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'Heu.r'rsi-ics -Q;r o, COSCQ]&‘]‘FOﬂO] proof
! ¥

EdSSei' W. ':D‘a)]rsﬁ ra.-r

ﬂb&rac)‘ USihj o, Smc.”, :je'}' sumc:‘em“ SoF)vis)‘}c:c.']"te
ex::\m])\e, we show the heurishcs +4hal lead Yo o

compact and clear solubon. An imr:]fc}jr message s
that the calculodional s}t\jle has Jhe advan)cge.
-H\c.-)‘ the —@:rmo\liSn_rj_used ]')rov}c(e;; ma| Or )’Ieurjs)-ic
Suidance —@m the des:'jn D‘FD the };roc‘#

Kejwords Beurisiic.s, CQ)cu'o‘;iOnc‘I Proo)c-)s, Qrma)
Fmo]ps, roolp desgn, Proo—F deriva*]-}c,m, avoid;zj

rabbits , tormale Mani]:u]c.-li on.

T ’_'De]oo.r%menJ- o? Com]')u»}fr‘ Sciences, The un'uversib
of Texas ot Auskin, Auskia TX 78712 -1189, USH

The purpose °€ this note is 4o show a wmotivated
o\es'gn of)a caleulabonal )or*oo{) and Jo cive the
reader an QPPr‘ec;ahon —-Por the k'md o ]'\eu.ris-}—ic
Suidance thet (‘H’ie Fro})er]-ies OF) +he ‘()orma\lsrn
wsed con provide. Qur exam};]c stems 'ﬁ‘cm
the Nineteenth Tnternakonal Mathematical
Obmriad , 19??7_(“3“..27?, [O]> and has the advan)*aje
+hot wan cople have solved it dfﬁ%ren'“ . The

Yy Peop b
solution  derived here is essential Yhe one ]o:j

van de Sne,'.‘»:s‘ckeu‘*' and Bird f1]; +  hes inde)aenden-}b
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been desiﬁned b\j Misra [2].

With the netural numbers lNdeQneo( as all
in'l'esers N such +hat Of¢ n o , and usinj
an ihﬁ’x dot +o dencte -@mc‘]"aon aFF’ico.']‘ron_,

we can stote +he Fr'ob}em as -(gﬂouos:

O dotal -(L).mchon -FD +hot mGps notured numbers
do naluroal numbers has the r)rolserb +thet

f(fn) < -P(m-‘:) | (0)

—gr‘ OH no.J-u.r'cxl n . S}‘IOUO -H'\o«'}' () -l-)')e
\den*i)b @nc-l-ion. i ‘F
*

*
e

I‘}' 1S on\ Y\o.]rur"c\] 5 "H’\O(.:g\"l SL.\.Pe:“ﬁuous, -Jo
cheak "Hwa') +he iden-}ib @nc-}iorw oF; J:j]:e N— IN

sq}isﬁes (O); 'J+ does since Nn < n-1

B is more instructive Ao —lrﬁj do check that

all givens are needed. Certain we need some-

-I'}'\inj ]i](e, (o) Qr‘ not an Grctbion of'}- e
| IN-= IN s -Hwe ;’den‘}‘itj @ng}iof\, and (0) Cg?lj:c)‘)'

be weckened rmuch either because

C(Pn) Y {).(h+l)

would Ct.dmi‘)' ‘@)r f on C.onS‘)'an‘} (Linc:-}-ioq_
Olse Yhe constrain -n'w:? ]C) mops noturals
‘o noturals 1s not void: had i+ been ”'m)-fﬁers

o in}egers 0, .ﬁn = n-1 would hove been admissible.
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Tn other words, our Froo{) has ‘o coentain a s-)-ep

that 15 valid {2F the noadural domain | but not

+he imteiaer one. Since 4he naturals are we“-]%und@d
w})ereas )r\f)e ini'e:.jers are l’)o-,', i}‘ 1S Sweetlj r‘easono\lble

"lO IDI"O ‘POSQ _

Coc) In owr Pr‘oa? of
fn = N (1D

@;— all nalural n | we shal dry Yo use wmothe-

mati cal induction over +he notural numbers.

1in —{-c)))‘owiv\wj (), it would be rash Jo
conclude +that (1) has +e be our induclion
hzj]oo-"l‘lesi's TN view o{) our ololiﬁc; H on “o

conelude equalities (1) where only inequalities
(0) are gven, ik is Swee'}lj reasonable o

P}époée
((3) We shall -}s:j +o construct o Fing—})ons

ar‘gu men‘}‘ in LnJl'\'lC]V\

N < ](?n ancl ('2)
En

().n < (3)

both —@f all netural = , are dealt with
SeP&F&)‘eb.

>

Tn c}woosiry which QF) the obove “wo to

Frove b mc‘-}}nemc}icc\ 'mc\uc.:)-ioﬁ, -}'}7& choice
e% -Po\”s o C’Z) since —H\e bo.se

mmedioY
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osfo

is an immediate conseguen ce of {75/, lﬂFe N-IN .
%r —H've induc)-ion 51Le]'> we Froceed }:.j observinﬁ

N+t € ().Cnﬂ)
= {c.r-i-]-}\me)-ic, "\eac\}nﬁ j@:r (0)3
n < F?GH-J)

<« {(0)}

n < L3P

and here woe are s-lﬁuck, Because ngﬁn 1s lr-oo
weak an nducHon h I;o“'l’\es':s -}—o conclude the ‘Gs}‘
resuH rom . So we, Eod )De'H'er back-\-r’ack and

look é:' o 54:‘01?9@' induction hb}:olrke.sis.

Can we conclude o s3rr~on5er base GOM +he
\@tc} that g) is br)e NN 7 Well, we
con Joke +hot ‘YZIC‘} il‘Se\f-, n order +o make i+

amenable Yo monipule 1oNn, we eliminate +the

's;:.jmbo\ IN )D::j cOnsicler}nj -\-lqe, no}ur‘a\s as a
‘56..&}352“' df-\—lwe. inl-eﬁers Qnd -(c?::rmulcle‘e ‘qu @:J‘

that ,F s o{) l-jJ)e IN—IN as
<\7/h:: os<n = _OS:-PV’O . (<)

Asked -(;r‘ w)w':clw inducton \nj)ooﬂwesis C4>
acts as o YroFer’ base, O-n:j com]’)u-}in
scientist tha has desijned invarioants ‘25
rePlac}nj Cons*l'arJ's }::_rj \fc\r}objes win come
uF win-\ Jr\'we_ induchon Hmoonwesis
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<\‘/n::J$ﬁ %Js{?n) (5)

Concernivg -“ne decision -}o reP’o.ce bo”v D's
by +he induckon variable | R
I J
that

we FOiny‘ owt

® indwckon bFo-}Besis <Vn::J5n =3 Os-ﬁn)
would lead +o o trivie] ste

and thus I:reven"'
Yhe reguired eXFlO}‘l‘O‘hOﬂ oETO) ‘

. indwclion )l‘jFOH’es}S <\'/n:: Oosn =

| & fn)
would lead }o o sjreP }het cannot ge I)r‘ovecl

e (5) does the Jolp since
<\7/n:: h5€n>~€=<\ﬁ,n::()'$n =$J ,{‘P.n> . (6)

There is « “‘O*c\n diFFér‘e.mL rec.son w)nj i+ ois
ynore O"H‘r"ac.‘}‘ive ‘FDD

prove (5) inductivel 1@,«- all

' than i+ is 1o prove (2) incluci-jvelj el n .
4)'\& reason s *Hno&f 2) Con}‘qins Hhe induc Hon
variakle as ar:ﬁumen)‘ OF) (Hne un\(nowr\> ]@Anc,"-icm
.? , whereas (s) cOn‘\‘ains -H)e induction

variable (_) n Peq@cf;'\lj manajeab]e TDoSi)'ions.

The base \nowinj been ‘)‘a\<en care olplfﬁ

(4), we now turn }o +the inducthtion s
lo Pr'ove. (5) b mothematical induc }ion

over  § . To YHhis end we observe
«F)or any naturel N ond ()
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J-M < fn
{Gri-]-hme)-ic7 heac\}nj -F;r‘ (D)_}

()‘<Fn

<~ {(0) with ni=n-1, e
f(C(n-l)) < fn @.r 15 n}
J $-ﬁ F(n—l)) A 1gn
&= {ex }15)’30-]'})256 (5) with n:= C(ﬂ—l)}
J < C.(n—:) A 1gn
<= {ex "'lj,:o-)-]nese CS) wri th n-.= n—‘]}
J’ SN-1 A 1 <n
{ osjl

J'+1..<.n

i

I

In  view o? (5) we have 'H1us dealt with
P'mj, ie. C2) |
x . ¢

For pon —ie. Pnﬂn— we olserve Fhat
mothematical induction over N is (as be‘l*)
not indicated becawse -qu base is not
obvious., To relate (3) }o (O>

CCPAY <Pl

we rewrite (55 as

2

i.e. dhe 8iver\ (O) )ncxs at bo-n\ sides Of(

an paFP\ico\hon more 'phor\ 'Hne demon stran-
dum (3) . Now this looks ver;j similer 4o
mono-}onici‘rd } Tn -F%:c}- i+ s,

.F.r\ < N4+
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A usual Awa‘j DF ex?ressinj -Hwanl () 18
monotenic 1S -Hwo} —ﬁ:r o.rlj xv

29 = Px > (ij ;

b -}'o.\cin —Hle C.on*raj)osil-)ve, Lae 9@)’ @;r—
gﬁ‘ orcers e QH‘erho\-’-ive

”'x'%‘:} < Px < Pj (7
Under +he oLsSumI;\‘ion OF) Fsi MOno')-of‘H'Ciy,

-Pne demons%QJ';on &) (3) 'S o wa]kover‘: Lae

observe @:r Qtj notural N

N £ N

{c‘rinﬂome}-ic, heo\dirg @r‘ (7)3
f,n < "N+ |
< { (3) with x,& L= Gn, n-HS
f({)n) < {)(n—n)

{ (00}
Yrue |

\Du'}' ‘H"l'tS ‘543“ \QOVE‘S s 'uu:-“"n '}'}76 O}Dlisc\}}on
Yo demonstrate +hat ]() s monotonic. { Nole

-}'hcxlr ‘\'}\e QS‘SU\MP“%OH wios Sa@ i ~Hne Sensce
-Hf'xml ‘H')e ic\enl‘iﬂj @nc%on IS, 'lhde.eci, Mono ~

.‘|'OniC-)

T’\onok}nic}b OE a -ﬁmcl-ion f on na)ur'als
can be exrressed Yy an ex§re55}on like C?)

with 2 lA"TiVEf'SCJlj quan]"i iecd dummies, or

by

i
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(¥x ()x < f(x-n)) (8)

w‘\ic\h Clu-cm"iﬁes aver 1 c(umm—j_ —nqe ]c.'Her' Is
usmllj 'H';e moﬂ‘ convenient @rm Yo demon-
S""FG'}'C: W\ono-[-onici‘y; the —@rmer", which 'mc\x_\deg
the consequences o{) -Lmnsi*’:v'r\ly, s the wost

conveniew} c)\ctrac+erizq+ion —@r 'Hﬂe exP\oi"'a)-ion

of mono%n'sci b .

Remark “The obove PQPQBrGFh covers o Srandard
ir?jrediem‘ of"r)ﬂe intellectual baﬁﬁ?e I8 ro@s—
; ¢

=ional reasoners about Sor}-in i End o

K)Qem lofy ){‘ .)

In order ‘o demons)l'ra)re Fre mOno'\‘bnicib

o? <F) > We rove (8) \C\)j ob Ser‘virzﬁ \@r'
CmJ na‘l-ura] bt ’

< 1@ whh n= (K]
(’.(fx)

{Fonn (O) Lo'rnn Y\-.-.-_x}
f. (x+1)

which  concludes pPeng and +hus the whole
Pr‘boﬁ

A

X ¥
*

A few (i)na] remaorks . 'rirchj, had we writen
<Vn:: rneiN =2 -ﬁn 6!N>
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instead o (4'), . Siml:]e mec]\o\nicc.) routine
would no longer have su{ficed ;E:r +he jenerclizc-
tien 40 (5) . This i”us']ﬂ'mles e a.dvan"'agc oF)

QUOide sPecial nlerm'molo R nO'l‘a“'ions, or

s (such as N), iel o() bandwidth

reduction in j@ner‘a .

Sdmbo

Secondb we would like +o Poin} out that

'Hne. occurrence of’ a reducto od &losurolum
oﬁen 'ihdicc:‘l‘es ‘Hﬁa} 'l')we author }“las ]Po[:\ecl

to {formulate o con}raPosiLive , Such as (7).
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