon -

& ["I(X',:j)
[~(><',3)

n

x| -13]
~93~x]
Lrlxy9) = 7yl rx)

M

1]

L1Celyd x5y
I~ Orly) = ~vyl~x)]
Lr(x) 3) = ﬂg;ﬂx}

JInstead o? ’RM'DSI&SHQ' exclnomge rules (1)

with Ythe “somewhere o-]:emkar , W <an Now
write

(80.) [X}b v zJ = [z.gfvb vx}
(8h) [X'b vz)]= ["'X'z v b-]

Noreo\re.r we have now o shorter de?n Fion

o? “over ¥ ond under : instead oF) (4) we
could now wr;¥e
(9a) [2/«3 = 2} ay)

(9b) [x\z2 = #x! 2]

ond Yhe f&cl‘oriza-}ion oand Canceuc}ion rules (‘2)
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and €33 can be rewriten accordingly , eg.
(10a) Ix;4 > 2) = [x= zjub}
(10b) [x;9 = 23 = [2= mly)
ond instanhichlions like
[(7—1 /135;3 = 2 )
[ X = (X'pfj)l/’jj

Farmulae (9D suasesl- o me o ’f%ch-ﬁ-
aboulk "ouer‘ ? e 2l ”u.n der” and ‘o “rade +hem
for  "wirror” and ”conﬁon‘l-c-l-i on. T ended EWD
1136  with the sugaes-iion o{p "o Sas\-emo.'l‘ic
S\Md:j o? how we can momiPu\cl-e with /7 and
A Some resulls alre emerge. TFor instance,
when we ask ourselves howe associahive / is

-3 isnb~  we @nc{
ECX/j)(z = x/(z;a)]
which is ho“’ﬁnj but Jhe O.SSoc:'o\Hvib a?

', in dissu.ise. This O‘D?ASCGHM is \Iel:j
Similar 4'0 the Cwn]?liCqHana OF Jhe contrraposilive
and shun\—ins , where +he mplication sign Kc.s
dissu.‘usecl Yhe ossocio‘}ivi{j o? +he dis:)'unchon.

* * *

When L introduced the cmduﬁa'}e 0{7 the compo-
sikion into celeculations, T weas 4em,aoraril
wnoware Jhal Tarski had o\rec.ci\j nrodaua eegj
$he oioero.)ror. Daovid A. Naumann reminded me of)i\.
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Tarski cclled ‘he comFosil-ion "relotive Mu“-ila\ic_qhon "
and the conf?un-l—a\"lon ” relakive addition " He denoted
Me -F:rme.r , Tke :s,)bd “:” and,n o Ejra‘:}nicc.l pan,
e laoHer b j-’ oIk s SurPriS'mJ l-o see Yhat

Tarski's "reﬁl-‘we cddition’ was isnorecl and

“ofer " and “under were infroduced , as ol the
Feo):\e involued knew Tlarski's arkicle.  Under
e Gssumpl"'or\ that *adirb / and '\ 1\2:»*
V4 and L 13 & moniPulq\-ive S'amF\'.«Fic:c,ch
—ond, o s +he -‘-run\, T oam almoest cerlain it

is—- , T can onb Fhink o? Yhe g’a“ow’m\j ex?\ona~

h ans,

(i) /Peo?\e clon")‘ r‘eo.l\(j MQni)')u)a-l-e writh /
ond N\ , ie. 'Z/ ond X\Z are wmore
no"c\)ﬁms -p;r' -H-;g w@akes} so\uhcms of
two srecaa\ EO‘U\G-.)':‘CIT\S — Os e.XQmPli-f?eol be
clorizalion and <an cellahon rules ~ Hhan
Yhat / ond | o¢ viewed as o]:e.rc."or.s
with Fl@aswﬂ pro Fer-\- ies .
(ii) “The \ack OF 7 -(Zw v wmoade / anc\\

more eﬁ{’ckve ehbreviak ons.

Giit) ,Pea?\e wene Pu} oﬁ; —ond f"nﬁh}ij so —

b:) Tearski's 7\1.IS)€Gd;ﬁ3 'l'erm;no‘oj v +he mm‘o\jﬂ
boi\"w o.ri-}"\mehc is -‘oo S"io.“ouo. PO{) course,

J/ amd \, are also insFir—ec\ b:) ari fhmehic
omc.|033; the cma\‘DS mckes me Su.s]')icious,
bt I have seen ers otlracied b W)
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(iv) Wil + , Vorski chose the wWrmg S mbol,
1 {7"‘5*' used T , ond +hat worked |, but then 1
realized +hal T did not have a role Fér its
obvious Po.r"ner‘ A ., So T :swﬂclnca\ \-o_<t’ , and
dhot worked too. F\@er .. Naumann had re-
minded me that m-j invention  had been anti-
ci}acJec\ \:j Tarsk;, 1 %\l that the least X
could do  was o wse Tarski's SymboL but,
noe moHer how hard L )fl"iec\’ i+ did not work.
(1 Yred c smoller +, ey 3 bt shll the
E}(meol wes Yoo blj -@:r its \m&l-. bindin Fower'.
or v@mulae with Tarski ‘s 53m':>o], T%

no wo:'j o? s'jbc.cins -n'ncv} mJ hand-.e&e. coordinc-

Hon could c.dq.]ol"., T cave op and , u«])cm
analysis o? iy diﬂ?cul ies, decided }o ]‘rJ _£ )

About the shape of the characler 7 for

mirror” 1 shll hove doubbks.

cund

Rustin, & November 1992
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