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On orcs and angles
~

For -qu scke o coch.r':son 1 ska” Sive.

Pr‘e.Sen]-a]-ions oF’ <c.|m054') the same
'H'\e.OrJ. ™+ s ahout a li"H']e corner QFJ
Euclidean 360#:2}3, re\alinﬁ the size OP
angles % fHﬂe ’en “-\ o() arcs o cif‘c‘es,

When MeGSurinj the ’enj‘n'l o suc)'u

arcs, we +4cke “+he radius of the circle

as owr wunit o() )enj'H\.

I S]"\a” -ﬁrs*‘ Fl“esan‘}‘ "H‘Ie ’H’leor;z,\ as
A,

T re member it —Gom )’)&If a <en
Lemmo-. 0 wics C.loou*‘

o.nj}e s with 'Hw.ir

vertex ot C (= the
centre O() -H’xe _"c'or'c{e.)
and states thet in

(2:9. 0o

x=p = AA': 3B 3 Rso0

or ’IEQM‘ o»ng]es,eclu.o\) o‘rcs". “This 'lr)’T(’?Of‘e.m
WC.S roved wvie. 4he comaruence ARACA =
ADC ', and allows us o inhoduce Jhe
radian as uni*}'e of Qan ]e slze: —}he Siz2e
QF an onale with verk®x at C Quois
Yhe \en?ﬁ? of Jhe CorresFmd}rzj are .

This last formulation T considera re.T)hf"asinj
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og) Llemme. O ZHCF]' = fAA

lemmea | wos concesned

with the size of ZAPA’
with all +hree Fo’in}{s_'
on the circle: # shrates

LAPA = 4 AG
“The Froof i denhities o A

isosceles 4rianj!es and :
dhen establishes LACA' = 2« LAPA’

with Lemma 0, lemma 1 Jhen {anws,

;

The wmathematics s a\reqd3
SeH-in slSHb unattrackive,
{ér -J- e qr;jumeml bQSGC\ on

ﬁg,‘l 'S not 'lmmeclicﬂ'e,\lj P

licable 4o ‘ﬁ L2
/\O\:\EE T be reme%lied ]?D
Q

8'|v3n3 fH’le. analogous
Qfﬁumef\‘)' ofr G??j'l )pu} p N o
we  Gare +hen shill )c—’:ﬁ o

with -H\e otu,es}‘icm o? w)ve}ker ﬁj’\ and

ﬁg?_ cover Gn cases,

Lemme. 2 deals with the case +tha+
Jhe verltex is an c\r'b‘r‘rror‘cj )Ooinl- T
insicde or on the circle, as in gj..'i:

P S'}ca]res AQ’PB - ,/2‘ (gB -}ﬁ')
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The ch? is ij observiflg o

CAPB =<¢<B3BA'+ £BA'A
5 ” t

%
and then appluing lemma
Jwice, ‘H’er‘IPgejdun"l'
struagle with the posi-
J-ionaso]() Yhe circ\efs
cen*\-re, bu.‘]‘ do —F&ce
he ques%‘on o{) ¥V bln
culside the circle. J

'y

o4

Mb hi kschool ‘)G‘X‘\‘}Dook _§9)V€01 —Hn}s f)ro]o)em
b anﬁommj o mew Theorem  ~Lemmad-
steking Hhat Zin flg.4

LBPB = H(AB - &B) ,

and Frov'mj -))rns -}heorem Oufres}‘l (Q ain
bt) draw‘mj Yhe o..uxﬂ';o.r:j line @B) "

Q
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'ﬂ'-e, a\oove 15 noq' —}'OO saHsFocJ-c::j (f:.r [
vc\r{eb of recsons.
e émmota O aond 1 are S)Dec:ial cases o()

LemmC\. 2
. lemmoa 2 and 3 ask 4o be merﬁeo\

into o s'wzab lemm e , €9 b the introduc -
—l-ion op Some'Hninj like G ne&ah‘\re aorc.

¢ There is no Uni{?:rm, hon})}c}oria] deﬁn}-
Yion o(’ which ares have lo be cdded o

subtracted o :jield w}h’c)‘l aﬂj)e.

A closer insPec)ﬁor\ lells wus +hat the
notion o-() an omj,e , os used +thus ’f)c.r’
15 ro ba b Yoo c<rude @r‘ our Fur)ooses.
Jor 'lnS'}'GﬂCE., —H';e -]'r‘acli')ﬁcsna} c\eﬁn; Pon
a{’q circle s the locus o(’ o“ oinJ‘s

ot é'aven distance m G Given cwf'l‘)';

lemma 2 invites the ol r'nc}'avc. deﬁ‘n;‘»
jr‘wn as %e !oct_«.s o o'm)‘s «Frum wnere
c\é’;ven line Segmen-]“ is seen wnder

bu} our de )'n'll"io‘r‘\ shOu]o\ ecth ig."S
as our circle +thus defined. ” (The verti-
cal line is the

seﬁmen}' 12} ques-

bion >

—H'\e Some  4an ‘e or some'}'lf\}r,az "slce 'H')c.’)‘,
1J

Gg- S

Our nohon o‘r ”Ongje' cs used thus
-@.r is based on the notion oF) the ang!e.
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betveen o roys both

s%aang oF +the verlex =

as in QS 6 . I‘} i a ngme}ﬁc 656
.F_)mc Yon 0(7 the hwo roys that

deli neake i},

We now Ioreseml on olrernative. We don’t
know i‘\r's origina) }nvenhr(ﬁ) butr do Know
Hict no one f&s Yr‘cmohad ' yore vigorous-
l. or explored i more ex}ens?vcb an

-C Chow, X-S co, 4 D-Z Zhan Xg) “)gir"
book Machine rooé in Se.o me']'rj fo] .

r

£

We Jren*-al"nvcb call it “line anc)}e"
because ﬂ- cl550cio}'es on angle not w}-]-]q
fwo  rogs but  with two wll Tines ,
each o? Yhem extendin in both directions
+4o inﬁn?b. C'TH':S is ;ef‘lﬁc»\ < wb Ch:'::u«,
ao, X ’Zhwjﬁ sFe_ak "{) " Eu“ aﬁ‘? les f)

e denote™ i} - eoluc‘lb Ytenlta HVCJ ~ \fj
the in?’:x “ £ T 35 not a symmehic
@nqy-'.cm o( (ks Gr"ﬁwme.ﬁ‘}‘s : in 53. ? ’

/‘3 9 g7

Pfol:.o{ ancd qf)’b = (3 . In words P7{o‘
s +he omgle over w hich must be
rolated Clockuwise So s Yo moaoke if
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Par'o.\le\ do qQ - The )’D;C)’U\f‘& In {;)8?

shren 5u3325*‘5 ]‘J7‘0] + Ve = 1T
but ‘2‘ s an equoiib we s}wj” Pre,]-um Yo

lode r.

What we hove go.ined con be seen b:j
obé‘er“vinﬁ how —Hw_ no}-ion of ‘Hma Iine c.rBle
cdoes cuay with +the omomo\b sianalled 1n
ﬁg. 5 . Consicler oo aiven ]Ooin s P andl
€] and line P ”’lr*oug% P and line 9

-)'hroucﬁ}, QSud\ Hhat «@r‘ scome 33\/‘en X ,
P7‘c;\ = X . 'Hﬂe. loeus o? -H*xe. in’}er‘secl‘?an

oink o€ ,I’D andl 9 is a circle fH‘erczgk
(% Ond CQI

Tn  shork, +he Frob)em is solved b:j dis-
l-inguis%anﬁ +he end}pcinB of the ~ line
5@3men+ - e-g )2 namirls +hem cliﬁ)crenlb—
and Subﬁequen}ﬁ dis}in&uis%inﬁ ’H'\e lines
D‘P . Pair‘ Y e end]’)oin"' -H'\r‘oug)\ wlnicl—;
‘i‘lnej T)ass. 'Tge Convincinj eliﬁanca reﬁeclred
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in 65.8 1S Sl’rorlc)' evidence n oS L QF the

ok on o() H"le line Q‘?j\e.

We now burn owr cttenbion +o Fi)g.3 and

.F,',é. , and observe thal in 633 , N which
the arcs had to be added, Hhe arcs va
A B  and gom B' b B' are both in
%e C‘ockwise dif‘ec‘)'}m ) [,_)}')e.f‘eas N Q94,
where we had to take the difference OF
Hhe arc lengths | ane of the hwo —viz

g'om 9]. bo CBl'- 3065 Coun}'er‘- clockuﬂse.
This obSer'vo.!‘]on iﬁvi’res -Hve
of) Yhe vnotion OF) the directed carc, den-
"}'o\l'ivelj denoted by, P& , whose !eng'}-]ﬂ

is coanted Posil-ive(;j or neﬁa4—iveb d@peno[-
mﬁ on wlne*”ner -Hne :?*ro\\/efscz\ o{; —H'?e arc
@om P lo @& is <clockwise or not.
“Directed arcs aleis‘ have +he Pror)er}j

T = -&P
which direc)‘ion

We skl hoave ‘o decide in
ositive. We

we count +he arc }en&-#\ as P
decicle +hat when the arc vn P to R

goes in 'Hne c\ockwise directiomn | +he

value o]? P& 15 +the (positive) 1en3+h
P that ore o P R &

~
C\ochf beir‘g wohat -H’\eg ore, arcs BB
and Q'B' in ﬁg.S cre both Posﬂive,

introdu chon
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. N,
whereas arc AR in Cﬁ‘ is negcﬂ-i\m.
With Yiese conventions, Lemma 2 and
Lemma 3 become -y ‘s'nn(ﬁ\e. 'M‘)eor‘emi

Let \me. Ch in*ersec}‘ C. Cfr“cle e

oints and A . et line I Intersech

2

fc} seme circele in Fo;n}'s B and :B'

Then

(0) arb = (fB +« 6B)/2

)

T the above +there is one issuwe T
Skimmed over, _B‘:S ﬁr—s]‘ moni]pes}‘o\}-ion
s Lu;“‘\ 'H‘ae dE‘F?nI,'lon
o{? Yhe directed _ore. &

The wotaebion ’PQ

S}rcmﬁ\j suwes4s ‘het (‘

fr iven ancl C'Q
cPrecjred ore ’PQ

is def)ned bt the

end points do not

determine whether +he P
ara Fom T ole & h \S Yraversed C‘ockb\nse
or counter ¢ lockwise. To the que,slﬁcm
wl'nch dlf&C]"Oﬁ tue S\noulc\ c)noosc-: ‘H’?e

Pr‘o)oer‘ answer 13 erH"ner'". 'ﬂqe -'nwo

options dl‘?—@r‘ 27T ond we oska-
P ate -H‘la‘} r“e.o\] \;2. \ Uues ﬁ%—:rm F]’D an
rrﬂ‘e er W\M“‘erle c:f 2T COI‘I‘QS“?) N : “—o

the Same direcre arc .

Gﬁ.‘?

Trs second maﬂifey“o}ion s with the
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%rMulc}ion 0(7 'Hﬁe "]'lﬂ&‘or‘em: l‘{) ]ine a.
inkersecks o circle , there are "two Poin}‘s
og? ‘m‘}er‘sec]—ion, w%iclf\ 1S 9 cancl »Jlﬁicl‘\
A' ? The answer is again “either 't the

difference 2a makes  in Hhe sum

~~~ ~
AB + AP
,is,agam( an |'n'}‘ejer‘ mu.”-if)]e © 27T
Le. ignorable. ( Dbserve the ﬁgllow:qﬁ
colcuYabion, e i+ writen down with
sSome., Notak o«qal l cence;
AB + OB

i

{ PQ = -&P)
(B +BB) + ((?B' +~ BB
{/P?Q + @R = PR]
A% - A'B . )

Tts -”'\'urd mgn}?esq-c.‘h on 1S with ‘Hne
de\(-?in})r'lon o? -H‘te ]iﬂa O«nﬁxe: n ‘F‘t&?
e deﬁned P #q Yo be equ.a] Yo o,
'qu CLOC\(LJ': se rol-o.}-] onN ,G-om 4—0 c' .
But the alternakive would [\Jﬂaue been
o Counter- clockisise r‘oJch-‘uon aver B '
or, ec‘uiva}e.n]'}-«j) o clockwise ro%-c:\’ri on
over -8 We observe TT-(3 = o , in
8ener‘o\: r‘ea] \m\ues “’1(::5‘ di &ér- b an

in%—eﬁer‘ mu”"lFle of < l”e)F\"esen)- }\e Same
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line onﬁle. With directed cres bein deﬁnea(

wp o malk les""";,? 73 = —E;rmu.a. (0)
mfw wiokes ?Ferfec'}- Sense, thoanks o
lhe division bj 2 . '

RN
7 N

4."3 10

T’inan , & Sinﬁle orﬁumen‘}' +o ]‘JFOV& )emch-cx
1,2 and 3 . Let ws move , as in 6.10, x
\'me Para\e\ ‘o i}‘Sel{); +he observahon is
MYat, {r reasons 0{75 mme}rj —~and here
S mo:j be GS exf)\ic«‘ as You like - the
one foin}- of ntersechon mowves in the
coun er~clockwise direcH on eXQc}'b GS 'Fé‘d“
as '\4’16 o-H’)er Poin]ﬁ' OC in}'er‘Sec}-'lovw cloes in
the cloc\'\'w‘sse direchon. Hence, i? we
move the line Fair (e, b) Por&llel o it
5@[?, Y)g‘]‘ onl a#Ab s COﬂS‘)‘Qﬂ]“) N
olso B 4 & . Henece, ’f (o) holds
Yo beah-\ with -eg. when (C\,b) in}er‘Secl- in
C — , (O) cenhnues ‘!'O ho\c\ (CRS lonﬁ S



EVvynssz-10

bo”\ \mes in’rer‘sec)- -Hne c‘ur‘c.le..
x *-
¥

Having seen the. allernctive, the reader
should teclize hows | clum sj & 'Hneor:j
T learned when T was éjDu-ﬁSZ wh en
u_sin:j Lemma 2 omc(/or- Lemme. 3 , one
eitherr has +to show +hot Yhe intersechon
Foin}- lies inside/ocﬁ'sicle. ‘he circle, or

one hos to moke o case ana\jsis.

The Foirﬂ' T wanted to mcxke is ‘H‘)o.)‘
in deg:'&f\iﬂj O ma*l'}‘:emc\‘)'ico.\ "H’)eor:jt“ne
choice 0(7 conce 4‘,7 ond de\@nihcms s
crucial. T -quuakt 'Hni,s Was a Ve nice
and sim]o\e exc«m}:‘e wiﬂ'\ which drive
Hhe message home. <omehow . this note
jo} \cmaer than 1 had QX]’JQ-C}‘eo\.

EO] g Mcsc\'\}ne /Pr'oOFs in 960 me.l‘ra !
Chou, Xiao-S\nc\n SQO,Jinﬁ-zhoﬂj Zhanj,
World Sc)eni-iﬁc /?ub\is\—\inj Co, Dingapore, 19%
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