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A derivation opq proo? ba V. ZLogier
] ) ! o

——

(Vol.97,Num 2 , Feb. 1990, p- 144 Y, D. 'Zc.a;ler
Pu‘olis%e_o\ o half-j)cge o.r}ic\e 4)‘“20\: (ll

One - Sentence /Proof) That EUQU “Prime P =1

(Cmod 4) Ts o Sum of T wo Squares 7 The
Grsl‘ sentence OF; the article is the ]:'roof
in queslr‘;on, -”ne, Secmo\ Sen}ence_ reads: |
“This frOOF is a sim)o};ﬁcdion oF one due
Yo Heoth -Brown f...](?ns'faired, in turn, by o
Froof given \oj Liowuille ).

In The \mer) can MQH'lemc.}iCc.] Mcn-”'\]a

T cdn understand “hal the author could
no} res‘ns)r .'Hne. “+em +o,3rior\ Ao cram his
\'prooP ‘»r\)'o =N siﬁje Sen*&nc:e, \Oul- -Hﬁe
sentence become lcm(rj and he was —@rcecl
Yo commit the sin omission. The latter
IS CompenSQ']'ed I’ij ex)’)fo.ﬂc.}u\rj anQrmo.}‘no‘n
N ‘Une arl"lcle‘s Second 7707&3\"&?)0- Bt
exjen when —Hfﬁs X \omc.%m\ s -}Qlcen in)ro
G.C.Coun]-’ ’H’\e auH’\or‘ 5%1\ P\A“S Ca N e -
o? 5'|2eab\e Fo.lo)oi\‘s oub oF his hat. The
purpose of this note is the removal °TO those
rabbits.

X * *

We have +o IDT"OVQ "H'\o.‘} q)or' 5(.41’)‘&5'3 P)
-}here exis-}'s CL 501\4‘“01’1 OF -Hﬁe Qqu.crhon
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(0) (x,b): x? 4+ Uz = P

FTor +he Bener‘a\ existence ~‘heorem <3x-.: Q.;(),)
there exist +wo rcuc\icc.\l:j diﬁ”ereni' ]oroo.F7 -?orms,

"

vid. ‘H‘ae. ”C.OhS')‘I‘MC‘)"iV’e Ginc -H')e ”honc:onS'}r‘U-c.—
}ive “ Pf‘oo-r.

n o constructive )’.Dr'o oﬁ one constructs
a value w , or c\e,signs an o)goriﬂnm that
construcds o value w such that bj Virtue
01(7 ks Cons*ruc:‘)"lon wW can e shown *Fo
SO‘}'ISE Q ; N ‘Hn'ls Con+ex+, Su.c:lq a w

7

s celleal a “witness” .

In & nonconsiruchive ?roof, {Ix:: Q.x>

‘s demonstrated without Cons:"r’uc‘}']n(j o
wi‘}ness, -}:j}pico\[lj ba J—rons\c‘}-inj the demon-
strandum into <N><:: Qx) #+ 0 , ie bj
Frov'lr\j the existence bj means o

Coun 'Hrjj Qr‘ﬁum eﬁ)‘.

Constructive Pr‘OOFS have o number o»]()
otential C«'H'i’o\c.‘\'ionsz -\—Hej ive more (V2.
the withess D, they con be s'mn)o)er‘ by avoid-
inj ihe detour e Yhe C.Ouh’}"lnj, and , ,nalb,
Aheir des'njn 33\{@5 us +he O))Por‘}u\ni;j 4o draw
on oufl exT:erience N Frogram cons ruction.

This Yime, however, that sSome eéxperience
su3363+s A nonconS‘}ru.c'}*’sve Pr‘oo Ahat (0)
can be So‘ved, {or G cons}'ru.c)r'nve Pr‘oo?
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would vie +the witness eﬂoeci-'lveb boil down
+o o ‘F)ac-l-ori'ZG-hon —in +he comrlex F\anc -
o? Since xq‘+32: Cx'*fj“)(x"f_'j"). oncl
all E&c-\-ori'ac\}')on alaorithms T ¥now are non-
constructive in the sense +theat *Hr‘usj are No
more 4han search aljor'\'\%ms that work @uo{ly
well 1{7 there are ao 'F)acl'ori'za.«hons +o be f%und.
So T FI‘OFO;SQ to Pu.r'su.e the demenstrandum
in  the —@)rm

(1) <l_\_3 (Xﬁ):: ><1+\(j"= P) = O

*® »
x>

In Wwiew OF) our demoﬂS"‘"\"&r\dum 61) , we
Nnow —FOCus our oHention on the constant 0. .
What do we know about zero? \Well, obvious-
l:j X+0 = % and X0 = 0 -F;’ar‘ all noteral x.
For our current Fur'rJo.Se ‘4"”%‘3&,&‘?_#"""” 01()
how We can conclude c[]‘f?](grence F‘um0—~
Hhe Muﬂ-ipl}cw)ive PrDFer;) oF 2ero 1S more
'm)rer‘es)-izﬁ. ("Possibly, as the follow‘:?j calcule-
tion suw sts, this 1s because -he statement
Of the MuH—i)o]}c:c,}iue ProPer-\:j contains +he

cemstant 0 Jwice.) We observe

n=0
= {x0= 0J
{¥xu X0 = n)
= {]’71‘60\. cc.lc..s
LY <'33-.: Xy =n) ;
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—-}‘o.kinﬁ +he con+ra—Fos}¥'IVe. . we 36!‘
(2) <3X ! <\V/5 X-:j #n>> =2 n #0

2. we can conclude +4hat n oli??ars rfom zero

when we have —?ounc\ an X Yhat does not
divide N

J

» » *

We now "()OCU.S our a-H'en-\'non »?or o while
on one number ]ge'mca Cu d"\’.‘f?f ofr a mu.”-i}':]e
o{) onother one. This situation is closely re-
lated o Ferioclic‘:}- , and & standard w‘r::j of
3enero}inﬁ an  eventuall eriodic sSequence
15 bJ rejaea4ec\ cwf)f)lic_a}'}on o{) an OPef‘0~¥0r
degned on o Qnﬁe domain.

The main Purpose of this seckion is to
‘roduce a  metavhor Yhat enables us o
disecw ss these ma']“)l‘?f'é "M ‘Hf)e. -}'erm';f\olciaj
o€ c\ir‘ed—ecl L?FO«P")S. The ma%kema’*iCa}

¥

COﬁ-\-e n‘}' o{)

well-kn OU\;"‘I) il was certainl known Yo
T‘_ef‘mc.}', butr T don't know in which termi-
Y\O\Oﬁj he. dea\l- \AJI;'L\ R

=3 Sec:"r‘;on s Smple ond

We conS':o'er’ Cu domain 5 and @nc_}-ions
-() and 3 from S e g ; X, and ‘-;
conge over +Yhe elements of S0 Wik
N 3‘: on {" we ass oCic»\'\'e_ c. clireckted
5qu)q whose vertices are Jhe elements of
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S ond in W“\’lclq f.x:a S CGP‘*M:’E’O[ b:j

Cu d';rf.’d-ed eciﬁe @‘cmn . +o j N if
o cllow me c i crorial rePr:esen)ro.‘nc:h
in o cr’mU\\c. ) -Hne me)'c\j)\nor 'S CGP)MF@C{

.bj +he ec\u}va\ence
(3) ‘X = = ",
Fx=9 s

We have o\ovlousb
e in the Sro.Ph rePr‘esen%nj Ca )Q\ncl'aon,
each vertex has exo.cHD 1 Ou\‘ﬁoirb e.c\je.

Let () be invertible i.e. let there
exist o Gnction 3 > such Yheat ‘Gar‘

o~“ X,j

{?X = :j = A= 3.3 s
l.e. -Hne rc.]o\'w reFrescm }'uﬂ s o‘o'}-ai ned
b ‘muer*?in the direc ¥ c}?w ? all edges
i dhe Src\})]ﬂ '@or {) ; hence
e n Ythe Sr‘a)o]n rePre_sen}inﬁ an inveriible
@mc’rion . each vertex has e><acl-b 1 in-

C‘.owx'xﬂﬁ edge.

Comb'minj ownfr lo\.sq- Ywo {?ndmjs and
res%'ac)r‘mﬁ ourselves Fo inite domains, we
conc\ude
® -H)a raP\rw FePTesen—}iﬂj an inver%—ible -ﬁmcﬁon
on o 4inite domain consists opc c\es) such

that each wvertex lies o one cycle: the c:yc|es
Fo.r)":*ion the domain.
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. <3n:n;1:<\'/><:: X:-Fr.‘x>> , In w}’\ic)n —})';e ex ~
fonén‘)' | 4] deno*es n—~-fo|c\ ((),mc-)iono) comfosi—

ton ; & witness —For‘ n is +the ﬁmo“es‘} Com-

rmon w-;u”iﬁ)e J:;() the 1En‘3+LS g4ke CJc,es
occqrrlr:j n e 3!‘0}’3 —F;))r .

Corwergel:j, }{) we are given —Hm—}) @r Some
Fos,‘-l'sve. P, <V><:-, X = .x> ., then
'Y {J 1s jnvertible (since Yhen

‘r ?X =j = X—:‘F)F-‘.:j )
[ or {inite domain , each cycle in the
, y
8rar)-n -(ér {) }‘\as .o._lenf-?-"h _-H"lc& divides F :

The latter Cc:mc_lus'lorw [ o‘(; }jar'}}cular
nterest i\-p the exjaonen-} P 1S )Drime_,since
o 1S

—”’)Qn -)’l'le domain c.r-}']'}}onec\
Yo () C‘jc|es 0{7 )[‘)erzjfl\ PF, and C'ﬁ)

cycles o lengdh 1 , i=. ixpoints o .
gOns:que{:H ,Qj%\e number ixrelemen)—f o-‘()
S and -]-F.je number of Gx]’)o'ms-s o()
clfﬁper \tj a mu”—':;;\e o]P P

(B CO"‘S’\""—LClinj G. sml-o.\o}e {) on «
Suﬁ:‘}‘abe domain, T dhas I:rovec{ {)or‘

Vﬁme )’>
nP:-s n (mccl P> in EW?4O

ool (P-'\)‘ = CF—\)Cmocl F> 1% EW‘D?42 .

T am convinced that the device was known o
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Tierre de Fermat )

This +theorem will Yoe used below —For' the
simplest case . viz. =2 . In +hat special case

]D ‘2 2 P R P >
Vi, ) F.x = % Fc:r el % , X is ca”ec{ an

. .
NV O u")‘lon .

?em?_i}:. An aMernadive deﬁni'}ion O an
involution 8- o. unclgjon —“qa)r s (ts own

nverse +his de@rﬂl"on, ]qou.?euer, IS ]ess
Q.H-roc)-ive lbecatse 'v} does ho} invi—}'e. —qu
3eneralizalion %om '2“ +o on\kj ]Desirhve
'|n¥e;3er. CEnd O? ?éh%é.rk.)

That s, we shall use +hat @r ir}\;olu:
—)—ions on <« inile C}omoin, oc\c\/ev‘enne,ss o{)
ane: size oP the domain Equiva\es oc\d/euen-
ness o? +the number OP {)ixFo':n'rs o? +the
involution. We shall use the e u]v&)ence
in bolh clir‘ec.-\-ions; callin Yhe +o  involu-
l—imns invo\vecl ﬂirw()” coAd /'irw1,’ and +he
common domain on which Hne:j are degnecl

”5"', we Sl"c\n use +he %\\owir\j S"}ruc_*ure
‘H’]e number' O‘F GXFoin\hs o? "\l’\\fo di?%rs

{)rum TEecro
< the number o @:rr;o‘m‘*s o? invd s odd
& +he number o elements o S s odd
<« the “""“_’_“,b?",' og ‘lx)';- oinks o ivvl s odd

&= in\!'\“ 7\").(15 e"ﬂo-c-l'\j g ]@XPOM'}N

*.
A *
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Q]@‘ef‘ all these Preliminaries, +he time has come
Yo return to our ob\if‘jo}]on o S)’)owu‘n Hhat
equq\-}c)n (0) has o So\u"-ion-?n r)c:lura N -
bers. Our rﬁrsml observation s -Hm'}, because

F 'S odc], one O()’Hne squares 'S odd
while +he o%er one 1S €even; conﬁequen—l’b,

solvebilit aF) (o) s E’qu.f\fc:)er\’)‘ o solva-
bi\ib o{;)

(4 (x,b) xz—x—lvzz P

’Remczr\( The '}FGHSE‘\']on —f)—’-om (D) '}G C4) is
imari\ R ‘H‘le. ' e
I'Dr mar D cosme-} <) S S:mF] f)‘ wcj

o r‘eFresen-hn ouf C") olce -*\qo.'} X be-

the odd square . (End a{)?emdrk.>

In order to wse +he }orececlinj, N \Dar'}i-
cular 4the wa < ShOwinj the existence oP
Fix]bo'm#\‘s, r S]now’mé the existence o-P
soluh ons of (4) |, we establish a one-to-
one Corr‘es,:)onc[ence belween +the _:so\\mH ons
o{) (4) ond +he {i;xPo'.nJ-s o{) an involution.
Yor the construction OF thet muolution
we do somg‘}'hinﬁ w})-]q (AJLT'IC‘\’\ ever Com)oq}-_
'mﬁ 5cien4)s+ s Very Familicar‘: r"eigic‘c.'n
N o ’}'Gf‘ﬁef}‘ T‘elcr)-ion — here (4)- some} “:3
b\nj Cr gesln variable. Tn more c:le}o\il,
ere is o Arivial one-to-one correspon-

dence betrween Yhe solulions oF (4D and
those o{’
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(X,:j,Z): .X'Z-i- 432=P AN &:2

which eo\uuoc\-‘)on ~thanks 1o Leibniz's /Princ:“-)v}e-—

con be rewrilen as

(5) <va)'2>i Xz+452=]3 /N éj::.z

Next we create « one-toc-one corres-
Pondence between +the solutions o? (s)
and vﬁxFoln)—s of an invo]u#ion) w)ﬂck we
call "inv0’ . The domain S of inv0  consists
o]p Yhe nakural solutions of

(6) Cx,j,'z). 7+ 43'2‘.: P ,

so thatr the druh o{) the ﬁrs* Con\)unc)' OF(S)
holds -@or or:j {‘?x oint o/€ inv0 . Under ex-

Ploi-]-a}icm o}? 6)ls Sdmme}g in 3 &z s
af

we choose inv O

() (x,j,zBH(x,'?—,b)

2

whose {%xPo‘xrﬁ“s Jrror\""\'s@ 'H)e Second Cc:r:\unc)-
C’F (5) becouse C)(,S,?_)i-"(x,?., ) = Y=z .
Our ob\}aa‘}—ion to show +thet (5) = and
hence (4)- has o nalural solulion hes

thus been Aranslated In our ob]lﬂo-}ion o

show +hat involution Inv0 | as G[@Fine.d )03
(#) on S, has at least 1 {)ixPoin-’-. Since

c\omcu.'m» S -—»qu. se} O‘F haluf‘c\l 5o|uf1-icms
in (6)—- is rather obviousl ﬁm{e, our Joct
ob\iﬁa}lon can be met bj 5 owinﬁ that S
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contains an odc number O‘P elements, ond this

we shall demonsirate c\e,ﬁn’m on S an
invo)u-}'\on> celled ”'ll"}\ll\,) which as e><c.c¢}-b

1 -ﬁXFo'm}‘. The T‘emqinoler' o? H\‘ls ﬂO‘]'e 3=
devoted do Yhe desiﬁn o?& suitable  inv1

¥
¥ X

:Be]@re s*arlr'mﬁ the design oP vl we
'mvesl-igod—e ProPerHes OF) Yhe individuo | elementks

o S e, direct consequences 1@):‘ Cx

2

notural Jrri\o‘e (x,4,2) +that solves (8)
{ér prime P o() the {érm Lk+1 . T+ so
ha pens thatl here we onl\xj use

Ci }D is odd

(i) is not & square ( note +hat p=1
is excluded because 1 s nof considered
o lor'zme_ number )

Our {’irs"- ]emma S 'anr}' {?:)r (X,3,2>GS

(8D x>0 A y>0 A 2>0

/Pf'oof x>0

<= {(x,ﬁ,z)e S) )’)ence pS 7'{5_?04&».!‘(3)}
X is odd

{(X,ij,'?.)@s‘ hence (6)3
P is odd

§ G5

Frue

1

n

y>0 ~ 250
<~ {foj)z) e S, hence Y2 are nodural §
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£0 N~ 2%0
= j {&ri%me}}c}
432 #O
= {(x,a,'z.> €S | hence (6}
x*
= {PCH)}
frue

(end o() /Proo‘P)

Our nex% lemms.. — )N —}})e same Vveéin - 1S

thaot for  (x,4,2) € S
&P x;t-\(j-z A X 4 ‘2.—5

/Progﬁ X % fj—l ~N X Z-Y
= { c.r'rw]mex-':c%

x* # Cy-20°

= { o;r':t?}\ me}icj

xz-i-«/tjz + ( +2)°
{Cx,b,z) S , hence Cé)}

1l

P # (y#2D"
= 4 (iiy§
+TULQ
C End o?f\jr‘cwf-)
we
Nowlbre ready to embark on our design
o() iny , W ich should be an invohﬁion
on S with &N Siﬂﬁ\e }xFoHnJ-. To b%ﬁ'ﬂﬁ
with , we ilgnore most o€ Yhese r‘eqmre.menl-s

and concen r‘w‘wg o ouH*Gn ion  oOn ~\’he e\ab-

ot‘a'}e (é): con e Hﬂink o? OFer"o\}'OfS on
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(X)j)'2> —(70(' w\ﬁ'lc\'\ Y2+432.=F IS an "ﬂvorianh
ie. +hat nLransforms c. solukon oF (&) in-

o o So\uhon OF) (63 Q

TIn order thol we look bc:,jcmc\ inv0 (qs
S}Vef\ 5 (7)) we inves}isql-e. oFerc‘)-or.s

(10) Cx,3,~2> H<x+Ax,&+Aj,z+A2>

i which Ax s not '\olen‘]'ic:o.lb zero . Be-
cause artcj solution Jro Cé) ]"10.‘3 an 9__91_54
Vel [u.e a—? X ., we <an Con ]Gne our o\H-e._n-
ton 4o even Ax ; we do J‘usl-i ce to

His ?Qc.}' bj perem e)rer-izinj

(11) A x = 2 b

The reolmremen‘,' -qul- ><7‘+4\<jz= P e
on invariant 0{7 (10) No w —‘rr-o.nslo.)res into

A(xE + 4 313 =0
{A~ Qc\Cu\uSB
Alx*) = - 4 A(yz)
iA-Ca\Cu\us} .
Lx(AxX) + (AK)L-:: -4 A(:jz)
{(11), o.ri)rhme\-‘mcg
b - (X+b> = “ACUZ)
1 A-caleclus]y
b (x+b) = - 3-.&2 - Z-A:J - A;j A2

il

il

H

h

The simFleer woj of ﬁndirgj solutions
_'ls lrf_cj 6liminq+inﬁ _2 o{) +he 3 )oroc{urﬂs ot
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the riﬁl\“'—iﬁand Side b:j choos';nj, So.:’,
(’2) Ab =0 ,

Yhus SimFii&inj the reledion lbebween b
ond Az o

Ci3) b-(x+b) = —-:j-/_\z

Note Choice (12) can be made " oithout
Ioss o{)ﬁenerali\j ”, Yhot 3, {?FS‘}'lj. ”wc:)- ‘H’IQ

choice of Az= O wau]d not l’wc.\re wen

SOme_J-hirlfj eséen%o\l\]j new sSince ) LS

thot + 15 ne restiction o c}'wonge. o the

Pair (3,2) dh\lfj one ot Cn }ime: we <can
al

Sﬁmme')-r'zc: in -\‘j and Z | and secm?j,

wous cownbine Jwo moves into a s'ms\e_
ong So s 4‘0 achieve Ai’j £0 A AV %O
(2nd a{/‘ N ote )

I caGn “"h'\h\( o? Oﬂb 4 LWaus O{) SQ\"ES’F&}@ re\o_
fton (4. The derivations o "Yhe A oi:?er'a}'ors oe-
louo nave *)-Q\cen C’H) Osnc\ C‘\‘Zj 'm\'o GLCC.OLAn)f‘;

e b=-y A xtb= &2 Jields

(14) Cx,fj,zﬁ —» (x—’z:j,tj, 2+X—3) N

e b=y A Xx+b = — Az :j‘ue\ds

(15)  (x9,20 = (x+29, Y, 2-X-y)

¢ b=~Az N Xx+bs= -y yields (afler
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Sofvinﬁ b fom ‘the second Ccm\'}unc-]->
(16 (x,3J2)H(-X—?J,3, Z-X-\j) ;

® b= - Az AN X+b = j tj'\e\o(s Caga?n o{)-
ler 5o)vir5 | ]prcsm the second c*chuno%)

(7). (6420 = (2y-%, g, 2+ x-y)

Note '”f\o-)- ,@rMu\ae C14) "}‘\'\r‘ou&)'\ C'io?)) o][)
be Brm

18) (X,:j,z) — <xl’3’> 2'D

are Femplates in the sense that ) because
0? (6)'s Sdmme-}l;j in Y ond 2 . wWe are
F‘Lee Yo inlrer‘c]qanﬁe J and 2 | or '}'Oﬁ,,,,,
iﬂ‘}er’clfﬁo«f)je b' and 2’ . For "NStance

(;[ffllé?'mf) +he -ﬁrs‘\' one to (15) ould

(19) (X,3,2)H<x+‘?z,2,3—x“2>

and OFP\&j'?j the second one +o <14)
would (\jie(c\

(n0) (x):jjz) ¥ Cx—ij, Z-l-X-D 5 b)

Up +ill Now , Wwe have confined our
oc'H‘ef\’]‘icJ‘n Yo +he invariance o (6) . The
next m_ﬁlcns*‘-r‘ckin“‘ +o +a]ce 'm')o account i3
that S-'CGDS'IVS’}S o{) the nal-ura\ SO\u}icms
O() (6), ie. we have to achieve the invoriance
0€ (8). This means that "Fans@rmal}ah (18)
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1S Su.arolec\ BJ

(21) X'>0 A :j!‘)o A 250

OF Yhe ’!"em])]o)res, (16) s idenh{?eo{ \oj
this requirement as useless , as i ields
x'<o (en acccount Of (8)). This o;gser\fcw
Yon res*}r}c¥s Our m}er‘e_s“ ']~o -}-emr))c}es

(149), (15)  and  (1%)

The Yime has come Jdo remember +hat
we ore lookin c an involution invi
on S wﬂ‘kkﬁexi}[ 1 F.x‘:»oim‘}‘ , “ ﬁ{.ef 7
@f“ which CX)S’Z = <x‘>:j’)2') holds »@r‘
exac ¥ 1 Arple. The Subbr‘ﬁejr X =X
ru,e.s owl (14) ond C15) as X:r.X‘ then 'le)\ies
Y= 0, w\’\'ug\'x -@:\536@5 () . Consec?uevﬁbr -
the requ}remen+ Yhat Gf-x}oo‘m}- exTst

.CocU\s.ses ownr QJr}»ench on C’l?).

In Hhe —Fo“ow'm we shall wuse '}%a’r, -@r‘
g_xO,hO’zO) and x1,b1,21) Fo'm}-s on domain S,

!

0 =x = O=wu1 = 20= 1
M=xt = 40=y1 = 20=2 ,

w)n;c.l‘\ 5 o conSé‘ciuence D{) (6) and (8)3 as
o result  (x0,40,20) = (X1’D1’7‘1) can be
established )oj 2 01[7 Yhe 3 equc\\i"ies.

'ﬂ)ere-ﬁ)re7 because wunder (1'-7) we have

Ej=fj” GXFoin-}s O]P (13) are characterized bj
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X = x', e, X= 2q-x Of‘,equivo.\en’“:j) X:‘j

Jr]erlce, ()or (x,j,z) fo¥ ﬁx):o'm‘}* O{D (17) »
o

we have on account (6) -
X (X"l" 42) = P R

which 3uoron+ee5 —Por a? +he unique 6){-
oink  (1,1,k) _'.‘F ‘0 5 a prime o]() the
Eorm 1+4k . CT)qe conclusion of He
uniquené‘;‘;é O{) this ﬁx oint s ‘qu on\y
use made of) F’s Frimq]i} D

The next question is  whether (13) is an
with

involution, that is,

CX,3,2>*——-—*{J?)( x',ﬁ’, 2') ;-Q—?ls (x",J': 2,
1 H u) ?

ho]cls (x,j,z) = <XJ’3’2

We observe

Xll

= i (17D with X,y = x‘,:j'}
(23’ . xf

{ (19}
2y - (z:j—x)

{a\ﬁebra}

X 2

]

]

Since tj:gu 1S « ')-r'nfio‘[ consequence U‘F(')?)’
e

(17) 15 indeed an involutlion.

The last clueshon cbout (1P is: “Is it an
invola¥ion on Y ?” and here the onswer s

Fl
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heﬁﬁ'\‘i\/e: constraint  (21) Hells ws that (170 s
an invoelurion on +the subdomain of S re-
S}rlc#ed bﬁ

(2) 23—>< S0 Az X-Y >0

Note +hat we do not need Yo cheek +hat
the +ar3e+ f)o':ml‘ ('X|’fjl’2’ lies on the sdbdo-
mcxin_,_mo.‘:s H‘ {é\lows Qom (1?) beir:j an inVOIu-}ion:

'z\nj’_x'>o N z'+x'~fj'>o
{ (139D}
x">50 A z">0
{(17> 'S an ’mw;lujr'aon_}
x>0 A =230 |
{ (xy2) e85

Frue

n

]

We accer*‘ (1?) res+r':c)recl Yo dhe suhdo-
main (?’2) of S as art o-f) inv , M™More
‘oreclseb as ‘n’)e Fcﬂ' D{E invi  that conlains
1 ﬁxpoml-. Our remaininj task s ‘o com-
P\ef-e-ﬂne o\eﬁnﬂrion of Tnvi , 1re. do o[es'ljn
o FixFoinjr--ﬁ-ee. nvolution on dhe Com]’))emen}-
or (22) ; because o{) odd.x and X #Y-Z,
thet complement s the subdomoin OF S
restricte ky

x-Qj >0 v Y-%x-2 >0

w}\ic‘h [B=) equ}vale-ﬂ- +o Hwe Su}odomc\in

of S restricted bj (23) v (24) with
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(23) X-24>0 A z+><—3>0
(24) Y-Xx=-2>0

Nole that these conditions are no rabbils:
(23) is Yhe juar”cl ~corresi>cmo['m Yo (21) -
]por —\ro\nsrﬁrma%ons (14) and (Zo) | and
(24) s {%r instance ‘the 5uar-d -G;r (19)

In -@uﬂ- , (19) aond (20) are switable condi -
dates -@w the comPle%on o{) the definition
of invl the are, l,.)lf\er} wWe  can show
<><,3,2) = (x“,éj",z"> with
(i) (x,j,z) l-(—19—)+ (x‘,biz’)}—g—e)—ﬁ CX",D'LZJI)

(i) (x,“j,z) L2, CX',&',Z’) NSIN (x",:j",z")
/Proog ad (i) we observe

=x" AN z=2z2"

= {(20) with X,Y,2 = x’,y',z'_?g
o= X‘-—Q.\ljl ~ 2:5'

> { (1933
X = X+22 -22 A~ z2=72

= {O»\‘ﬁebm}
true

cd (i) we observe similar)

x:)(" /\ 2(3”
{ () wﬂf?\ X, Y, 2 o= X',ﬂl,z'S
x=%x+22" A 5:1‘
= { €205
xzx-—f)zj +'ZJ A U:&

n



EWDLE4.18

= {o‘ge\om\?_{
true

(End of ’?r“oo{). )

Summarizirjﬁ) invl 1s cle—ﬁne.d \oj
C_x,j,z) —

(Q_U-X, :j"‘ 'Z+X-—j> _If ’2'-3>X AN 2+x>3
(x—‘zb > 2TXR=Y, :j> :g x> '25 NZX >\‘j
(x+22 , 2, Y-x-2) 1_€ Yd>2rx

¥
*

»

The remainin qu.esirion do be answered s how

. —\}‘233 Ff‘oo\p s, })ouoO?rhnq}e Laogier

has been in 3r]f\e construction Canvl Since
S has an odd number of” elements, Jhe existence
o() invo\uq}ons w\}h iy s'mje ]Qx oim+ 15 no b]em;
Ahe Frolo}em s} —}-]ne choice agon invi wid
COchxd' c{eg)im)riOh candl mOnajeo.\D)e r-oloer)ﬁee:.
The linearity of Hhe expressims in (14D Jhrough
(1?) mokes )rl')e —}rcms r‘mc\)r'l oNMsS 'm\fer'H]:.)e ,\»\JT?ECL\
S \;e:j nice }{) 3ou afe \nead}r:j -@r an m\}o\u_
Yion \ Yhat xpoimts can c:nb come rom (17)
and Yhat (/4) ond OS) ore dch o”\er:s inverse
\s ]@\‘tr\ obvious. But the auards are not

fl *
m:rQCu\ous

Mulualb exclusive and thair disjunclion is
nwot Yrue -(ér ecch T‘)OM)" o-f . Theat the
|a+lre.r‘ can e c.c\ﬂ,ieued \OJ T'eFlOc‘m (/4)
and (lﬁ) Via X,y - QXC]')OLf\\je b(j Cﬁ% and (2&),
well , that s, as {ar as 1 can see, \ust a hel

{:)(7 . \o}~ OF) ]uck‘ Ehoiaer' ""O see Wéj )Qf%jud'lces
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conﬁrmed, T inlrer):)re)r —Hn‘is Yuck c{' course as
the well-deserved reward Hor \fee\o'mj Hainjs as

S'tmla\e. oS }Ooss'l b ]e.
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