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The heurishcs of o proof bj Jon L.O. van de
1 | ] G’
S‘nePSCLweu’r and Wichard S. Bird

From JHN 161 “A liHle Frob\em )oosec\ bj

R.S. Bird? clc_\ 1989.12.11 , L qucv)-e the statement

Of'}‘)ne Pr‘o\:)]em:
”\»Je are Siven o total {)uncl-ion C .]_l,,a.]- qus

no r‘a\ humbers +O Y)cz‘l‘ur‘o\\ number‘s, T—]- hqs

-H')e Pe.cu\iCn" ]’_‘)ro]oerb

L) < LG (0)

for all n30 . The Prab]em is 4o show dhat
() is the .Idew]‘i{'j FunCl"ton.”

Nole For Yhe Scﬂ(e o{) c.ccuraCy, Iin (D)
an did Y‘uo} wse —\')we inﬁx do']- Yo denO'l'e
%nchon GFF\'Ic:o.-]-ﬁon. ( End OF) No-}-e.)

» x
x

1+ 1S on\ nQ“'ura], ‘H\outjl'\ Suref‘ﬁuous,

o C\ﬂeck fRat +he 'nclenl-il- unction o)P
l-:)loe IN = IN Sohs-ﬁes (O)\Ej {)

Nn < N+

K it does, since

'_D' IS Tnore ir\s]‘ru.c%ve_ "]‘o ’\'\;\10'}0 c\')ec'k

that cll agjvens ore mneeded. Ce ;nb e
need O‘? , »fér it is not the case” that

any unction o€ br)e IN - N is the iden-
45}3 unc‘l'iOﬁ. Also 'H'le, cons-l-rqir\-}' —”—:a* ]P
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maps nolurals 4o naturels is not wvoid:
had W+ been intecers +o ‘W\)-eﬁer:s, -P Tven
bJ QT\ =n-1, r Q” ih}‘?ﬁei‘ n, WOMQ have
sq—hs—ﬁed (O) Tn other words, our roof)
}‘-as -\-O COH-‘-Qin Q S¥eP -H'lcﬂ' 1S Volic\ For‘ c
natural clomcxin, bur }nVG\'lcl «(ér‘ an 'lﬂ.)‘%er
one. ’.Because —“13 ha\-ur‘qls are \Ase”- ounded
Lshereas ~he integers are no‘}‘, s swee¥1j
Fea.SOf\c.\o\e -}-o Pr*oPose:

(°<> In our Proo‘? o(’
Ch = N (1

.@;r all n30 , e shall )r:j to wuse mathe-

lmo\)-ico.\ inc\uclmn over «nne na)-ura.\ numbers.

n —?:“ow'm CW), i+ would be rash bo
con clude ‘H"lg (1) hos 1o be our induc-
Lion h Po”’lesiﬁ; cComparin (0) oand ("),
we observe similarities ~ —~comparisons o

exPressims writh d‘;ﬁperen% de)o-}lns OP F)-
CLP]’JI'&C:G.'\"ICJI'\—— ond o . maior di{ference : in
-l'}\e demonslrr“o.ndum C\')) R e re\al-‘auna[
Gpero}or is = , _In the yven (0) i+ is
< . Tn view ol +the obli abion to con-
clude C—'.’G’u.cx\i{\j where ne uc\i)'fes are

8'.ven, it s swee’r\:) reasonable o Pro-
pose

C(}) \»\)e S}'}al] "l’r%ﬂ:ko Cons-}ruc“' O Finj-loonj

arsumen} in W
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Enyn and  (2)

finsn R €
both —(-)or o\\__ n20, are _de.oH' w.qu Squro}e\J_

1n choosinﬁ which G€ the obove 4wo
1o orove b(_j modhemotical induction the

choice iMmedio\k’l\j '()C\“S on (2) since
the base
foy o

1S Qn ]my)r\QC&ic\-y—e_ Cc;msec,ue.nce O{) {)% ‘lUFQ
IN—=IN. For the induckion smle/F we Froceed

f1(n+1) > n+t
= { arithmeli c}
?. (n+1) > n

< { (0}

f(?h) 2N

ond here we are sl-uc_\c, or Hhis gives us

no o Eoﬂunibﬁ 1o ovja}oea 1o the induc Hon

h\ijO'\‘ es1s nmyn . So we had bekler
back'}-r‘c\ck and look '@r Q S‘}‘F‘Oﬂjef‘ in-
c[ucc-]-‘\on \’\JFO'PGC.S’us.

Can we conclude o Stronaer base
G—om ~Hr)e ?OLCJ‘ '”'IQ"‘ —F 1S o{»; j)c-: IN-*%)N()
Well, we can toke +hat —{)c\cl- J—sel?} in order
Jo be able +o use the 9iven +hat {D Vs
oF l&Fe N—=IN , we —@rmufa)-e it without [N
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{(Vn: nyo = Cn > 0) . %)

Asked -Cor‘ which induchion )!JFo-lrhes‘ns

(4) acts as a proper bas-a, an compudtin
scienkist Yhed hcsteziamecl inv&r:?an}'s PbJ J

Cons¥an¥s b Vc-r'\a\oles w?“ come

locin
i L tHhe induc Fem Ltjr;o-]-]qesis

on = an = fn >,J> (s)

?emqu Concernin:j “we clecision '\ro rel:loce.
both O's ]D:j J ,  we Fo\n}‘ out
e induckion }\aPo”\esiS <\7{n:: n?J = fﬂ?0>
would lead do o Hivial sl—elo
e induchen hypothesis <Vh : h30 = {n> )
‘\'O G é'\gfj:)) Hﬁo} cann ot be vaedJ

leqd s

o (5) does the \)Q‘O since
X2y = <\v:) 3>J = ><>,J> ()
CET\C‘ 0? /Remark.>

There 1S & “'0"&“ cli erent feason
wh W& is  more Qﬁrc:c ve '\'O rove CS')

'\nduc}-iue or all -ann 1+ is ‘o rove
(2) inow ]‘i\f\\p @r“)cn n . TThe r‘ecfscm

It +hat CQ) .cm-l-cx?ns 4-106 'lﬂduc}'icxﬂ \IC.ridb)e

0.5 or@umen)- o CHﬂe Mn\cnowr‘\) an;ﬁon ())
whereas (5) contains e induc tion varidhble

\J in_]’)er%c}b manclaeg\ole Posi}-icms.
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The base haviﬂj been 1aken care o]p ‘3
(4), we now +urn +o the induction 54@.-}3

4o ]Or-ove (S) induch veb over () - To
—Hf\?s end loe ObServe —ﬁ;r‘ arlj ho’-ura]
N  ond J

no2 o4+
{){ c\ri-m)me-}'i < 'S
£on > |
< {) wh ni=n-1 e
{’.n )f(-ﬁ(ﬂ—l)) -@r n;1}
n>1 A .F(r(n-u)) ;J
<« { ex h P (5) wih™ n:= p(n-z)}
n>1 A .Cﬂ—lj}J
< { ex hjf.-.(s) with n:= Y'\*l}
nzt A n-1 ;J
{ j320}

N3

N

1

Thus we have dealt with P'mﬁ, i.e. ('2)

*
x *

For Foﬂﬁ Loe. obser'\fe 'H'\a‘l‘ ma‘H’)eng'fCO.]

induction over n is (C-'«S ?e}) not indicated

—
obvious, o

because 'H’le base 1S No

relate (3) 1o (0):

LAY < L2Cae)

we rewr'ale. (’5) Qs

@n < N+l ,



EWDN74-5
ie. +he given (O) hes ot both sides uf <

an {ZQPF(Ecmlkon more +han +4he demonsiran-

Sdum (3) . Now his looks uezj similar bo

monO‘]'o nicib!

The MSDLO\) (A-"C:j O\P eXFr’ESSirB 'nm::'} f

1S mono-h:nic s

vays xey s Pxafyd
which, b_‘j rla\cinj Yhe Con+ral>osi)-ive,§jie\ds

<VX,\3 W X<:j <= f)( < Cj> . (7)

Under +he cssum bem o f f’s mono-
lonicilu, }he dermon stration OF (3D is «
wotk oer:  we observe @r 0\27 n

(.)n T n
{ari%mehc:}
f.n < N+4|

<= {C?) Lith X, = Fn . h-HE

( .r\) < .CY\-H
f {?(0)} ?

true,

h

bk ‘Hﬂ‘\s Sh” }eo\ves us wiH—I *“ne obll\f-jo._
hon 4o demonstrale that F s Mmono-

Yanice. (No}e 'HnoJ* 'Hne OSSU\mPHm wWas

S&?e N -Hne Sense that the iden )‘;b

@nchon s indeed, monotonic.)
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£ on nolurals

Mono‘-onicilj 0{7 (o} @nc‘r'ton At

con be EXT)I’essec\ by '‘en expression like
(7) w}nck cluani-‘n(/i'es over <2 dummies, or

@,
<Kk (fx < ﬁ(x—w)) , (8

which quon\-iﬁes over a s'mjle dumm\j.

The loHer s usuall 4he most ccmvenien}-
rm 4o demom shrate mono-]onicf)- ; 'H")e

armer , lhich includes the consequénces

:f ¥ronsi}iv‘|):j, s Jr)ne hﬂos)- Ccmvenien)‘
oracl-eri’z_c\\-'non 1@;:‘ qu, exP\oi'}oA-icm of

monoton'ci I;j

/Rerﬂrark ’ﬂne above. Po.r‘a‘cjrnrﬂn covers O ‘S)‘un-
T‘EC\iEr}} @] ‘H")e ’in']*e\)ec.luaj baﬁﬁciﬁe

dard in
OP Pro?ezsiana\ feasoners abou‘}‘ ‘Sof‘]‘inﬁ.

CEnd of/)?emc\r‘/-)

Tn order 4o demonsircle He moneo to-
n.iml“j{)o? f , hwela- Frioui ) E«j ob ser-
v|r5 or Ej aturao

fx
A {('2_) w;Hw Nn:= Cx}

PP
< é(o) with ni= x X

{’.

X4-1) ,

which concludes loonj and  thus the
w\no\e PFOO(). '
* *

X
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jﬂN 161-2 contains Bird's roo e ong .
T is cbouwt 8 sleps lonj) u]osirzj? H'nf?“ FF)3
is 'mcreasinj rother thon Ju_ts{- monotonic.
T 'h&d no+ .Se)‘ out 4—0 simp\i@ ‘”’leir O;IZBU.-
vnerd', m\mj onl irﬂ-en}»’:on Las o rovide
-Fne— hé}uris 1c% . The 5ubsealuen+ ‘Simlgliﬁ-.

colion was o I:)eosan} surprise.

T am Src(’-e-ﬁ.«l 1o +the members o{) Hne
ATRC with whom +his }Dro\o)em has loeen
discussed and whose comments conliri-
buted +o the desi(jn OF) Yhe ohbove heuris-

-}ics.

Austin, 6@Fri| 1994

rof” dr. Ed$3er W-:Djks—]-rc\
’:De):ar}-me,n’} c,F) Com]pul-e.r‘ Sciences
The Unixfersﬂ 0() "reXas o Q(As)-?n
Pushin, TX 58712-)188
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