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The orgument obout Yhe arithmetic mean and

L4
-Hne qeomeHc. mecn , heuris}ics inc\u.dec\,
[

We consider nonemp#:j bci‘js of N non-
necokive numbers. A bag B's “arith
mean © AOM. B is deﬁnecl as one n-th oF) the

Sum OF the numbers in bcij 3;, o% baﬁ B'S

’Beome)-ric. mean %N.ZB is C\eﬁneci as +he

n-+h  roof o{) Yhe ]’Jr‘oduc} o? the numbers

" baﬁ B . An immediate consequence OF

these def)ini%ions is +that i? we MOdiﬁa the
+

eir

me}-fc

values in o ba without Chc.nginj
Sum CProduc+ , +the oLr‘i-H'\ ymetic (Seo_
metric) mean o? the bo.j remains wun-

C.lnomgecl. The +heorem to be )Oroveo\ is
(0 AMB > GMB for any B

Note. The Loy do remember which of the
two means is the Srea‘}war one  is do con-

sider a bag (wiH"\ n;?.) Yhat contains
exccHy one =zero. (End o? Note.)

* x 7

The Qrs'l- Hnin we Gsk ourselves is
i? am. B =6M. is Fossi]o\e..

Note I? not, the theorem could be
errenjﬂnened o AMDB > 81"1.'5 ; inslz)ecjfioh
ii o theorem can -l-ri\n‘allb be S+rena9-\-\nened

should be o routine motter (En oFNo%e.)
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D_;'.)E = C and W:c ,

—H’le. answer Is qﬁoirmakve: —(g)r‘ O bc‘j

Pecause

containin equc\} values, arithmetic and
Seome-}'r‘ic mean ofre bO'Jl'l"n eCtuOJ —\'O ‘H‘\a‘}‘

value and hence eo,uo\l o each other.

But this ObServc}ion (9’!\165 mus o
S-l-rong hint as how Ho compore AN
with 9]‘1.’3: we creote o bc;.s B o]c)
eclu.ql e.\eme.n'\-s, S0 -H"}oc)* e con Comlﬁa.“e_
AM.B' with GMB', but create B in
such o —ﬁls}nioﬁ that AMDB con be

reloted to AM.B' ond GMB +o GNB' .
In di.o:jrc\m

AMB' = G M.B'

ﬂne_ ekjs-[-ence op B' enables “ws —\-o e-
P\ace (O) , 1.e. —Hne. CompariSon o)p +he
d‘iﬁ?ﬁremk meons o() the same bcj, bD
Clwice) +he ComFo\r‘iscm o? tHe same

mean oF) di]@@rer& baﬁs.

We Ity the simplest Yhing , and -}::j
to ConSJ’Ct?uc" Ca 31? such ‘H’:§+ B ond fB‘
have ome o? -Hﬂe means equc.) . P\r\ai}r‘ari}j
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we choose —}rhe_ Beome}ric Mmean ]C):r‘ -chJ'

T.)(Al"‘POSQ.

Note In EWZDHZ\O? he or"iH'\me.)-ic meaoan

—nmeimy

was chosen. ( End o? Note.)

The overall struckure o? our Proo()is now

AaM. B
Z {bj virlue orp VYhe construckion o? 'B'_?[
AM. B' i
{ all elements o? B' are equal ‘o C}
{ ‘bj virfue o? the construckrion o{) :B'_Z;
SM.B

{

I

Qur femaininj 4‘&5)< 1S —\-o cons‘}*ruc)-
Cu PrOEram or:er-c«)inj on o variable o
¥JPQ bc\j with B es initial ond B’
as {%nal value. Tn order ¥o\)us¥i%

AM.B > 91‘1.3‘? we require

(1) no 55reI> increases +the sum

Tn order 4o JMS'\']@ 91"1.?)' = BMB . Wwe
recluir*e |
(2) no s)re/]:w c}\o\ng)es the )orod.uc)- .

In order 1o assure %rmincﬂ-ion, we
r‘ecluire

() each s&P decreases +he number op
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elements #c¢ b{j ot least 1

Note +thal » in view of GM.B'= GMB ond
OMB'=c , < is definecd as GMB . Lekcfo.

Ta\cinj (2) and (3) inte cccount , «
Pim)* O»FI)FOXimC?\‘}'iOF\ of) the Program s

91_9 7 Call ele@gn}s in +he bag are equ.a) Yo c)—
increase the number o elemenks =c

g b:j1 wunder invoiriance OP Yhe Proclu.c)-

e,

Incr"eas'ung -H')e humber‘ OP e‘emen')'s =C
is done b on\lj chcmging elements #c .
Pecouse q—he ’Proclu.c}" hes o remoin
constront increasmj cne element imralies
c\ecreasiﬁj onother. TFortunctel ) ecause
C s +the Seome}ric. meor OFQ -vae baj,
the presence of an element di{erent
Gcm'\ c imPl;es the existence oF on ele-
ment ot c's o})’ner side. The s%'el:)
H‘rere?ore re/Places =N )’)air‘ Cx,j) Su.clw
that < lies helween X ond % Nt
reploces +he oir (x,u) b Fhe pair
P i /e> . Note PaaP, bE X

c  was helween —H’le e\emen)s U']D 4-}16 PCW‘.

becoauwse originall

the minimum o?ﬁne pair }'1&5 been mcfeasecl.
the wmaXximum of ‘he poir hos heen decrecsed,
in short: i+ hes been a contraction, ie.

the elemenks oJ[p Yhe Pa.‘r have lecome closer
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lo each olther.

The Program now becomes

do A (all elements in the bOS ore eolu.o.] o <) =
seleck o poir (x,:j) such Mol < lies

be}‘ wjeen H’\ em;,

reP\ace this Pa’ b:j (c, x-g/c.)

&

Qur reémaoainin rooP o)oliﬁo\]-ior\ is C'\) :
we hove Yo s\wo:?o f}u:} above sle,P cloes
not increase J.—‘ne_ Sum . C'In %c)- i+
cdlecreases i) We have Yo ?i’nol o relabion

bet pseen S | B

a dhe SUum, }:)ecause we have ho show Hﬁa}‘
the sl—eP cdecreases it |

o the Proo\uc.\-, becouse the S]‘@P leaves
ik invc\rian}‘

' %e di()fe,rence, bec_ause il‘s decrease

dfs)—n‘ngw's%es -Hﬂe s}eP F)mm 'E inverse .

Th view OF) +he ]arooluc}- we are 3ro\\1osr23
about o relaHon o? the second olgsree,
in view o? }he unsijnec{ di Elerence, we
houve ks sSquare , and We come L with

(@) (x+y)" = Cxg)® + doxey ’

which is the rabbit with which EwDi4o
started. TH expresses HﬂoJ-7 @r Pos;{-f\fe X9,
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under constant Produc\-, shrinkir_xj diﬁ?er‘ence
and ‘S}Wrinkinj sum  go hand in hand.

And +this concludes our Proof o() (o) .

—

onlociq }

om SO!’T:j T_ wWas '}oo ’cu}'e n Sae‘;r:ﬁ

H":cxl' ul':;re Cin contrast Yo EWDV40) +the case
gc:O has +o be Areated SePar‘a*eb' ( End of
POLOSJ)
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