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’PH-Hno.qoreo;n ’\rip|es,_or -nne dean o?o. '}']'iecr'e,m
Ly [ ) ¥ -

This note is o bjFroduc¥ o-f lookinj ot
(o) (><+¥j)qL = CX—j)z + 4x§j

Which was wsed in EWDUZI Yo show dhat
the geome}ric mean 1S oﬁ' mos+ Yhe C\r‘H'jnme"'ic
mecn.

We are interested in %’H’IQ orean %iPIes,

e, +riples Co,b,ec) o? ositive integers
Such I’\ou} F j

(“\> et = Ct?'+\ol ,

(3,4, 5) ]De]nﬁ an exam)ole WZnown Since
Qn)—iolu\itj. jus¥' Seorc\'\in\c-) —@t‘ anocther
example = we'll Gnd sooner or |oter (5,12,13),
(1‘0—,8,175, and Per}}a]os eJen more, bt search-
'n 1s a Fqin«ﬁﬂ rocess, and +his raises
Yhe ques}ion wheaé’;er‘ +his cin  Can be

avoicled 55 gene rah n*?l

much MMmore eiddcien 'y

The onswer is " Yes , and —@rmula (o) is
the S*qpinj stone: it expresses o Square
as the Sum ofp +uo Squares , ]’Jr‘ouiclec{ >fj
is o Squarel We <an I‘eSJ'ricJ‘ ourselves

o pairs X329 that are re\onlkveb prime,

/P:j ’H\ajof‘ean -)-ri )oles
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fg)r‘ S Cammon gc-‘-or 0? > o\nc\'(j 1S

shared b:j a,b, & ¢  ond can be djvided
out . ( For instance, Lsith X’Jj = 12,3,

(0) Uie\cls
225 = 8! + ’44

bat the ']'r'lF1e (9,12,15) is not o 9recd‘-
clis cover when the smcaller /P&]—‘wa orean
“r'r)'.)\e 3,4,5) s ereo.ctj kenown fs From

C X gc_déj =1 ) ond C X.:j is o square)
we conclude dhal X and them selves
ore Squares . Subs)'il-u.-}inj X,L(j 1= )’)2, C}'z_
into  (0) Die\ds

(pr+qtd® = (prgq®)” + (2oprq)’
and hence ch b, <), 8“\'@“ bj

z

(2) Q. = "Jz—ci
]'3 = Q'F-q
c - p2+q2
P *9
1S <« /P\«j’l'l’lq&orean 'l"ri?]e. \r\fe cGn r‘es)m'c“
ourselves Yo pairs  D,q such +hat

{3e) P>q
(3b) pgedq = 1
(3c) odd. (p+q)

Cons'}fain]‘ (?)C) has been in}roduc.eo\ because
euen(\’«)—t-oﬂ leads 1o oo —\'r‘uyla CQ,b,c) with
C. CTOommon ?acﬂnr‘ OF) 2
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wWe howe achieved o lo}: —ﬁ-om (2) and (3)
one can cdeduce +"1a}- H'\e. num ber o{) /P\fj'”w.-
Sorec.n )rri)'?les LJ)'\OSQ e\emen\-s are re)o-)'ive

rime 15 unbounded, o conclusion Yhet deﬁni}e\lj
connotr he esteolblished }ij saarching. 1n that
SﬁQﬂd CS)

reSJDecl' our ener‘oﬂion )’)rocess (‘2.

s Ve‘j Fowef‘@\.

Butr F immedictel reises +the \hverse
ciueslr'! on: can each ) H\o\jor‘eQn Iri le he
Seneral-ed (2) with or wiHﬁOuf CZH

b
CUY\S}-r‘qin}':s JU)O ('D) K

We shall 4@ lo answer dhis ques)ricm l?j
cons‘iderirg e /\3%5oreaﬁ l-riPJe, Ca,b <)
ond -}'lf‘)en }";‘j'lhj ‘o So]\.l'e (2) uiewded as
—fD'loP\’\an}}he — equ&‘HCﬂ'\S im \'79‘3)

Because le 4 = o v X‘?_ V_’:J__CE'._\ZI =1
-@r ol X , noa “Pu Fhagorean Fri r)Je_
(G,)D,C) ) Cu G\nc\J bﬂore not both
Odol, i.€. Wi“ﬂou&- \OSS o eﬂer‘o\\i}

we <con asSsume @Jen.bf 3 We cﬁ:'jserve
Ahed ]02 ‘O\ﬂo{ c)z' ore  dhe yYoots o? tYhe
ecluc;}im s X

(x-}oz)- (x -sz> =0
{ arith mel-ic}
x* - CF'L—»q"')-x + ]'32%77‘ =0
= {]
x* ~ CexX + b4 =0
Yhe. roots o() which are c+ |/ct-B?
2

)
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or, becau se Ca,b,c:) \'s G /?j}l’\o\SQFQO\n
'LY"!P‘E (Cj_‘_‘(l)/z

/.Bac:&u.se O-F euen, )) , C and & )ﬁowe
the soame ]’)o‘ri]‘(j, oncd the cbove +wo
roots are ir\)reﬁer? but since we wish
4—0 equc«r}e ‘H’\em —\—o z and (37‘ " —Hne

crucial C‘L&QS"'[oﬁ 1S 1 Gre ‘H’)e(j SOtULO\FQS'?

With Fzz (C-&-a)/?_ and ciz= Ccﬂc«)/fz ,
we coan sSolve (é,r P and O], iLe. write
(ér in’reger‘ m, N, L,V

P: m-\/f_: q:n‘\/\;

7 4
w%ere W oavnd v ofa Squo\re—ﬁ”ee

—j.e. with @ch rime. oOQCcurring a}- maost
once {h 73‘5 '_ Pr'lme @Q"-or‘i ‘Zcijcrn —_

BHecause —See CQ) and euen.]o - P'q

s 'm)r(z(jer‘? \[LTV is  inte er , l.a. LV

is a sSguare ; becouse ; moreocver,
ww and V are e_ack Square -gee_ , =V
e | eliminati nﬁ \Y

P: M°V:k q:: n°\[!:L

and now we have to ensure =1
The obove velues —@r P an d q ensure
that W 1s <« Comm0n‘ \Pac)ror‘ anb,
& ¢ . TIn sherk

'Qor‘ Ontj @Jljﬂfﬁoreo\n )rri)ole. (O\—,b,c:>
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-nﬁere.
(2)

such 'Hﬂ&“ oo geq \>§C_G\C=1 >

exist in}35er P9 SQ\-rs%?nj
WKemark “The condition o 32{ [ 5_9_5{ c =1
Il

can also be {ormuleled less symmetrically,
2.9 o} g&:f b{’l or IS g_‘,-‘é CJ= 1. -
can be ____Sener‘c\\ized b.j Cmb T‘equir:‘ﬂ ‘H'IO\‘)
that cd be o 561uare , but T c}?wx')‘
think Ql"\o} o Senera\12q¥ion lo write home

about. CEndl 0? K}'?emo‘rk)

T had intended o COMF}Q}‘Q- His EwD

T ‘50’]' dis’]‘rac}ecl.

earlier N buit
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