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a ‘}er‘mino.Jl‘i on_argurm ent

. I
Consider « C‘jC\tC C\rf‘anﬁ%men‘}' oi— a

set OF 'm“‘eser‘ variables. {-\nj ]oa€r~ %Y
o{? +hese vor{o})les such 4thet %X is Yhe.
cloek wise ﬂela)'\\go“r oF Y enobles a “raove
W x <y - the wmove +hen consists o? ad c\ir:ﬁ
1 Yo x and Sub-}r"acl*‘anﬁ i )@om 9. l.e.

in Suo\rdecl-cornmand no“‘a'}ion

(o X(':j —» x”-j 1= X+, ':j-]

We leave -(c)ar Me reader o Frove

ey,

(W (no move is Possible) =
(Qn \!oria\oles }nve -Hne same \Jolue)

A 3ome consists of on 'miHa\iZQI-ion o?
the wvariables, ollowed b& a sequenceg ©
moves wuntil no move s ossib]e. Since
o move leaves Yhe number o? variables
and Q]SO Yhe Sum OP -Hneir‘ values un-
we Conc\‘uc‘te

C“\o\ﬂ'ﬁed,
(2) in a goame, the aveic ge o?-’-%e

values is constant.

CIn Fass’mg we note thet i? +his
is not an integer, the game

Q\Je rage '
-Hvereﬁ?r-e -G:d)s Yo 'erf'mlr\o\"‘e..>
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A sligh)-lj more SOPkis}iqa'}ed Yheorem )

(3) “n Qnabled move sSooner ofr 10.}-6:"
%'OL\(»E':S \O‘ch,

/Proi{ Consicler an en C\\Ole.d move, i.e. a

Pou’r' X’j such —Hr)o.‘}' K(b ./?eorranﬁe
Yhe varichles in a 5*’!‘3103 , S‘)’ar}ing v +h

X and ending wo'ith Y bU "cu+3r§n5"

- Jhe c:jc\e between x  ancdl Y andg +hen
//5¥f‘caiﬁ¥'\'\‘en3r\3rl k. The other wmoves Phen
Cor'f'eSPOf]O\ to the Po\if‘s that arz neighbours
m —Hne 5-\-r3n5. O{? Yhose moves wnow observe
Ci) that —since each o? them moves

H—;e Cen\'f‘e Of??rouvi)rj O() -}Jne Ua\ues over a
gi)\ed amount Yowaras 9y — On]j o\égn'.}e

numer o{? them con +oke P\ace belore
(-H—,e valwes «ﬁ;rm Gn ocscending Sequence cmd)
no more o? them are Possi\ole_ , and

(i) +thal none OTP them leiges ><<j .

/
Hence ‘H'?e occurrence OF G enab)ec\ rriove

is nol be ostvponed fﬂdeﬁﬂi}‘eb. C End
ooy LT

Lookinﬁ —Fc))l" (a componen}" of) o variant
[ nc\-'on -Hﬂere S no oi_.ni‘ ) ]ookm
T+ ton, P
aF Yhe sum of “73 values since Yhat
cum 1S conskank. However, the sum S
o§7 *Hne Squa»”es o\() ‘H\e va\ues — O Dvious
PDoun ded Gcsm Delow — mia}\‘)‘ be OF) inke¥®-~
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esk. We observe ,Po;— +he C\nar'uge AS oF) S

wnder ynove (O)

AS }
{de . o S and o move (0)
Cx+10? f(g}ﬂ)" - (x"ﬁgt)
‘{ ngebr&}
Qo (X+l - ‘:j>

1l

)

2

Yhe b fs)-}-]ner‘& are o kinds OAF moves:
(4) x+l <H 2 Xy im ox+l, Y-l

wnder which ,5'” is decreasecl b\(j at
\eas}- 2 , and —aﬁe.~ sam}))i{)icc:\‘ion“

(s5) X+ =y - X4 1T Y, X

under which 8 remains constank:

or
5 4o decrease ., X and Y should Cliﬁper
oaF  least 2 .

For —l—be I‘Es}‘ OI{) ']'}155 no—]-e, we conkKine
our ottention Yo games such +het O\Eer
initiclizatien Yhe average o? the values
Of the variables s inéeser“)' 7()rcam (2)
we conclude that +this +then holds all
-H’;roujh Yhe game . For such a game

we <an assert

(6) i€ a move |5 vpossible, maximum
ond  minimum o\i??er Y ot least 2 .
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/PT'OOE I€ G move 15 POﬁs’tb]e — See C’l)-—
not all values are equq}, ie. +he maximum
ex ceeds -qu Over‘aﬁe, w\‘\ic}'\ exceeds -H-;e
minimam - Al +hree being in}eger', the
maximum exceeds ’H"Ie mini Mmum "D\«j at

)eas‘}' 2. CEnd o?ﬁproo@)

“From (6) we conclude

&)

i{)a rmove (S Possi\ale, sooner or ]G.’}"eb"
S 1s decreosed.

/Proo£ T:or c-.r\J ’}wo disHnet variables )’D
andl q e C)e?in e asS ”’H’\E SQ‘PQTQ)’OFS !
Yhe VQrigb\es si)fua}e.d on 'H’Te nge Ioe -

—}ween P and q °on -H')e clock wise TJ&'H'\
-gvm P ‘o q - Thanks o (6) we

Can c]noose ’P on ol Cl such -H‘\o«"

(i) P-9 22
Cii) {)or arx:J SEPOPO\}*of‘ S P)S /\_S>Cl

We observe +thot (i) and (ii) are main-

Jro(med b mowves amMon the variables
J 9

on 'n‘le COun‘-er-Clockwlse POJ-L\ Fom

‘o 4 m oy rowd  and g Moy

S]o\r\r‘nn\q,qbw?~ )j-l’)a)- s oko:j>, and alse

bj moves on \oc\ir‘s S,S o? Seqoor‘cx}ofs.

'i? there are S@Fa-“c.)‘or‘s, the moves on

s, and on q,s ore enabled hecouse
OFP (i) 3, because o? (3) sooner or
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\Q"‘Ef‘) one o -H‘lem OQCTATS, I })~ (N3 )r e
(4), ,S 'ls?decr‘ea‘sed. I? i is o }GFQDFS),
we Treduce ‘H"\e Y)u.mloer' O‘F S@T)Qf"& TS b\")
1 and restore (i) and Cii) b mouirlj
(C‘ockw]se) or q (CO“Q@}erﬁ cloc wise ) over
i Pos‘:)’icm.

"’/'r—'!ncxlb) i{] 4")6(‘6 arfe No SQPQFQ}‘OFS
le@, e wmove on the pPoir  opp S
encbled ; because o() G, this mowve is
of )fj e (<) and because ot (3), sconer

" And thus we have established Yhal P

Yhe average value is ‘uﬂ’reser‘, +the goame
Yerminares (ond such was our 90&\).

'_ﬂ/\e above h&s \Oeen LT 'H-en " rencl-io-n

Yo « Poper T hed been asked Yo Y‘e?eree.
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