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Some annoteled proofs

Withouwt the werk o? N.H.B.Teaen, R.J. M ven
8a5¥eren and /R-\"\.:Dcaks}ra, $he -Po"ow'nr:j would

not have been written, 1T owe them o lot.

The -\-oPlc oF +his note is -H'ae c\esigg OF .(?;rmc.l
‘oroof)s. Besicdes aiv'mﬂ a number OF r_grooFs T
shall aive the considerclions that are o relevance

Ft:')r their con s-l'ruc"i on.

To begin with, we consider the \aeauHFul +heo-
rem -?rom the collection af) etudes COmPosecl
b3 WF & C—\vS _and dubbed “the see-saw lemma
oy RMD —~

(0) [x = x;~x; x) for ol x
o be proven -Fom -pirsl- Frinc‘.r:les.

Which »ﬁrd )orinc'.r)]es? Well, +the ccmscer:]umemL
Xy, XxX,X Sujﬁeslrs bwo -\'\V\injs: ﬁrsi'\‘j , becouse
Og Yhe 2 Semico\ons, 'H'\c.\‘ "Hﬂe QSSoc':o.{":v}b
of’ +he COmPosi_-\ion will be invo]ved) ond |
Sec:onoll:j, thet we shell need +he QXChQnﬁe
rules aos *\-ke'j Provide the link Yehveen com-

Fosi\'ion and +roms">osi }ion.

Becouse of’ Yhe invo\vemer\‘- QTp the ex-

c\'\c.nse. ru]es, we '(23“0‘«0 the SugaeSHcm of)
EWD 1141 Yo switch Yo composilion's CQnJuao«"e,

Yhe Con-g-on*l-c\}ion, in Yerms o which  +he

e‘xd'mo.nse. rules are o litHe bit cleaner.



EWwbhiie3 -1

Extract T recall From EWD 114, +hat the
”COﬂFI‘UYﬂ‘O\hon" is denoted b:j "1 is de {ned

°Y [ xly = 1Gixsayd)

ancl Jhence, is associative, has an iden)-'.b
clement ~ 7] - ,and is universally con\}unc\-iva.]fn
derms of 1 | the exchange rules are

[x}b A4 2] = [‘2L~b Y4 X‘J le@-exc\nanse
[Xl:j v 7.] = [NX,!Z. V:j] r'|9h¥-ex<:}10m3e..

(Ena o? Ex;-rc-.o*')

Tn Yerms o‘? the Conﬁ‘or)’l‘c.lic)ﬂ. the see-scaw

lemme.  reads

€h) T_ x‘,~x!,>< = X] -(?;r all  x

Remark Tn tis note T do not intend o Spend
much  chention  to +|nin35 such as the equi -
valence .o€ (o) onc (1) . Thoat et b o?

¥
Pr‘ed'\qo.}e calewlus  ~includin ( °3)*= ("*3
T assume here cvailoble . ( Cnd o? Remark ).

The +hree wmain Froof) ?c\-\#erns {’or
establi s\-\'mf) \:P = q} are 'schemo.\-icc..\b
rePre.sen'\-ecl b-.j
(i) [p=2g) € hue

Cii) [sz] = [qvz] {’oro.ilz
Giid) Lpvzl € [nq v 2] «For ot 2 .
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( Under (i) T ca‘ﬂure here all notchioneal

vorichens such s

° -\ro.ns@srminj P/\c\ N G sequence o
va\ue-r\'eservirb Jrransf?:rmc}iuns into P

* ‘}rans@)rm\nj P in O Sequence o?
weo\\(enma +rans@>rmaj’ims inko 9 Cor
q Vv 1,‘)) , etc.

(ii) ond Gii) are ol:fpzrenl- {Dor Yhe wuniversal

Clucm\-iﬁc.a.]-icm over -H'te new deammu. Nole

Mrot Ci1) and (i) ref:resenl* ‘o in)-rinsicc.ll‘.j

cliﬁ%renY woys o{? in*roc&u..cinﬁ +Hhe dumm:j 2

i (i) "r)" becomes o disJunc} . N Ciit ) "‘1]9"

does w=so. )

The sho.loe o? the exc\nc\nse rules susaesl‘s
(ii) , 1. lo QS“G\OL‘S"\ (‘\) \03 2540‘3“5"\3:\3

(2) [xlexix vz] = [ x v 2] .@rc.ll X,2 .

/Remem\oen'nj —\-\ncﬁ' the w\no\e. T)ur]')osc o?
the inkroduckon OF 2 wes +o create
+he oFPor\uni\':j op ovU;l ing an exchonge
rule, we now Sugges ?o op {'j an  exchange
rule —()or rec.sons o? Sbmme Y i+ Pmb&bb
does rob woater which one~ | ie Yo
start owr weo.\cemn3 cheain as @uws;

[xlexix v 2] 'S
{ right -e><c|nom35e

[~xbz v ~xlx
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(The ollernakve a F\ica\ion o? +he righl‘ -exchange
[~(x!ox)lz v x],

rule  would have :jielded
wmrswue '\-lne.

whid. looks less inspiring, so W€

chosen O\P]Dli catien firsh)

Hod \, been d.isk')unc‘-iveﬁ the next s\-er:o

would hove been eCsy : e would have

recoritten our lost resull as  [~x!} CZVX)].
But i s not d;s\')unc‘-i\:e , but COﬂJMﬂc}i"&, le.

af leash monotonic | and Yhis we <an exrloil\,
Hhel we are buildftﬁ o Wegken-

\,Je T Cmn}l‘nue.

remem\ocrin

in's cho«m :

[oxlz v o~axdx ]
= i | monotonic in = 2nd Qre)umen+}

[~><‘, (zv X)]
Remock Here are three alternakive f{armalalions
for  “£ s moenchenic
(i) EP%q] = EPP ) fq] fcn‘ all P9
Gii) [FP v Col = ?‘CPVC])—) for oll Psq
@Y [fpafq & (’TCPM;,)] for ol pq .

\"’lcmo.'\'on'\t:i‘ is 4doo imFof‘"Gn* C. r)roPer)D
1o be cnown ‘t?oCi) el ] (II) cnd ('lii) con

be 3eneralizec\ existenhal ond wuniversal

quun)—iﬁcc\hcm resr)ec.\'inﬂ. C End O? fPe:wark.)

In wviewd o? -Hne ‘Fﬁd‘ -H'\o.,“ owr ‘}‘Ouf‘se} eX?fes-

Sion [)( \% 2] contains no ~ , our \ast +rans.
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rﬁ)rma\-\on wos o s}elo in +he r‘ialﬂ"‘ direckhon: the
number o? ~N's )')gs been reduced ‘me 2 to
1 . The r33h+-exclr1qﬂ3e is & ProPcr mech anism
for thal , but is onl Q?F\icab\e ofder we

hove rmade +the conBemtation inke diﬂunc*.
Soe we Froceec\

[~x!dzv X))
{FreclicG}e calculust

[~x|, (xvz)v -‘-’o\se}
'l ri h“-@Xc\f\Qﬁﬂe}

[Xl -?o.?se vV X Vv ‘Z:]

“Remark An alrernahive —@;r the {?irsl- sle/P . that
would have Jurmed +he conﬁ-on'l-al-ion into oo

disJMQCF would have been an QFFQG\\ o the

n

]

'ic\em")o'}ence‘ o v b weuld have Ulelded

[~x! (2 vx) v ~><‘,.sz><)]

-

reinHoducihj o sSecond ~ (and mofe com-

Fl.ic:'c:}i on ) . ( End o? ?emar‘«)

Now —\'he. Uﬂb H\in \eﬁ- 1S ‘o 39}‘ rid
o? the ﬁrs\- ciisJunc:i5 xl-fo.\se . However,

[x’,-?o.\se vxvz)= [xvz) for all 2
is equ;\ra\en}- ‘o

[x\,?c.lse_ v x = x]

°or [X‘.,.?a‘se. =) x]
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which ho\ds bacause \, has (e N neu}ra\ e\emEn)r.
(Vide he co%)u.aoc]-e. relotion [ x = x3true’) )

Do our )’Jroo can be comp\e}ecl'_

C X;-Pa\se voOX Vv 21
{Exlqulse = x]z,
[ x vzl .

Summ o.r‘szina the Proo{), we o‘bser\!e {ér cmj X, 2

H

L Xluxlx v =2 ]
= { Fiah“‘-axchqnge.&
lexlz v ~xix]
= { ], __;nono»l-oni_é"-‘m second c-raumen']-}
[ex!(z v x)]
{Predicd‘e caleulus
[rxl(x v 2) v ‘?c.]se'_\
{ rig'ﬂ-exchanse}
[x!false v x v 2]
{ [x)felse = %1}

[sz]

U

H

[}

Remark in relrospect The on\& rdle u? the
stocic\\"ivi o(’ -H\e com osi’rion hc.s been
fo give  us Yhe choice behueen using the \e?h
or the riﬁ\n“'eXchanse. (End o?’Remml« n reho-

sr_vec}-.)

The recder is kindly invited ‘o note that my
F;G. 5-S¥er.> Qr;fjumen‘}' bok

" #
annotated ” version o
chout © aGes o manuscrila}-. The wmoreal o?

the 5\-or:j is Yhet a -Pormo.l Froo? con be a very



EWD 1143 -6,

comPc«:I' deposﬂ 0{7 our consideratlions. Furthermore
T would \ike Yo ?oirﬂ‘ out that wmost o(’. our
considerations seemed wore ceneral dhan Jus#
the relokonal calculus. The emly really s i@c
element was the lemme [ x)]{folse 2 %) , bub

Jhe need ?of‘ dhat wes the resulb of cal culation.

¥ X *

The next theorem -also F{Crrn \»JT-'?\Q\;S—- T
wont to deal with is

For ovn(j risk¥-condi]ﬁ on Ol
(3) { q',‘\'ru.e-,~c‘” = ___q"Nﬂ]

A woments considerclion shows Mt a Ping-
“ . ~ 7

\oons o\rsumen¥ is indiccted <since -\Qr peng
we don"} even neecl *‘D k’noho 'an\*' q 1S G

ris}ﬂ- -concdition:

[q3+mes~°|~%= a; ~q ]
< {; mono]‘onic}
[ q; drue <= q']
{lemma ]

, brwe

n

( The . lemw\a @uows *Hnus:

X3 true
< { [-I»,-u_e@ 33 and 3 mono"onic}
X5 )
= - D neuwlral element OF) ;}
X . )
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With proving  ping
(4D [q;-}rue;mcl = q5~q]

T Whad serious Froblems ., which n re}ro sFech
could be }raced Y an .unsuﬂ-?cien'l- convenienl
chamcterizakion o F) "ol is a r'ish ~condihon

The original charqc¥eriza-“ion wes
3

[4ree; q = q) ,
which S 500:{ Yo know . but since D'rue;xé x]

helds for oy x , Hhe specific qualily of loeing
o right-condilion Js expressed bj |

[-]-ru.e-, Qq 2(}]5_((1 is a riah’r-condﬂion) >

and i+ was this equ‘.uo.\e.nce with which T shtarted
"y work on +he curren} thesrem. But it is
more convenient its wmulual imP\icajc§0ns
sePo.ra}el:j, dependinj o ulneﬂ-)er one wonts
lo shew or 1o use Hiot q 1S G T'l‘jh}-
condition. 1In the -&rmer cose we use

(5) [}rue;c‘ %q] =3 <Cl is o T'iﬁh"-COﬂdihaﬁ)‘,

in the letter case we also exploi} the wonro-

!-on'.q;b o? COmPosH-ion, ond 3_e'l- Hw_&mﬁr any %

(6) [x;o] = q] & (cl is G rijh_F-cond'.}ion)

with the immediate consequence that E;r anix

éh [”ﬂ',)&-:}nﬂ] < CO‘ is a rij\n"-conc\i \'i(m).
The charm oF" (6),.14#\"6‘\ olmost looks lke an
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absorption rule, is the dummy x  thol we can
instankicte as we see F"\x In ?o.rh'cu\ar
we can conclude (4D ﬁm

(7) [q_',l-rue',mq = O\','Uq;,x}

In Par‘:icq\ar ~and here is SHH Ssome sor{' op
rabhil ~ i? x starks  with

q;' we see
in the ccmsequ\en'} of) (2) as su\:exrression
the Cc.msequen\' o? lhe see-soaw

<o let us start  with Yhat -

}emmc.. .

{rwe

{ See- Saw ‘emma‘g
Log= q;~9:q ]
= {mono{'oniml\j of’, in ist qrﬁumen‘}s
[g;true;~o = q;~q',q;+me;~q]
=) { (6") with Xx:= q; true;rq  and monotonicities}
Ugstrue; ~q = qi~ql

ﬁﬁer the introduchon o-F -}lne See-s5aw lemmea \
we Compose bolh sides with 7 true ~q " o
ee’k Yhe -\arﬁel- omlececlenl“, N -}he r)ro ces Con-

shucking the x with which Yo opp'y (6')
in Yhe lash shP.

PAushin, 9 November 1992

PPOE dr. Edsjer . 'Dg\»:s\rn

| Z.Dch.r}meni- o? COm}ou’rer Sciences
The Uni\rers;lj oF Texas ab  Aushin
Qustia, TX 78712-1u88
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