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More annotated proo(’g (e Sequ.cl bo 1143)

From the collection c? WF & AvG, we consider

the theorem

) [x»2)1 ~aly=23] = [xy = xay]

How do we prove Yris? Well, 1o the |eﬁ-

we have "J". which does nol occur to the

T“Shl‘ Lo here wie have ”;”, wkic\n dees not

occur +o the le@. Hence we need o connec-
hion between '3 ! and q-," ,wkick s, o? Course,
thot "7 is the neulral element of L We
Can go ﬁ-r}her: becouse Wwhal the antecedent
stales cbout ")" is sammel'ﬁc in X and gy,
which in the Ccmsequen} occul QS leﬁ-- and
riah}-lnond orgument of the ‘37 , we can ex-
Fec\- lo need thal b' is , both, the leﬁ-neu}ml

and the riam--neuh-o.l element oF the comeSEhon.

In view o? the cbove # s '}emphnj ko stort a
weo.\cen’.na chain ot the antecedent and head f?::r
the exFress'\on X3y - Thus we observe

[x=>J1 A ly=]]
=  {; monotonic in both qrsumenks}

[y = s N A Lxg= "3J]

= {% is ‘e?‘“" and r'cs?ﬂ- newtral elemenk o? ;3
(’Ub =4l A [x;b 2 x|

= { predicale c*a\cu\u53

[x"b = XA :j]
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So ping has been proved ; nole that,in the
mean time, we have used ComPosihon's monobnicib.

We shkll have {o show porg:
) (xa33Aaly=]3] = [xay = X'»j]

The antecedent -ond we have used Hhis in the
Froof oF Pif}j- imPlies that +the Preﬁx o-’oerc.}ors
ke “x3” ond the Fos}ﬁx oPem¥ors like ";:j"f
IF we wish {0 use that o s¥ren34hen

EXAS = X;Dl , Wwe hove o S"rQﬂS‘H’leh c.
term in the consequent. Hence some S)’Iun"inj
seems indicated:

[x ~ = X ]
= {S}Ean-\-inj.g D
[x = X;D AV '13]
= {7 nedlral element}
[x= X5y v Ds‘!;j]
<« : { [x=2)} :
X = X3y Vv X371y
. 13 ovi?r( v} .
X =3 X, v
{]’)ﬁedjcou‘z C‘.G\:zu\us}
[ x = x; true])
{ relokional calculus}
+rue

The wouy in which +‘the symmetry is destroyed
in 'U"oe shun\-in Sl'eP is S'lﬁmge and SurFﬁsiqC).
CHS {{fs} Pmof; shunted to [x;b v X v-::)] and
maintained +he sbmmehv belween * and Yy es

: ga.:gua(ﬁ gua.;.ts a.ny
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much as Possi\vle.) “The surPrise reflects +hot 14
we dr in the onlecedent one oP the CQUunc"s,
it is stil o theorem. Th Yhe mean time, we
have also wsed comroail-im's distribution over
" monotonic”, "diskribulin

v 3 in the sequence
siunchve " was that the

over v 7, ”univef‘sc\b i
nex} stronger property o& com):osi-hon o ke
Yoaken inte account, thus Fresenhng e g‘r}her
invitation h do some S\r\unhns.

X
X *

The nex} theorem we owe 4o the WF& Avg s

Feor P < \eﬁ- condilon

2> [pip =p]
where - see EWDI|143- we characlerize 'P'S beinj
& \e@- condiliem bfj

3D [P;x = P] {or all x

Remark Note Sirl‘\i]arib and diﬁ%rence belween
(3) and our consequences oP [3 .-5:)3 n

+the previous exomP\e, such as

[x;,:.j = % {in- all x

Not Surr:risanab, our current mo? shows
shuctural similarities with e Previous
one. (End of) WRemark. )

Again, Ping is o walk - over:
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true
= {C3) with X‘.:P}
[psp = pl

When we 4ackled Ponj in class -~without ¢l
these Prelimino.n‘es- and looked cat our Froo?

obligah

gohon [P - F’P] {%,— leﬁ-ccndihm P
we took the shrandard o.[;r;roqc\w o{) \ish‘ns the
"direct con sequences " or "S'nm]-)le FroPer‘l-ies"
o? the inaredien"s
. Iosicu\ expressiens beilt ﬁbm !eﬁ-condi}ioﬂs

are leg-c:w\di\'iorws; hcwinj em\ leﬁ-condi\-ion P
this \eads jo P be.'v'\j o le%

(4) (-tP‘.' x =) ‘LP] ]@r‘ C\“ b ¢

e = con e expressed wath (/\E),(VE)(
or (1 v) | {&r!-her slnum“nj and conkra-
Iaosﬂwe ;
=» is Yransitive

~condition:

& 3 is monolunic, distribules over vV,
is univemo.lt\P dis‘)unc\-ive,-
3 has an enhb element

5 IS associative

Loo‘cinj ot +hese Pror)er\'ies we concluded +hat
-H'!en susgeskd +o wse the imr'icah‘on in the
Fmof ob\iso.hon {ér the introduction oP N ond Vv
and aﬁer some Fol':skinj) we came “p wiith

?
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lp=>p;p)
{Sof" EP s\nun‘-ing}
= p;p v Op)
= {1(4) with x:= F}
[P Pop v PsPl
Lp = Cpvphpl
= {Precl. colc.‘s]
[ = -\-me;
[?S rel. cc.lc.r
true.

n

]

n

Nemark The "sort c.»? shunlin " ~ instead OP
e\imino.l'ina Yhe = b\‘j rewri\?ins +he demon-
strandum as [1P v P;r]_ was introduced
in the polishin Phase; it s T:ureb cosmekic.
CEnd of Remar )

“Kemark TIn -Pne Ccrn“ek]' n N'Lcic\n +his Froblem
wWaS Posed,

(s) [(P A x).;:j = P x;\tj] @r leﬁ-Cond.iHcm P
hoad been established. Rutger M. ‘ngs}m used it
Yo eskoblish (2D sithout ping-pong, argument :

true

£ (5) with XY 1= true, P}

[( A true); p = N 4ruesp}
= P{Pred.calc. 5 rercalc.}

[psp = pl

(End of’ ’Remq_.rlc.)

*
¥
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I‘I‘ is Cuslomag +o deno+e -”\e s{-roﬂses}' Solu\-’uon

OF) x:[Jvc\;x%x]

b a* - read 'a stor’ and called “ the re(ﬂexwe.
ransikive closure o{?o.".. . Tn EwWD 113€ we
comPo.red PmoPs %r‘ the theorem -\»Hc.}, in our
new ter minoloab, -Hne s%cmgesl‘ solution o?

X: [bvq;xéx-)

s a'; b . Knowina the theorem of) Ynaster-
Tarski, we see +thal cll dhis is ex‘)ressecl l::j

(6) [:)v a,aX = Q*]
&) (hvoayx 2 x1 = [ab = x]

(Formula (6) expresses PFhat a® solves the
Q‘rs* equathan; (7)) with b:=) expresses bhat
a* imFlies all its solutions. ﬂrrbm the
Fos\-ﬁx oEechor “sb* Jo both sides o? (6)
lells us that a*b solves the second
equation , while (3) expresses that o™il
'tm?\ies all its solubons.)

To\lowinﬁ the -}rc\dil-ions, we shall Sive the
\oos}@x oFero.br * nits exFonenHa\ Fosﬂicn
a h'.she!‘ binding power Yran al\ other Crele-
Honal and \OsicoJ) oFero.hors. (Tn & note about
notation 1 should Frobo.blv argue in f%uour
oF)a ‘Dre?tx a-Ferc.br, but this nole is obout

Ft‘bof des'lgn.)
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We are now Soina bo show el ~ ona *
commute ~distribute over eoch other— , i.e.

) ((vsd® = ~s*])
Because o‘? the structure OP (77, l)roo?s oF)

teorems obout exheme solubions are often
Ping—rona Qrgumen}‘s. We shall ﬁrsf demon-
shrale ping : it s« roo? larseb construched
on the Frinci[:\e * there \s b“‘jj one ‘H-\'ma you
can do'. [T} is 4here€>re not a tribule to
RMD, who Froclucecl +he {%Howinj Pr':r:m‘f> almost
verbo.HmJ

[ (~s)t = ~st]
& {1(3> with a,b, x := ~s, T, ~s*3
[J v NS esY 2 NS"‘]
{ relabional caleulus, applying ~ 1o both sicles §
[D v s¥;s = s*)

The ers}' s\-eP s dictaled , because (2D is our
onlv ‘ool @:r chc\udinj lhet a closure
imlr\ies 5ome¥hin3. The "inhi\-iwc“ CG‘C(A‘G”D"
\‘)U\Sl‘i% }he next skvf» as "c\eanin?)w'-af",
as & waa o removirt? O lotge Nwum (3]
bildes. “The conscious <alculalor will realize,
Yot we con deal — see (7)- with o demon-
strandum where Yhe closure s the l_e_ﬁ
arsumenl- o? a Com osikcm; hence the decision
) GFF‘ﬂ ~ to both sides. Next, headsng for
o re-applica bion o€ (), we had beHer Qnd o

wa.v o removln3 ”Dv' va +he antecedent.

1

wn
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“The cmb other Flcce where :) ocecurs is (&) ,
se that s whal we GFPG:\\ Yo ~n the hind T
hove recorded the direchon o? the oaﬂaeczl-

[av s¥;s = s* ]
< {1(6)= with = s
[:)v s*;s = Jv s;s*‘]
< {mono}'on!'ttib o{) V}
[s¥s = s;s*]

ond now we hove cgain o demon sirandum
with oan antecedent Yo which (3) is QPPlicable.
So @\\ o? -?oﬁ-“'\ We Conhlnue :

[s*s = s;s*%) +
< (9 with a,b,x = S,8, 5;5%§
[sv s;s;8* = s;8%])

{ 5 over v}
(s, Qv s s*) = s;5%)
& {; mounotonic in 2nd qrﬁumer\}?)

[(Ivs;s* = s¥]

= {(6)% with cu= ‘5}

true.

1n ssing we note that we did not need
the theorem of) Ynhaster~-Tarsk; :  the rooF) could
as well have been carried outl  had (8) bheen
rPJPched bj +he -@rmalb much! ~  wealcer

g» [a v a;o* = a*]

T \nl-er‘)rel- Yhis observclion as o @r}her cmfw.
mokon o? my susricion ihat iF is mis\ead?ns



EL/DN44-8

to call a* "the strongest GxFouﬂ' o?
Cxe: avq;x‘) . there are too many o@umer\}'s

in which +he ”be‘ma a ﬁxpoin}'n 1s not relevank

'Havinﬁ Provecl ping: [Cms)* = ~5‘3 {3:‘

ol s | pong 'S Now easy the calculalion below

drue
= '{r;'m with s:= NS}
[(ams)™ = ~(~s)")
{'u s an invo‘u*'\On}
[ s* o ~(~s)")
{ -}r'omsr)osihov\}
[~ s* = (~s)¥)

establi shes peng, and hence (8) has been

Froved,
roof on the previous  page,

ot we have proved a nex}

’Readin‘? "H'le 4c
The

line ¥ shows
Fina; [s*‘; S = S; 5*] .(’or all s

col cul O."'l on be,louo

true ;
= { ing with Si=~s
[(~s‘3"3 ~s = ~s; (b))
- )
[ ms*,~s = ~s; ~s*)
{ re\. cale.}
[~ (s;8%) a ~(s%;5))]
= { 4ranspesition [
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[ s:5" =2 s¥;s)
estoblishes *he corresponding  pong, hence
(9) [ s%s = s;8%)

x -
n

As < ﬁnal exc.m?|e oF’ the use °F () end
() we shall show that * s a closure
i.e. monotonic, weo.keninj , and idemY)oJ-en* :

* s wmonotonic. We have {o show {%r
arbi‘\-rab s onc ¢t +hat

[s>t) = [s*=t)
The Proof’ is Slondard:

’

Ls* = t*)

« {(3) wth ab,x:= 8,7, t*]
[V v s;t* = t*)

< £ (6)dunth a:= I:}
[Jv sst" = Jv b t*)

<& { mono\'\:\nicihes.}

(s=t)

Note +hat we did not need Ynaster -Tlarski .

’Remc.rk “The {)ac}- -HwJ' wée ﬁrs'l' QFFeoJecl to (7)
andd then Yo (£) is not essenlial, but in +his
order i+ works el er; in the olher order we

would need a second GPPCG\ lo (6). (End
Of ’Remar\c.)
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* s weakenir% We have Yo show {’or c\rbi-}ror\\j s
hat -
th Ls = s*-_\

Since +this s o demonstrandum with s* ag
consequent, (7) is in +this conlext irrelevan},
and we shall cmb o,lor:ec:\ o (6). This s
]oerhcuras +the P\ace lo remark +hat (when we
are not 'm}eres'l»ed a ans):er-'rc.rslci) we con
drow o S@,Darc\l-e conclusions -ﬁ‘m (g)

(1o ) f:) > a*]
() [a;o.* = q*]

We now obsere

s*’
< 1(11) with Q::s}
s;s*
< 1 (10) with a:=s , mono\‘on}c;b O{D;}

S5 )

{re\c.l‘-ono»l Co.‘c*u‘us}

s

* s idempo;en¥ \We have o show @r‘ cur‘bi'l'ro.:j
s +that ['s’”’E 3":] , bul since we have Jus#

shown +haot *  is weo.‘(en'mj, W Sq%ces Yo
show that '@»r‘ any s

[s*’* = s*.]

To Hus end Wwe observe -{ér Qf:j s
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[o*r = s¥)

<= {(7) with a,b, x = S*,J, S*}
[ v *5s% = s

{ (10) with a:= s}
[s*;s* = s*)
<= £03) with a,b, x .= S,S*,S”}
[ s*vs;s* as*)

{Pred.icn}e calculus}
[s:s* = s*)

{(11) with ous= S})

‘rue .

[}

i)

* *
In the chove Pmor T con think ochb one

P‘QCQ where we C‘ou(d hove 50’12 \...srona-.

Cs* s* = s*])
€ { monoloni C?b}

Ls* > 7]

With the omount c()c«nnohhun decr‘?o\sinj
So ra‘aidlj, this BWD had beHer e concluded,

Austin, 13 November 1992

‘Dro? dr. EdsSer W :Dsks‘-r‘c.
'DePar)menl- of Comruler Sciences
The Universiky °F) Texas ab Pustin
Buskn, TX 78712- 188
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