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Li{)‘}ir_xj, orders, and the Salo}s connection

let < be +he ';nfix stbo\ —For o reletion

on sSome domain D

Le} ﬁs be unctions 0€ '}a}:)e_ De—E ——ie.
”-)O D Fr‘om E:”*- or Some domain E .

2

:De.nohnj (0% usqu, ()ur‘\c“"loﬂ &PPlicahon BJ

o ]eﬁ-QSSOC;’Q‘}ive in{’ix dot , we con _de-F)ine
in terms o? < o relation < on domain

D<«E )’J\v Cleﬁﬂiﬂj —{ér ol (35
(0) -F%ﬁ = <\7’¢_:: .Ve 53.e>

Neote dhot with = fDFK)DO'”’\ < and £ ,
(O> \Doils cdowan +o ‘Hne S‘I'cmdaf‘d deﬁnjhch

—Cor equa\ib o‘g Func}lons.

Inr'\'he 'or:ﬁon, £ is obloined b
1 -]-:r:j < /’K-) hence +he grs'# wora  in }‘Ze title

]

off s note. L';-)aina is o notolonal device

r

‘cof' reducina the number c? ex]olici%‘ qMOﬂ)"ﬁ*

cations 4o be written down.

%
"“Relatiom < is reflexive meons +hat -ﬁ:r‘

- P . R

&\\ x,b
X =Y = XSJ ~ Yysx

We howe lthe Yheorem

(£ is replexive> = (g is T‘eﬂexh’e)
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[rs
"“Relelion < is gn-hs mmg,}rig..__ means ~+hat

—@)r’ C\u X,\(j e

XSJ N D € =5 X=9
We ))cwe. -Hne ‘\'He.or-em
(S S O.n}isjmme‘}rjc) = <\2 s aanjmme}ric>,

"Relation < s dransitive

transitiv meons that {c):r all
X,9,2

YSJ VAN \'jf'z = Xs$2
Ve have the -nfleor*enq

(£ is ‘\f‘c\ns)}ive) = (’2_ Vs —}mqsi%va)

The r‘oofs. o{? Yhese Jhree liHle Ytheorems
are e to the reoder. 0 relalion +hat is
re?lexive, 0."\‘\"15 rnme)'ric., ond Jrr‘cmsilr'uve is

called o perkigl order; hence § oand I

- -

X5

:j XS& AV st
Aa Par}-ia\ order dhat is Yotal is called
o. Yoral order. WNote thoat s hein {otal

in ?g_e:e_,;'al does nNot im?l that £ Tis okl
s well, an observalion -1'20.4- Probabb ex,?)ains
wha *O'}c) orders are 1655 Po Pulo.r* -}]’\on —n\e

more Se neral orders.
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In the rest of—H'ns note we omit the no-
todional  distinetion between € and %',
alse the lotter will be denoted bg <
This no—‘rcd—icf\a\ C\nonge deoes Not introduce
omJ omb}ju;«\—éj} <'s or‘i&ino\] domain 'Dx'_D
s “extended with the distine? (TD<—-\_:_>><<’_D¢—E>.

We shall alse dcke +he |il:>er]:j of not

menl-fovwinj ranges and dowmains o
—@mclr':ons, Yhis Tin the UﬂdEFS'}'anoLQﬂj

-Hqcﬂ- in -“‘xe Clase o[—o @nc»}ior\a] ComFDSiJ‘ion
the }tuypes alwaoys ot ch
gpes aey

X
*

As looin)-ec{ ouJ-) O s]c\c-‘cial coase o]p (0) IS

(1) {?::5 = <C¥42: 425-=<3Ja>

which sh ou.]c{ be com]')c.rec\ Wl“ﬁ Leibniz's
/T%incﬁrﬂe

(2) x:b = <VF }p.x':%>

The Samme}r belwseen (1) and (2) s
})')ere

sec&uc}ive, bt mis)eac{;n pPecause
@nc}]or\

15 such o Yhin as H\e_ idEﬂ’l‘ib

— Uused "’o rov X = <=<\/ ::px=€>»
and NO suﬁq —H!\ing C:sj an ’di}lbj Qrﬁt?menf}-.

The ¢ W\me)rrb con, however, be restored

b:j Con Tm'nca Our‘se\\res -l-o unchons and



'

-}iono.} chxa osiq—i on ,

Gan

(1)
(3)
(4)

Note +4hat 4he idents
lepr—- and riSkJr-’:denp
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\acinj func%‘:ona] QEPIiCC“};Oh wi}k @nc_
Las

ich Wwe denote b:j
in{?ix o . This (tj'ne\c:b} O”Q}CBOHS o
and (2) resyecirive[ ,

£og = ver fe - gred and
xey = s fx = £oy)

) @nc}ion s both
ilrj element oF e

'gno\ojous Jfo (0) wie ]’\C:\Ie

(5) QSS = <\7/e.:: -Fo __S 8°e>

and r@,r rec.sans o-f) S\cj\rﬂ-me}ﬂ:_(j w2 would

OP course love Yo have as wall

(6) Xsy = <\vff pox < @5> ,

bot This ohb hold s )or‘o\ric:\ed +he last

univequ\ quanhgca‘hon 15 T'esq-r'tc}‘ed '\'o

monotonic f . So we sove the situa-
e

— A i o —

tion b bru

T8

5 but G).SO elecant {gr'c:e:
—Hne r‘es¥ O? ‘Hﬁis hO‘l‘e :2_]_\ -F),\nc.l-ioﬁs

are  monotonic. Nole

-
>

s

o constont -Punclr‘gon is monotonic

Yhe 'lden-"ij- @ﬂcﬂhb"‘\ s monotonic
—qu comPo‘;j;-}'}On op monodonic ,(&nc.}-icms

mono-’ror\ic.

Nole +hat as o consequence of(s)& (6):
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&) -?53 A x#\j - ﬁ:x < 9°Y ,

thot s: the res)-r}c}'\on Yo monO')‘oniC {&nc)rions
-}'ur‘ns COmPosil'ion irﬂ'o e mono-}-onfc. OFQ"‘Q-
tor. (\Aho would Fre%f‘ to wrike (F's
ontecedent cs (@ x>'<‘<5733 , \s »g?'ee Yo do

SO .

¥ X
-,¥

For wmonotonic -Fl«ﬂc:\'i ons -chd 9 - (8),
C9), and (40) are ec?ui-vc\e.n‘\‘3 -qu are ‘Hﬁf‘?&

dil‘?-()ereﬂ}“ Way s oE Seyin thet¥ the vair
(P’ﬁv férmsj wha isdk\r?o"“‘“ as @ FSCA]ois

. ”
connecTIon

(Sa) {)"3 < id and
(8 %) id < gﬁp

(9) ?"X S\kj = XSS'@& -R:r‘ all %Y
(10 ) 357@? = y°g <X for ol X,y -

\We T)rove their equivc.len(:e bf)
Y‘nu}uo\\ | m \icq+3cns. Implica‘]"iof‘s
(9) = (8a) aond (9) = (Bp) ore T:rouec&
b the ins*&n%a'\ions X, Y = S,Hd
J .
and x,b = 1d,f) 5 the ]Or*oo use

thotl =<7 is r‘eﬁexive

Tor the ! o o (38) = (9) we
resent & Fr;on f on € arcument . For pin
present & 'ping-peng o Ping
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e Ob Serwve {)of‘ Grlj X,Ltj

°oX £
= ]O{(&?)fj |
id < f’)°F A\ Pox <

= { ° monotonic, -_\-wicej

X< gefrx ~ gefox< gy
(< P

< “tronsi hive
*<9°Y |
and thus we have established dhat
(41) ()Qx Sy B X Sgey
fnws gﬁom (8) . Consider now the

o”ow‘mj 4rons€or‘mq-‘-‘;on5

=

o : XHD , Le. an '\h%f‘chc‘nﬁe o? X
and ,

R: @ , .. ajn 1ﬂ¥erchah3e o? the
o\n\‘jumen'}'s o? L
-”)Ql‘ ‘H’)e ‘\'FQAS)’DOSE o( Cu
T?or)'ic\\ order 8 again &

ga\rHQ* Or‘der‘(ir\ FO\I’"J.CU‘C\!’

~ Yransitve) .
Y ?6&3 , 1-€.an 'm)t‘er‘chanﬁe OC —F
cnd -
S: \fj , lLe. an 'm]‘er‘clmahﬁe, o{? the

&rﬁumen\'s oﬁ o - note thal
‘Hﬂe '{-\ro\ns‘rbose ( o? C. @Anc lr'u:mc\l
<o osl}'?cnr\ IS Gcain C. func~
Yem el C.c:)mPosi}non Cin Par-
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Note that the ’\rrons@r‘mc\}ims o(,@,3r>5
commute and dhal each s its ocwn

\inverse.

Pecouse <8> = C’H) ancl ’]’)’)e COW\\OiV\G.hOﬁ
(cx,@, 3,) lecves (8) wun c:)ncvnse.cl , (8D
imF\ies (1) '}*r‘qns{ér rmed bj Cex, B’B’) ;

* 3 909 = 'Pox S(j ,
bu}- an\— i s Pong! "H'ence Loe hcxve
established (8) = (9).

Becouse (8 ) => (9) and the combina-
tion ((5, 8D leaves (8) un c‘no.ﬂsed , (8)
fm?liES (9) ’\'T'ouf\S{%r mec) b.j C(B,S) '.

3 < XOF = 305 < X
but thal is '(_,10)_ ! Hence wé have
es)f‘ob\ished (®) = (10) .

Note We have not used that < is
anl—isknjmvne}-ric; So o H\is Par)- oF '\rhe
"H\eor;j ik SUufices theal < be C\ ,'T)F?-order':
e, & \"eﬁex'we_ and 'lf‘on’lsil‘i\)e I"e\al-’lch,

(Emd of Wotre)

* * X

gc\miH-ec[b _'Hne. above araument 'S ‘m\?er
han -@w" Yimes the Pmo? UF (3 = (11) ,
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the {er\lﬁ)—}\ Prouinj (8) = (9 A (10) ol d
hove required traditiemall But thal tbra-
di benal ?roo() would hede loeen repe—}i}iue)
and the '\r‘&ns@rmo\)‘lms Q,p,a., S howve

Jheir chearm.

’ﬂne above 1"10.5 been %‘ri&%erec\ b\b A
vn@e\-inj of the ETAC , ond in parti-
cular  Wim /‘\—:Ej?m'% insistence on' "the
Sjmbo\ Aynamics § Mrat Loom el eﬁql&‘e \f\im
o remember how to cdlerive (10) ﬁc’m (9).
/Fuf}herm ore 'Hﬁe Na @uence o? /\?O\c:w\c{
‘Backhouse e}l .al. is 31‘&"‘6 @‘&)j OC]Cf\ObD}E(.bed.

\r\n')er\ -—Ld]"\o.}‘ Per\'\a]t)s e ':S\qou\c\ no¥ do ~

we consider “'F‘O\nsforYno\}"\cms 0(,{3,3», 8
”Semanhccx“ MEGnifb\essh‘ \'"— could be
G.réued %039 Wwe Naud }Qus)\ed 'H'le Wolr‘lcm

o Co\lcu\o‘}'lm Yo a next \eue\ fa

abstrackion.
RAushn, 8 SeF}‘ember‘ 1994
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