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'The. Veru ﬁrs)r beqinninc,s O() [a:H-ice. -l-lqeor%
- Loy 7 v

O{? two ‘mﬁx oPe.rc.-I-ors T (uP) and ¥
("down”) e are aiuen that dhe are idemFo\'en},
‘S:.)mme)-r-‘:c . ond ossociative, ie. (in orcler)

(0) xTx=x x4 x = X%

(1) XTU =5Tx xib =y x

(2) C‘XT‘U)Tz: xT(\ﬂTz) (x&b)l,z:-xi(_th;z).
Furthermore they sabis{y he so-celled

abSof‘P'}‘\or\ l‘ules, e,

(3) xl(UTx)::x UT<XL3)=ﬂj
Trom (3) alone we can conclude

(4) X\ij = X UTX:&

/Proof The Pr‘ooF iS 195 MM)‘MQ‘ ':'mFliCc.Hon)
here we Cmb show ping, fe LHS = RHS .

9T
= 7 {LRS of (4§
Tixdy)
= > 1’_(25Lj
Y e PINY
(End Of?f‘c)oﬁ)

0

We can Mnow cL:{’ine relabieon < b_tj



EWDII92 - |

r = =
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(s) xSJ = Yy ]
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o (4), Yhe hwo de("
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cordin

S:‘uiuo\eé}-.

We observe

< X

X{Cs)}

X4 X = X
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K l,f’ _._( ‘I'x - :J
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0

]

= { ) )
) j\LX —f1><} N UJ’X -3 b mmetric .
. { Leibniz} ‘e < 15 ankisy
> | e ‘
x-‘j

REEeEM

{ C"a—) /\wﬁtz =:j

= X

XLSLe;bmz} ol o
~ i{ =% A X{ tj
x {U(’Z;} A (xia)l‘z =.><
Yy = |

: PL.e?lcmnz}
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A relehon that is  rellexive, onHSJmme.}Ti__C__,_

and transitive s called ‘e Parl-x‘o.\ order”;
n Fro duced

we ocan Sumrmac.ri2e "‘rlna.-}' < , s
c.‘oove.) s o Far}-ic.\ order.
* >

>

Let ws sl*ar* with a —}albulo. rase. ot
Yhe other s}cle.._"_O() relabien €  we are
Siver\

(6) Xzb = XSJ AN J IxX le. ¥
s reﬁexive cand Om}-isj MMQ}T‘SC 5

() %r‘ ol x> Y the equ\o.}icm‘s

w: {V2: 25w = z§X/\2$3>

()
W <V2:: W2 = >

(7b)

x T2 /\352/

are solveble.

o bec'cj- in Wi ‘”'7 we 5}1 c n S‘l’_\ouo +hat —g;r'
-ﬁxec\ X9 the solution of (7o) s
We observe »g)r any h.k, x5 y

unique,
h solves (72) and Kk solves (Fe)

= { (73
{Vz: zghz 28x A zSg) A
<V?.'.: 23k = 2sXx A 2$3>
= -{Leibni:zB
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{wi)-h '2-_—_—\'1;, with z:2 k?j

=
(h<hz=hsk) A (kshzksk)
= { < is reﬁexive}
hsk A ksgh
= 1 5 is Qn\-is\cjmme)ﬁc. |
h=k , Ge. the solubon of (=)
S unique.

Teor C?b) we comclude 'Sim'\larl Hhet s
.Solu}-ion s unic’ue. \r\!e denc}‘e -};B\e solu]w'ons
bb KLb ond XTD (‘esPe.cheb , 1.e.
e nowe —@r ol x,4y,2
(8) 2z < x\\,j = 2SX A 25Y
(9) ij $2 = x<£2 N ysz

’Be%re @r‘H‘\er‘ exP\orQ}ion o? Fmper}ies
< is

of Vo ana T, we esteblish +thot <

‘ronsitive . To +his end we ob<serve

for c.rbi-\roi;j a,b, ¢

bg<ec = asgsa
{Pred. co-\c., heo\dinj »(?w‘ (9}

asc A bsc = bsge

= {(9) with x,4,2 = a,b,<§

]

<« { Leibniz
QT)‘) = b
<& { < s qnhs&mme}‘rlc}
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1 Cio) with X,Y = a,b}

I}

at™ < b

= { 9) wi]—k x,y,z RS Q,b,b%
asb A bgh

= { < is r‘eﬁexivej
agh ,

where

Go)  xlysx , xby sy, xsxTD , ysxTy
ollows -G-om (8) and (9) Loith  2:= x'}j anal
e Te ﬁex{vifj of <

Since oshb = (bSC =2 £ C) @quiva\es
ash A bsc =5 axc we have established

3
dhotr < is dronsitive as  well

Remark The wusual Freatment immedio\}‘e}j
ostulates Jhat is a PcmHa) order.

<
End o() “Wemark )

Our next parpese is o prove (o)
through (5) (,’-om (6 Inrough (10D

ad (0) We observe @r dny X,

XTX £2 {’or jlfsimilarb
{ (%

X$§2 N~ X2
{ /N IdemFo}En'}}
XL 4

I
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od (12 We observe —(2>r c\r:,j x,\\j,z
X’? L2 ¥ Simi]o.r‘
= -[3(9)3 ff J
X$z2 A 352
= -{_ a ‘.Stjmme}ri':.}
§2 N X $2
1 (9}
LJ’I‘}(_SZ

I

ad (2) We observe ior any X 4> 2, &

(xTy)M2 s u o L siwilact
= {%—7)3 v J
x'\‘j £u A 25w
{ (D}
(xsu.x\ bsu) AN 280
= § A aSsociakive
XTUu A ijsu/\'z-iuo
= { (DY .
X £ A 2 S
{ (9} 7
XT(:j’PZ) T W

)

N

od (3) e ohserve {ér ony x,:j
X‘L(U"\X) =X

< s ontis mmclﬁcz;
xL (M) s x A Xs x¥ (4Tx)
{ CIO) u-‘-)\ b:: b'r)(}
x < x$(yTx)

I

)l
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= {(8)} ond 5im{larb
XgX N XKL ’T"x o +he onﬁer‘

= i < r‘e](’]exive, 10Dy obSOr]o}-fcrn rule
Frue

ad (4) This @:“ows 'GGVV\ (3)

ad (5) \We observe —@r‘ cm:j X,“j

XsL = X
{5(10)3
X< x¢
{ ®
XX A ><$_3

{ < reﬁexiuej
X sj

Ond this concludes the demonshction
‘hot the dwo WOy s o\() in)rrocku.cinj
locH"ace:S are equ.ivc.\en;‘. Tromm Now on-
wards we %e\ gee o use (0) H\muﬁl-,
(10) inde})endenl-}j o() how Jotices have

been inFroduced.

i)

N

n

X X x

\;\Je_ s‘}\o.n now ive -)wo diﬁ%r@n*‘ roors
O-F ~H’|e W\ono"‘onfgb of T, l.e. F ‘{3

(1) Xsy = xT2 szz

/Proofg Tn  view O() (9) we \”ewf‘i)'e 'H)e.
c:onsec[uen% o€ () as
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<V 31‘1 s = xT= 6u>

and observe -chr' any X349, 2,0 such Hhat X-Sj

Tz s«
_ 9 O
(9..<_u. A 25
= i XS':j $ 4roms;hve}

= § (N7
xT2 s«

C Engdl OF r?roo? 9)

"Proof;B Here we “ackle the cgnsequem}'
oureclzuj; and o\oserve. @r an:j x,g,z

xT2 € \j'}z
{ (5D}
(x']‘z)T(tﬂz) =t)'T2
‘E'No CO\\CLA\us‘ o such s GS‘Social"fol‘lj °€>15
(x’]‘to)'rz -_-31"2.
<= { Lei)omz}

S

X §

¥
( End OF’ /-])’"00? ’3)

T think 1 Pre@r rrooF:B, Frobc..\o\a?

beccuse n]- dees not cePend on ntermediale

resulls  de enc\fnj mono}onico\“\j on Some
o() 4)-\eir‘ suBexFreﬁsims.

h

]
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inYrockuetion  \Wwith

We conclude this short
(half of ) the proof of
(1 dishribules overd ) = (U distributes over T)
We prove \oinj b\j o\oserviﬁj {f;r- any  X,9,2

(xlf_(j) T (xdz)

= T over J,S
((xJo:L)Tx) \ ((x¢j_)12)

a Sof]o)"loh , T oover L

x4 (xTz)d (31'2.)

= { obsorphion 3

X 4 C&Tz) .

NO'H‘\Mj in Hje_______ctbove is new. This EWD
)’)G-S be?n WT'I'H'?n or m:) shden}s to

correct an error in \&st weelk's leckures .

—
p—
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