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On_the design of’ caleulational proofs
< . ! |

§9_ "BJ their brevi¥3 and unexpec+ecl turns, caledda-

}ional Fr-oof’é o@en strike 4he reader as be'mj very
ingen)c‘)us constructions. Far be it From us ro be-

litHle +he inaenu\':‘l-& of their inventors, hut that
should not Preven+ s Aﬁom s¥udjsn3 o number oF

FePresen'l'c,-\-'n/e Proog in the bol:)e OF ]ec.rn'mj whj
those ):;rooFs have +the structure -H-,e_j hove. “This

peper r‘gPorH on sSuch o s-\uo\:j.

Qmon% the 'Hn‘mas thet  will emerge, 1 al-

Fec.d.J YMEeN1ion G 2o,

TirsH 5 mo.n:j S}ePs thot motj seem Sur}oﬁs}ng
at First SESH-, are , in €oc¥, Calmosy) dictated ,as Jrhej
are +the onb (or bj {é.r Yhe sim})}es')> ’I‘l‘c\nsfgnrmahon
thed  woll enable ws Yo exP\oi}- one oF the givens
thot has Yo be taken info account.  Tn this con-
nection 1 recommend +thal we maintain cs gne-—
grained o bookkeef'mj as Possilo\e of what of’-'qu
givens  we have wused: what has not been wused et
o]@e,n indicates the direckion in  which the Proo?

should be completed

Secor\db , When f@:ced with an omeisjmme}n'c
and re{-’\exive relabion, ie. o reletion < (with

+rc\nsPo:5ve 3)  such Yhat
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x_.::j = x(b A x,}i,) -Cor a“ x,b 5

we must be Fre,?c.recl {ér— c Proof; with o ‘ooss:bb
sublle in}-erp)aj between CC\}CL«\G‘)'inj Loith equal-
iHes and with inequalities: an, hints we can

extract as Yo when }o stress 7 which OF the hwo

o,IJProc.c\nes wil) obv‘:ousb e wmost welcome.

§;|_ Let me show you, as a J[?i‘s-} indica¥ion op
the Wind o{) considerations T would like to
hiﬁ)hﬁh]‘, a calculational Proof o? which each
$+eP 15 %rcec\ Co.s o resalk o? which Yhe T)rco]pis

very well known. not to Seey canonical).

About Fr'edicc}e -¥rans—€of‘mers AF‘ and j is
3]\/??’\

(O) [?x =>:j] = {x :)93] ‘@:r o\” X,:j ;
we are osked Yo show hat 9 s un‘.ver‘salb

1.e.

2

0 [3.(\7’3: tje\«l:b) = <\7/3-, 3ew-. 9j>]
f?or O“:‘:j b%j WS oF) I)r‘edicc.ks.

ConL'Ju nc Fve

Remark W
Plici¥b .'b Jux%\Posr}iorﬂ bub exp}icé-}b ".)\lj G 'mﬁx
o? ]ﬂiﬁh S‘(jnJro‘ch bindim3 Pcwer. Wilth +the

e indicc\']'e -FZanc.\-ion C\FP]ECcﬁion 1r'h:>1l ym-

Perlod
squore brackels we denote the "e,ue:jwhere_ o}oerah:r';
o @.mc’r'lon F)rom ”Pr‘edicc.}es “ Yo the "boolean sca-
lars”  Hrue  and {)&\‘ae . For @r%er elaboradion
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we re@r the recder {)of‘ instance +o [O] CEnd o()
’?emc‘rk.)

For lrevily's sake, the ronge ”be\f\l” is
omitled 1n the %
remember thot W is o scalar roance. We shall

ﬁr‘s% give +the PFOOF anad -\'hen cliscuss it

@roo{ We observe @ar omJ X

[ x =2 vy y) ]
= {(0) with ‘yi= (Vg )}
[ ?-X = (Vb:j>]

= {Fred. calc.: @XR= over V}

(Vs x = y) ]

{]ored. cala: 'm}erchc.nge (ND. range is scalar)}
{ (o}

(Vys: [x = g.9])

{Pred.cc.ic.-. in\‘erc\no-nje (NB. range s SCG]G:‘)-S
[(VJ:: X = 3-3)]

{Pred. cale.: @3 over V'
[X = <\7:~j:: ﬁj)] ;)

havinﬁ thus established
we conclude (1) on cccount o()

(2D <V><:n\me: [x=27] = [(x= QRI> = [P= Rl ,

ollow'mﬁ CQ\Cu\c}'\on; we should

n

]

n

l
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which is a well-known lemma +that follows g-om

'\m]o\ic:ahon’s reﬂexivittj and aanUmme¥ra.
(End o{)?mo]())

Lel ws now analyse the exrent to which +he
glructure o? the ojzove Proo-ﬁ hasg been -@rced

U.POY\ LS,

T’:rsl-l:j, cdo we need (0) n order to shouw
(1) 7 Yes, we cdo, because (with W:i=¢g) a
consequence oFD (1) s [8.41’0\&3 = —\me] 5
and  +that de-ﬁni-‘-eb cdoes not hold —@r o\:\j g,

-ﬁ:\r instance not {c))t‘ the Pr'ecliccﬂ'e 4ranstor-

mer 9 c\e-ﬁned bD [3)( = r@.\se—_] «ﬁ;r all x|

Next, beinj ob\iﬁed Yo use (0), we ob-
serve +thot oar onl way o exP\oi-I*inj Yhet
the 9 in the lefd-hand side <V33>
o? 1) SGHSﬁes (0) , is Yo instanticate the
later bD Y= <VU::U>)- this :forces us *o
explore [x = .(\-/ 1 )] this now bein

P NI Y74 9
Yhe smo.nes¥ ex]')ressicm ‘Hno.‘l' con+ains -Hme
\e%—'hanc} sicle Of (1) ond can he rewritten
wsin (0) . The ﬁr‘s* 5"-ela Yhen (:_;F_I_j]ies (o)
with ;H'to.q' ins}om}ic.hon.

In Vview OF Yhe righ’r-\‘lanc\ side o() (1),
i is ATom here on our ch.J:j }o eliminalte

? and +o reintroduce 9 which can on\y
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he done b:j . second C-FTDE‘C..\ ‘o CO) Because
Yere s no Y)oimL in undoirzj the ﬁrs%' S+eT>,
we must ap \ (0) o o SubexPression
o? Ythe ‘()orm (Px = ?] wth « conseo'uen'}
c\i\eﬁar-en"r Gom <VJ '-:J> . The next +wo
S'\'efs o{) the )oredicq4-e caleulus {c):)rm such

=N Su\oex*?ressiovw » und then our second

Q«I‘JPea! }o (0) reintroduces 5

_Our Gna\ '\'Gsk s '}O -ﬁ:rm <V0 8‘_lj> 5

the right-hand side off (1), as subexpression;
#he next two steps of 4he predicate colea-
lus -@rrn <\-/:j:~. 33) as Consequ6n+‘ , and, on

account o? (27, we are odone,

The mora\ OP -Hne s¥0r 5 'Hna;‘, apart @om
-}lne c\’\oice o? S(fjnjrax %rv Froof) Fresez‘\-c‘"ic'n’

we had no choice.

(+O the best OF mJ knowo edﬁe) 'and' @f‘ X ond

0? Ssome ‘}‘JPQ, ond P r‘cma'a—nj over *the
%unc)r‘uons on -H‘lcﬂ‘ tj)oe

CB) X = = <V{> fx:f;)

Reading }he cbove eguivalence as o mutual
‘mplication , we observe that ‘&= \@]louos

§ 2. The {)u“-blown T:r‘mc‘nﬁle o? Leibniz‘s%'o\'l'es

by inskantiadin the rﬁgM-‘nand sicle with
—ggr {J the '\chnhb, Funchon. Tor dhis con-
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clusion , even 4'\1& ex'ls}‘ence o? oHver @nc\-icms
1S irf‘@iQUGﬂ}'. "—T“éf‘ -Hne \cjener‘c\) @ﬂcl‘idﬂ i}‘ is
the iMFlica“'im in Yhe other directien that

s relevant:

(4) XK=y = {?X=C5 ,

ond this 1s  what s usuo.lb r‘e?e.rred to
as  Leibri2's f?rinci]ole }

Remork QF]Deal;r(uj to
q = (Wxux) = WV q%x)

--H-sekf on immediate consequence op v dis-
ribultes over VW 77— | we have loken the wniversal
quom}i{jico}-iovx over —F) outside . TThe Fossibifil-_uj
O.F —Hqu.s remco\.f'mﬁ Q umver's:a] o]uo.nl-i{i)cQHor\
{f*om o conseqqen-}- o{ien rovides the incenJ":v'e
o SPH' u.ID an ec.iui\rc\}ence involvin G univer-

sql\j quc\nhﬁed ec,u‘,vc;]eni‘ into o mulual im-

?\iccﬂ-ion. ( End o??@mark.)

“The connection belween @nc-}-‘nor\ QFP“CC“
tion and equo\\il- \s wver lr'lﬁ\rﬂ": —Func\ion ap -
TJ\icoA-'.on preserves  equa ii? and, conversely
— besides the 4wo conston reletions tiue
and £q\se — equalib is the 92_‘5_ relction
Yhat s \oreserved bj @nchon G F\;cc.-HOn.
Tn Seckon 0 , we r‘e{?errec{ to the in-]-er_plaj

bet ween ca\cula’rinﬁ with ectuo‘\i}-i@s ond‘ with
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inequalities ; Yhe above observakbion Yells ws
et when we have 4o CO..P“’MP@ the essence o
-E)u.nc-;"lOn OFF']CG‘H on, e, w\wen we haove teo

qmolJ Leibniz's /)7rincir)]e_ . we ma e —F:r'cecl
o introduce aon equalib so Gs o be qb]e

do do so. The next seckion gives Jwo

examP]es OF s P%enomenon.

éi Tn a wider context , c\mea L_ei{)er‘
heed 4o deal with dwo @nc_’nons -P el
whose domains and ronges ofe all +he

Same , and whose QF]olicaJrions commute,

le.

(S) ?Cﬁx) = 9(?\() {Dc.r f'o‘ll’/ *x

Tn order 1o o\moeq) 1o CS‘)? we have

-‘o a]’))')b ——Saj- 3 ‘o on —U’o\luc-'. N say (?x .
In order 4o GFPGG'] +o Leibniz’s ?rinciPi-é;”
thot ?n value 'ncs to equaj Some—]')ninﬁ e.'se,

SaJ \j )v@)r‘ -Hve time ]Oeinj. So LoE
observe ng:r‘ o\n:j x’:j

EX e~
= {_L_éign}z‘s Wrinc}}'ﬂe}
{ (5% J
f. (gx> = gy
The lost line tells ws +hat « nice cholce
for" j (33 X , and Yhus we have T"'O"ed

]



EWD 1150 - 7

Qx = X = Qng) = S_X N
or, in words: if > IS o ({xecl Fom}- oF) f_,
sSo is g% - Q@er +he acbove Observq5rion,
Jamej Leifer- conducted all the res} of) his
Cbeo\ul-iﬁ.l) arﬁumen'\' in +erms o? Fixec.\

oints, « conceP¥ thet did not occur af

all in the theorem he had ser oul to

{DFOVQ.

§fa__ The other eXQmFle T woulel like to show
's the ProOF OP /\76:‘}:9 Moerland's  lemme.
(Dlso +his came wp in o wider contexh)
About redicate - r‘o\ns{%r mer () we ore

Hiven thet + 1s monolonic and has o

\eﬂ-—inverse g i.e.
(6) [X'——-b\(jj => [fx =2 fj:] -ﬁar‘ all x,4

(7)) [3. (FxD = x | {E":r o\l x ;

we have Yo show that as a consequence

(8) (x| é[(’x] - {)csr all x .

We are lookin or o stren thenin chain
o\() booleans , -s:?arfr:j at ]:X_] J Qnd%ﬂdiﬂj
with [f‘x] : F\loncj +the Lty we have o
introduce ]() 5 —i?prb do'rrﬁ so, (6D s not
a od candiddfe , but () is. The od-
vantage o() ln}roo\ucif:.j {) with  the oid
o() ('?) is  that then 3 18 introduced as
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well . (No}e ther (6D \"\‘j i\-se\? does not
su]q)ice —(ér the demonstration o? (8>, ie.
+hot (7) hes +o be exFloi-}-ec\ , butr theaet ex-

Koi%c-\";iﬂ csbviousb f‘eo\w‘res thot 3 enters
e FIC wmre .,

Heauvin intro duweed (5 and shll aiminj
'@H‘ (%] , we have Ho Se)‘ rid of 9
&Sain. Since Hhe o*n\:a_ ojf\nef* -I-]f\iﬂ(? ltnown
obout (j TS -Hno.)‘ W 's C. @nc Vo ihe
ProFeF candidote —For‘ dhe removel o)é 9
is  Leibniz's ’Pr'mc;P)e. Since on a )’Deql to
the lotter réquires equalibes, Yhe' intro-
cluchon oF? Qan @qua\ib Las /\Derr:%D Moer-

‘ L)
lomcls ‘FrS‘)‘ Concer‘n; one, o\vser_\fes Qr

anJ X
[ =]
{T)red'nc:c.-]-e cal Culu\s}
[ X = 41-:43] ’
§ (3, (P with  x:= +rue3
Lo (8D = g. (Pred)
&= { Leibniz's /Pr'mc:i)o\eg
[f-x = .ﬁ-}rue__]

= {_)')redico.,-l-e calculus

[fx & e A L Fx = [The]

{ [ x -—5'\rue] ond (6) with Y= )rr"uej
[ CX & ‘P*rue]

< { Taredi cate CQlCu.lus‘}

[0x]

]

Y
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é_b: With (5} f‘e\o:l'lon like > Como\ ibs +roms-

Fose SD comes the nojf"or\ of mono'}'onici}J
W'l'nﬁ T@SFGC¥ ')‘O ;}- ’ e 4)’.>reservir:3 ‘)r/, //_P

is ™Monotonic LJ'M') r‘esybec}' +o }" Meons
9> X2y = (.)x; f\(j {ér all X’D

CNotre thot in this derminel

/Pr'mc:{T;!e stotes that each {dnction is mono.-
Yonic with r*e::)oec:-} o = ")

Leibniz's

We now rteshtrict ourselves

and relations > such +that

“

o such domains

-{’or Ql:j set oF7
values +he lowest \n':&lqer' bound "Tq

Simi]c.r\ H’le }113}0651‘ }ower bownd ﬂi’/-—-.iex'\S‘!"S)
iLe. We assume that -(ér OmJ range OFHoe.
dumn:.j x and ony ,{anc}‘lo.ﬁ, t Of the
O\FFroFria}e %\wj)oe We  can deﬁne <’]\x:: ﬁ,x>
Y
(10) w2 <T><:: fx) = <\/><:: WD Ex) {31- all w.

The im])or+an¥ Jheorem is thet, (c)x* &nJ
{) that is monotonic Lith r‘es)oec} }o Z

(11) P-(T‘x:: ’(:X) } _<_T_><t: {)(éx»

ﬂ's Froof 15 o«no“’)er‘ exngle_ o() /,’Hnere 1S
onb one ‘Hf\irzﬁ You coan do

/?roo£ We. observe 'ﬁ"" om(j monotoni c ? , ek,

.
?
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£t £xd 3 <t LLED
= { (o) with w,t:= -P._{Tx:: tx), ?"—‘tg
<V>< :'. {)<Tx {:.X> ; -P (tX)>
&« {.? monotonic with r‘esFec}- to 2
Y monotonic with r‘esFec}- to & 3
(Wx: &x boxy 3 bxd
{1 (100 with wo= (P tox)]
<?X:‘. i‘X> P <1X:: fX)
i > s reﬁex'uvez\

Frue

h

1)

Note -Hqc_l- C'jo)) wlnen viewed as mud-uo.l im}alicc...

3r'|on, 18 wused In e'))rher C“i"@C'*JOY\.

CEnd o() /Pmo]f).)

The cbove Proo ‘s So .S'lmF]e’ ond SO com-
Ple‘]'e\ —-(érc:ed by, +he defQ‘mi%cms, that the
use@ness of e +theorem W\g.j come as o
sSurpri se. /Pf‘edicd'e —l'rqns{/;rmers 'H’}cu}- are mono -
Yonic  with respe& ‘o ';mFIica}im are ver

Common, an cl “@Jf‘ Suc)m an {7 , bd‘/\';c]'\ SG\HSA

fles (6], we have

(42) [-C(Vx:-.x> = {VWx: fXﬂ {or all ranges
(13) [C(Hx::x> <« {Ixz fX>] .
with  the s]oec'rc\i cases

(14) f?-(x AJD = f-x ~ fﬁ] for all X9

(15) [\(D.(xv:j)éf.x\/%] "

2
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Tn r»gac'\-, (12D -Hr_wroﬁ}n (15) are more than

use G| consequences 0{7 ()’s mono*onici\r\j,
Ye, are restatements OF it.

§6. In section 1 we Proved ~in our c.r)Pecu] o
(2)— [’P:—____(_Q:] bJ S}TOwinj —@r O\nj X

[x=sPl=[x>3aQ]

We Moy well ask what has been goined bﬁ

the introduchtion o]p +the dumma x al ]905‘—
si\ole onswer s Siven ) the c:bsef‘\fc\“)ion
thol , in order 4o derive  [P= Q] ]@om +he
ahove, the leHer has do be instanticted huice,
viz. with x:= T and with x:= @ . This

double instantichion ﬂrmsb Su93es+s +that the
the introcduction DF) C{ummtj X has enabled us
o aveid }Oing-Fonj orfjumen-) Cie. & 4wofz>|c1

case c-nab sis).

But this is not the whole s%oi‘j, @)f", onaol-
oSm»\s(lj to (2), we have, -()or instance,

(16) ¥ [Posx]e[Q=sx]) = [P Q]

This authorizes us 4o conclude [’P%@] L?.'J
showinﬁ —ﬁ;r‘ O”:j x

C17) [P x] « [ =x] ;

the conclusion, however, reguires o single in-

stantiction only, viz. x:= Q . Yel, the inkroduc-
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—ho"\ OP c\ummj X cs N C'l?) s Jusliﬁc\b)e
in wmore +han one L:M_:v We can (i) rove (1:))

{.’or' O-rbif}ror:j X , ond +then instantiate (1?)

with  x:=2 Q@ , or (ii) carry ouwt the o«rﬂumeml
not {or c\rb‘.}rav % but rijhl' ﬁam the

?

sko,rt -@ar Q , Hhus deriving , instead a'{) (17),
(18) (P> @] « [0« @]
Hece (i) is 4o he I’Jreﬁarreal above (ij) F)OF

more -H’wm. one Y Scm !

o he oluwwn\v X 135 shorter then the ex-
\?ft’s‘.':ion Q s hence (i) Saves ink and })QFQP};
. Grgumen'}' (ii) obscures +he existence of
dem onstrandum (17), ohscures +he -?czo% }hat
the internol structure o? +he ﬁrs’)‘ R and o?
the last Q n  (18) s *o+qu irrelevant
for the laher’'s demonstrelion, argument (i)

is clearer then (i) in +thatl 3 hecads (c):r G7),
which C‘ecn’l-\j states that  the @rs)' and the
last Q's in (18) could be ”aw}harb",rmv;ded
4%e&_q_f€__ff}’{_e__5_ame. Tn the Jc.rjcm: Orﬁumen} (i)
Tis  better disen'}anj)ecl +Hhan cxrgumerﬁ Cii).

o the ga\l {)orce o? this disen+an9|emen+ manj -
fests i’rse.\? when , besides +he Prc:o]P, we de-
Sign the Yheorem as well oand Q emerges

as ‘Hne. resuH' 0{) our Cc.]cLA]c.Hor}s.

We shall illastrele  he Qndir}js o(’ the last
hvo sections Cond = iHHe bit more) in the

next section.
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é_z In this section, we are lookinj, ]ij wory O,P
exg\mF]e, —-Fpr o nontrivial dheorem obout rela-
Yional COmPosil-ion, Composition will he denoted
)93 an 'mF)ix “”  with a SJﬂ+acl-ic ]o:‘nc(iﬂj
power hisher than thot o() Hhe logicoJ ‘mﬁx oper-
alors but lower dhan thet of the unary o?er‘a-

L8 £¢ >
Yors 17 and ~%

We shall use thet the +ransrzosi+ion “au? clis-
Iributes over +the 1033001 oPerq'}ors, thal com-
osiYion is wonstonic in both its arjumen'}.s,
and +that composition and +ron5f>osi+ion Gre
couP\ed B\‘j the ((riﬁh'\'—exc\nanﬂe ”, ‘ror which
we choose here the -F%rmu]c«lion theat ‘For ol
X,v,z

(19) [X;D A Z S -@Jse] = [wx;z A Y =N -Fa\se]

The exchomae. rules enmable us +to mani])ulo\)-e
o comPosiHOn thoel occurs as antecedent, buk
Yhere are no o\na\oﬁous mc‘ni?ulahve OF]Oor-
-}uni}ies -Q:r Ca Com)oos}-}»ion -Hnec}- occurs as
cGnSequen’r, and  we Moy -qureaﬁre ex?ecL
c Tzrob em when %rj‘.rzj }o prove o theorem

|
OF -}he -@Brm
(20) [CA = b;c]
This Drob)em> however, can be overcome v ith

the aid of’ (16) . which stales thet we con
demonsYrate (201 by proving —in & Vvariation
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on (17) - {or c.r‘bi'}razj 2
(21)  [bijenz sfalse] = [anz = Rilse] |
and in this {ormulation of our Ff‘oo—ﬁ obliga-

Hon, the COMFOSi‘l"i on “\o;c” occurs GsS (COQW)C’-
in an)ontecedent , and 1s dhus ameneble To

manipulc.-)-ion vie. an eXC\no\nge rule?

We shall now Grs)r 9ive our calewlation dhal
'}rQns'ﬁDrms [b;c AN Z = ‘F)alse:] withouw? S}Tenj'H-n-
ening inte [aA =z = {)odse] , and shall ciscuss
the Proo? loter. Tn the course o‘F) the celedla-
Yion, suiteble values {Dor < and o will be
chosen. We observe -@r any ra

Lbse A 2 = {alse]

= {ri ht - exchange Q)
[mbgg A C @-Fc?sei]

= { choose c- [C'—ENd;eAF]S (B)
[~lo;’z. AN ~d;e A = -False-)

=3 { monotonicities : (<)
[(band);(zAae) A P = 'Fo\\se]

= {N distributes over /\?3 (D)
[(vGond); (zAe) A £ = 'Fa\se‘)

= { rishi*—exchomje} (E)

[(b/\d);? AN NZ = False.-_\
{ choose a: [a= (b/\d);f)/\ e]} (F)

(e~ = %{Dcz\\se] ,

and +thus we have Froved ('20.?7 with  the
choices made in steps (B) and (F), ie.

]
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(22) [Cb/\d);fm e = \D;Cfvc\;e A {))] >

o theorem , even uﬁher thon “the ()irs} ugb‘
"‘rheorem ,7’77 cip B ]__1 :l .

Remark  We have used (19) inshecd o? the
%rmu\a]-‘nm OF Yhe r‘\s}ﬂ--— e><c:lf1an3e. ]@‘arn ['2]

(23) fx{j > z] = [~x;002 =>"'3]
ancdl C'Z‘I) ms%—eo.d of wha } (17) wou\d have

giuen , vz,

[b,-c::e)z] =, [C\=-’>23 ,

'HA-ULS Q—VOid;nj "]'L]e neQC‘ OP ih+r0ClMCih (]QSQ-
tions  and moving derms back and Yorkh

wi“r\. -Hﬂe Shunl-url.«j ru&le
[ x 9 Vz—;—?(/\-tb =>2].

Tn [1] ) -n’\'ls econom 1S Gcl'\Ie\fed b\y -Hf\e

introduch on o{) 4he 7 somewhere q)gerc}of'-

(End OF Wemark )

§+6P A s ho}' Sur})r')s'mj because CQ!)
Was inknhona\b chosen 38 as 4o melke

%he Tijh}*exczhan e o l'icoJDle o iuLs ante -
cedenh. j FF

The purpos of” step B is do apply +h
pose of step s e
m ost 3tewera\ subslr’n I-LA-}'. oN f)cr \o } c}w}j C
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-Hr\crl' mcﬂces Cc)nf']-iht-nec;l mc\niy)ulo«}}o:m }OOS—
sikle. For b , L could not find o Pro-
duckive subshiban Yion : C\—g_ef‘ IG'.:: dwve
we <an «se composition's mono4onic;b
GS in ('\5’) BJ’F ‘}}1&‘)' C\"EG."\'QS 2 occhr-
rernces o Aduwmm Z > ond a@er b==c|1\e,
we aare s C.)& bQCO\u.,se Jf"':evw Compcjf‘;i_}ic:ﬂls
monotonicit as n (14) wWorks in Yhe
s rem c\iregg} on. IF,\nowe,uer, we Sswub-
shita e Ca comfosi'}ior\ Like "-‘d}e 'Vor‘
C ,*\nev) monotenicit as in  (14) works
) —Hne r'uj)'w}' d%rechon. -nﬁe 'lnc\us;'c:n o()
the addilional ‘ANF7 is | in o sense
o‘oliﬁo&orj iF we wish to \<eeT3 our
cT)’ricms open: since < occurs as
corU‘unc)" anal C_or\Junc\‘ion 15 CtﬁSOC-IQ']’iue,
the add;Honel A ()” does not hc.mloer*
the <combinction Q‘F) -H'\e lwo com oS\~
"-icms; anc\, urlhermore, om|SsSron CJP
)rlrze CoﬂJMﬂ("]' ,//\ ” can e in¥er)9rel-eo\
as o oss'\\o\J )oremo.Jrur‘e instontiction
= 4rue . (TThe choice oFy “Nd;@” inshead
) “d;e” :S an i\"rele\JQn\' V’V\QH‘QP o
e(%cjcmce; it allows ws o ignore that
{4 .

~“is iks own inverse.)

[

>

' lo; W mo onicit
S’i@f» C exp bs  $he not city
og) . (?Lu.s the usual ones g-om

Preclicc}e calcu.lus), and , in view of oui
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40:‘3@}, ow \"emainif? Cluc‘r 15 ""D ek}ri—

CG)H?— c\ummj 2 Tom e ComT)osi’Hon.

S*e? = (,ver orms «Hnas extractiem
b‘:j ~whal else?— a cecond a]'D)Deo\l ‘o
\:"lﬁb“ ~ exc\-\omse. a@er S‘}-er ay; hes re-
)oarec\ }he round. ( Step D could have
N P
been ?os¥Foned, ol Hrien loter sim-

T)Liﬁc‘c"%"m would have wneecled thatr “~
is own inverse.)

Our \Cgf\o\ Stﬁ _F embodies -Hﬂe e -~

Coani¥ion o at Yo choose {?::r 0.

ond thus we have desiﬁnecl and ‘PFDVGOI
Yteorem C'Zg) |

§§_ In [2] ,leg— and rlgkl-condi—}ions are
degne.cl b_j

(240.) (‘o IS o |e@—cohdﬂion> = [PB'}"‘*Q = }9]

(24bY (qisa r'BH--conc\'rHon) = [-]-ru.e.,c, = Ci] ;

we now —%cus our ottention on the riﬁlfﬂ'-—

condition.

Ir\ ‘:‘2] » Teijcn & von 9qs¥eren Poin‘)‘ owt
that — becouse [-‘:ru.e-,x &= x} —{c);r aoll x —
deﬁnisﬁon (24b) s qufVc‘eh‘)‘ 1o

(25" (q IS & righ}‘—-ccnok}ion) = {-]rue.',c.] = q] ’
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the ri3h+*hqnd side oP wLic‘—\ s ﬂ?ormo\n
weaker than Yhat of (@4b). Lincoln A. Wellen
hees —}-aujk'} ws a 91‘@0}61’ awareness o
m0no'¥-onici):tj arquments and lYas ur'Sed
@S Yo nobkice when we used cmb one
direcYion og) a muluwal impolication . To jbrc;vé
that a relation s ¢ ’I"l'q‘n)'-Cono\i)"iO'ﬂ, (2s)
S more Cc;n\feﬂ'len}‘ »Q:r‘ H;;e —Rarmul&%*ion o{)
the demonstrandum dhan (€b) .

When 4r iV\S ‘o use ”H')c.} a re\ccl':on 'S ogh
r‘ic}\Jr—*C.ohd}Euon, {éf‘mc&“ .3}'1‘01} r C'/\Gr'c\c)-er':m-
) | F -
Yons ore, in general, 15 be J’DT'e@rred.__TJ:le
S)rr‘on er (12_@ CO\]D)'L.«FQ.S [}rue;,Xé X}

- — which «ﬁ)“uws the existence "]0 a newlral
elemevﬂ~ O-F) —l}\e comPosi‘hon and e 10&'}?"'5
monotonicite, -~ . Here T FFOFOSQ another

sl-f‘eng—\—\f»eniflﬁ o() (25‘) , one 'Hna)- caplures

COM‘FOST}"\W\5' W\cmo}-onicib (‘m its L

m:cjumenJ-):
(‘26) (c\ 1S C riah]-~concli}ion) = <Vx:: {x;q %q_)> .

We sha” wse -Hf\'as de ani']":on (}wic:e) “4o )?rove
the —E)”ouoir:j “hQOFEm:

(qis o r'ijhl--conol#uon) = (‘]q is & rljh*-condi'hon)

M We ebserve ’(gf Car‘bi%c.:j reladion 9
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("ﬂ is o riah-;-condi-l’aon)
= {(‘26) with q:= '\q‘%
<Vx:: [X',ﬂc] = "lcl:)>
= { (23), ie. riﬁ‘hl- -exc)qo‘qgeg
<Vx b [NX’,G‘ = O\-}>
&= { in5¥on¥1 OL‘\"IOh X = "“X’S
(Vx:: [X,':C\ —“>01]>
1 (26D
<q 1s O r}5h+—conoli+ion>

i

(End o? “Yroo -f)

In both [1] and [2] , the Proo]-P o? this
theorem GFPQC\}S 4o [~Yrue = —\rue] , where.
as -H‘)e. cb ove )oroo]? does no} use oan
?ro]?er’}ies (o ~~ or -l-ru.e . 'ﬂ')e manivula-
tive d'iSc\cl\rom;‘c-je op (‘25) S -quJ o+ con-
Yains o conskant N)‘Jose Frbf:er}ies we have

Yo use.

The heuristic s'ﬁnl()icance o() f(c))rmu.\om'}io:n
(26) is that it almost dictetes \rxm:;r.o-]w:yr\ic'.]:j
orgumeri\s be cause -H\e —P&c\' -ch..‘} reﬁxing
q \rij an olrbiﬂh'o.r;j 3”7 weakens ii, ful
Caka\rc-:s Yhat q 'S QA r'uﬁm-—condihor\. In
o{'her wWords , .'-C —?or instance, Wwe sel our-

selves o ]orove Yhat -(éf' G riﬁh\-—cOndi}ion CI

C‘Z?) [qg'\'rue;mq = q-,.-uc]] .
the imP\icQ-Hon 513n in (28) “Fells «s thet
O, F}ng—}')onj Grgumen+ is GFFFOPria+€.
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Wemark When '?acecl with o) c\emons-}ranclum
OF) the \Qarm [(A=B) we have a demon-
strandum +tha}l does not cleFe,nc\ Coan*i) mono-
4onic.q\\3 on either A or B . YHence,
roving dhis direcHy ecan only Ye done b
ZFFQQQinj to Leibniz's %:ﬁin-cijale, e, 1:3;3
Voiue-]oreservinj 4ransﬂporma-ﬁons. (\/Je Have
Seen an examfie o? ‘HF)'I.S " Section 1.)
/\?Ewrihnj ‘he C{emons+randum as wmulual
ImTJ\.ico.}')oﬁ (6=B]) A [AeB) elds
twro corljunc\‘s -Hna'l‘ gl__g c\ePenc\ omlri)mono..
’}-onicc\”j on both A and B 7!_ Because
we \'tke Jro Qvoic\ avoidab\e F"n,ci”Por.‘ﬁ C\B(A—-
ments | i+ is nice Yo recognize circumstances

under which -—}h%j are indjcated. (Endof)
ff?em‘arl()

In Provinj (’27) e o\o.serve Qr‘ Finj:
[ gstrue; ~q « c];'vq]

< {m:ano?-onic_?;j of) ;S
[Cp'}'ru.e < Q]
= { Uxsdrue €« xS

"\'T e s

o demonstration in which we did not use
that q s G Tlﬂh‘}-cof\di’\'ioh. For pon

we observe -an;} we can S'}renj”wen the

ri 5}.}“ hand Side:

[qsdrue;~q = q;~q)
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< {C26> with  x:= qi"""“e?""[}
[C’)"‘rue)-Ncl = c,;-l'rue)-mq;ol').«aq]
< fhnono}-onicib o]p 2§
[~9 = ~q;9;~q]
= { (28) with b:= NC\%

true ,

L

—~ see [1]-

where -H«-.e ﬁSee.swao \ew\ma
28) [b > b;ka; \D]

{é:l\ouos fom (225 with c\,e,—F:: b,b,drue
(Wnow‘edje OF) the seesaw lemma dei-Heol\:j
he\ras in the <hoice o? how 1o instantiede
x in o (26) .)

§ 2 I"\ [1] "m';ddie—condi H ons ‘ are in)‘ro clu.c,ecl
°Y
(’?_9) Cﬁcf s a midd]e-conc\i}ion) = [_c = 3-) ,

where "3” is +the new}m[ elemen‘]' OFD “; »
Rlso \")ere, -Hqg C ons+0n'|- can be e'i mi ﬂC«:‘}e <l
—f:?om the deﬁni-l-ion: we could have clegnecl

30) (¢ is « middle-condition) = <V><== [e;x =>?ﬂ>

or

(31) (¢ 1s o wmiddle-condition) = <\v’x::[x;c = x]) ,
Th other wor‘ds) - beinj a middle-condilion
s CGID"LAFQO‘

'D:Q the Hact  that the Pre@x )
oraer‘c«%of‘ “c;7* and Fhe ]oos-}ﬁx oPech-o,- s
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are S‘I'I'Qﬁj‘l'}'\eninﬁ OYDercrlorS. The imPIica4ion
Signs in  these def)inijrions +ell ws -Hrm-}, {ér‘

ins-l-o\nce,
(32) [csmc] -For middle-condition ¢

has +o be Provec{ bf_‘] mglLuC.I im)ol'nc*c.Jrion,
Since [~>< sx] = [x:prux] , it Suﬁ?ces

‘o PFOVe [C = NC] . We observe +o '}his end
~C

< {(30) with x.=~c}
c,~C

< § (31) with x.= ¢;~ve
Cc,~cC, C

<= { (28) with b:= CS
C .

Qur wish 3o copl strencthenin operators
Sugcested +o SEFE ot J,.\,-Tg Con‘éaeo\ue]aon‘)‘ and
%eﬁl??ré hoo s*ef)s dhen -{;”owed. (F\nd we

were Jus}- \ucke, thot we did not Yy o

Freue [mc = C cz.c:cord‘:r\é "ro '\-He_ choove S‘Cheme)

§ AO. Let me conclude . We set ouwt Yo ex-
lore —Q:r an+istmef\-ric and reyiexive rela-
f‘mr\s +he inJrer]o!o:j belween calculating with
equalities and inegualities, the |atter drawing
our otention 1o m0ﬁo¥on‘acitvj arciments.

Tn ]Oc:ssinﬁ we encour)"l:er'ed &6 number o
instonces  —=(2),(3), (16), (26), (30), (31) —
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whef‘e, somelimes 4o clear advantage ,
o ‘()ormu\c\ or de‘(;a"ni}'ion could be rewritten
as G universa\lj cluan-l-i»ﬁed eX)Of—eSSior\.

A closel related )roTDic. s the design
O{) caleu lotional roo% o{) -quorems a%ou+
ex¥reme sSolutions. Since +this ‘]‘o]oic: has
been dealt with  in [OJ we ‘5]0&” not
pursue i+ here. To close T shall borrow

an exam]—)le {?‘om [‘\] Yo show ‘H’\Q"‘ also

here um\fer:%al qlAG’h‘}'iﬁQct‘]"lOf\ can be used
1o eliminc}e a constant. Thslecd oF
deﬁn‘rnﬂ the I‘eﬁexivc dransitive <losure bj

(s* is the re.ﬁexive, Aransitive closure o? S)E

(s* 1s the s-)'ron3254 solution O]P x:va S)X = x])
we can deﬁne s* equiva]enf}b \:)3

<\V/L‘:: 3*;{2 is —Hne S%ronﬁes} solution OF
x: [tv ssx = %]

We s}\an no+ TePec.‘)' the steandard Proof
ere Cwhich is, as is Yo be @xPecl-ecl, a

ing-pon arcument) . We do wish ‘o
PD?"‘}P 024‘ thot the instentichion b= J

returns —}106 oﬂg‘md deﬁnﬂ-‘:on.

C\aknowiedge.men}'s anone {%ﬁmi{i&r‘ Wr“ﬂ
their wsritin s wi” realize -l-l'\o.+ T oam

Sreaer enclebted to  Rubger M. Dgksire,
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