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On some Vejj _J:ainarj__ Pa-H-e rns

dedicated 2o F.E.j. Kruseman Rretz

In his \C\S1L monu.scriF+ ”pl collection of) nice
robiemsl’, 3&1\ L.A. van de S’r‘lepscb'\e—u.‘} described
he -?o”owinj one-person  game . There s o
teble  with {éur‘ coins in +the Fos}Hons ﬂoer,
east, south and wesk, and Yhe P\a:je.r's cal
1S ';'O Sel‘ 4)12m o“ n 'H’le. samée orien'}-o\ ion,
e, all hecds or all tails. The Plaﬂer never
sees +the coins but will be in%r—med as soon
as he has reached his Soa\, A wmove consis¥s
OF the F)nger menl—\'on}na ohe or more
Posi lons In which the coins will then he
Yurned over; the complication is ‘”‘\a'}, rior
o each move, the toble js rotrated \93 o
mu\‘}i‘o\e o? 90°') the mu”-;‘o\e remains wun-
known +o the Plaser‘ and may vary {;’r-om
move ~O move, |

The wversion o{; the )'Jro\olem that /Ru‘}ﬁer
M.ngs-\-rq told wme oﬁer the 3rdd Tnter-
noationel Comrerence on +he Nc.'”wema}'ics o'F

/Proar*am Construction ot Kloster Irsee,
irmona  —wWhere i+ hod apparentl

8 \o:?}eo\— had been 5afﬁ'f1ec\ 52 Hhat

the P\&Jer's 900.\ had been s'\m)oli-rned +o

Circu



#
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all ecoins In o ven or'len‘l'a‘}ion, SO heads ”.
Moreover, /\?d'gef‘ had 3enera\izec\ the number
of coins Q*om 4 +to ony power o A
Senera\i'za"‘ioﬂ that  was ex%r‘eamd:j helpfu}

ion

QG
because i+ wos an irresistible invite +o
\ook -For‘ ¥ hiceb recursive solution.

There are +three reasons @r wri}-inj f”ﬁ';s
note. ’Firs}\J, when I had clesiﬁned oy
winning sl-rq+e3 , Y did not know how to
Pr‘f:_sen%-mi-“nice:lj. Secmwc[b) my solubion's
z‘orr‘ec)'nass imPied < -H\eor‘em (o? 50rl‘5)
that T did not 3e+ know how +o ]@rmulc}e
deceh-\'\3. "Fino\n\.j, Jf)’ig,«g._g m hOIDe "H‘}c\*‘
Frons E.TV. Kruseman Bretz -g whom this

note is de&icahd,. wi” C.FPrecia}-e m:je orts.
*

2

L
*

In order 40 avaid <l ambiguwity, le} us
Y
—?or mulate  +he game as o program o

which +er~mir\c~}ion hcz.s 4o ]:)e Suaraﬂ’)'eec\.

We inYroduce +he q-(j)oe BY o? bit
vectors o? length n < n2t ; in Jom‘s orBinal
Pr‘ob\eW} Nn=4 anad '}'WO CO”S"‘Gﬂ}"ﬁ ZETROS

> ?

and ONES o? | pe BY (v')‘?.. Yhe Sequence
o(J n 0Os ond the sequence o]p n 1s res-

T:echve\j), On Qrﬁumen)—s OF }(\ﬂ;e BY |

we denote the hbit-wise addilion modulo 2



EWD 2o -2

CG\SO known as h'}l‘\e Cc\rrj-\ess Sum”) ]’b Qrn
in{)ix + ; GS OmJ Sum, il' is symmeidric
and associative. Tmalb, we infroduce o

?unchon
rot: int —a(’.BV - BV)

o? whic\'\ Wwe wnowd +hat rot.i.bv s some
rotation 0? by . We have no ?ur”ner‘
know\ec{f)c how rok.i dePends on i

(\M"\'lch will cet below as wmove number>.

Thn the —Fo“owinj program ]Oioc.\«‘, the
stote o? the 4able with i#s coins s

rePresenEd b:j an initialized Slobc.\ variable

t: BV
The P\a er's 51‘:“&&33 15 rePr‘ese.n‘)'ecl b{'j a
3‘0]’301 %mchon

PS: in}'-%'Bv 5
where the 1s in  bit vector )os.i iden b
the Posi)r"lons N w"\}c]'\ -H\e. Cons Gare ’}'ur‘ned
over in the -th move,

Tn Yhe original Pr‘cblem e  ere
interested in the Yermination o?
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(0) [ vari: o inty iz
; do bt ZEROS A i‘?{- ONES —
E:= rot.i.t + ps.i Pz i+
od
]

but in Yhe rest o]p this note we d ea) with

¥/ ” .
the ’Soni)—i‘zed version

(1) IDvar iz ink; i:2
;) do £ % ZEROS -
t:= ro¥|t -;- PSJ; iz 141
od

————

1
Remark Note +hat in Simp)i@inﬁ the 3uarc{

wWwe. ho\ve Wweokened i+ 'He,nce, -l—er‘m}no\'}icm o{)
+he sanitized version (1) im lies tYerminabtion

olf’?—‘}—]ne o:—iginq) program (o). (End oF’Remark-)

“The challenge now is +o desisn such o
@nc‘—ion s dhat (’\) -\-erminoj—es

'\nc\ejer\c{crH' ' DF) ‘he inil'ioxl value Q F i'
| N, .
and inde]ﬁen clen J'b of }Wouo rot.i d@PEn ds

an 1

The purpose o{) owr next massas'er 1S
1o 6&;’:[\5;'&."'& ]{ee.'[;;nj trock oF) -\-L\e ‘tden)-;b
O? 'H'ie cCOINS So as ‘)'O ease ‘l-ra cin “\e

mﬁuence o{) o clnc.nﬁe in the initial Valwa o—? i.
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We ol')serue —)rlnc.Jr Qs f&r‘ as -}He icle.n}"}b of
lhe <coins turned ocver In @ move is con-
cerned , the e]q;'ec\- of how {é.r the +able hes
been ‘)'u.rned clockwise can czl.so be obkained

b:j }Yhe cOrresPondinj anbi- clock wise Yurn of

e oployer's move. More Precis’ab; becaw se
(i) rofction dis Fributes over bir-wise cddi-
3:‘aon

(i) 2ER0S is ixFoin)‘ of’ 08 ro)-a}ricn,onc(
Cil) we have +o u.ar‘c»n‘\‘ee ‘termination \A!)la}‘h
ever rot's def::e,nde,nc;e on its Grs* Qf‘gumefﬂh

owim Cconcerns about terminction oF) C4) are
equiva\en+ FO -H')e c.onNncerns c\bou}‘ ’\'ermina}im
of
(2) \l vari:int; 1:=1

; é_cg t £# ZEROS —

F.= t 4 r‘o}n}.qﬁs.i) 5 b= 141
od

mria—,

N,

vz, —(g:f‘ all rot , and gor all fni}‘iql Eo.
The gein of this reboril-irzj is that b makes
i+ ecasier +o SeParo-¥e Yaese two universcal
quani"‘:@cc_-]‘ions.

Consider now o -]-ermina)-in% compud-c.}ion
og (2) and let Pc be +the
of ( . "Because + is associatlive and

ZEROS has the ‘oroPer\b

\,’nc.,l velue
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w+ v = ZERCS = w=U

Loe <CGn Conc‘uc{e —Hnou}' -Hne c:arrg—\e-ss Stum o?
ro#.i‘(}:s.i) {ér 1\<i<ﬁ' eguals the initial value
O? £t . Terminahon o() (2) {ér vy }n}}ic\
value ot? ¢ s Jrl'w.s Q wivcx\\en}‘ _é s}‘oﬂ'inj
that durif"tj é’XeCuJ')on c?

(> [ veritnk, s: BV, ¢s5.= 1, ZEROS
s do i &N >
S=S ‘;" (‘O}'.'I. (PS.i) ; iz i+
od

———

i
wilh Suﬁ’?cien 5 \o.rge N , vqr'ncﬂ:){e S

succe$s3vek:j les on c\“ Fonib\e ch]ues'
}jjoe. BY . Pecause J'tj]"’e RBY COr?Fris‘es
2" disknct ua\ues,”suﬁ?cien}b \c.x:cje (%
of least 2". As we will show, we den't
need a \or:jer velue ¢ »F7or“ the rest oF this

note we choose

N= 2"

Now owur cha\\eﬂse 15 to deﬁne N-1
values  ps.i (1 5i<N) such ¥Yhat, in the
execution o? 3>, -Fér‘ any rotetion {chhon
rot , variohle & successively ‘okes on
ol iks N Possﬂo)e_ values. ?Ale s hal
.So’ve +he Pro\o\em {?:r‘ n=1  and shall
show how, @om a soluton Ps {or n,
we can construck o solubon ps’ for
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n', Prcv‘udec} n=2n . We thus solve the
Problem ,Por n  an arbi}rora Fower o]() 2

“Kemark 5’mce — Qs 41’16 reader vwo verif-—

-H'\e. T)roblem 'S U\r\.jo\vo,b]e @r Nn=3 5 + ere
is robc\blj no Foin’r N Aryin Yo be more
Gm‘r‘r}’ious. (End o{) /I?ernc‘r)c(.j) J

?

Job: rotatin o bit veckor of \Engi-}f\ 1 leaves

it unchan and in +he one ancd onlj s}
oe the a;?:uhon OP (3) . +the single byt e-z)

s inverred.

“i'%r Nn=A N=2 and ]')S'l = does ‘Hne

For 7_}“1:27‘1 . b?e BV’ ComPriseS 4"\'1(?. NI
bit wectors oF \emjﬂu n’ with N'=2"7 or
N(: Nz. Variq\aie S’ s o{) *Ejf)e ’.BVI and
r(anc\—ion ?SI: ink —4"5\11 is Yo be degned
under the \nJPoHnesi.s that ps solves the
rarob\em \th‘ bhit vectors 0? ]enj'n’\ n

Tor the purpose of) our discwussion we
infroduce variabhles L, U BV ib:clq'Hna¥

S‘:: L+ -

(where + denotes Cou)@r\o\)rion). The above
relq\'ion imr:lies '\-hod' S' de}er‘mfnes -H'\e
air Cu,v) oncd vice versa. We observe

that Hﬁs &\so ho\ds €of' s’ and “")e Pa:‘r‘



EWD (2 -?

(u-i\‘?,u) . ('T}\is OBServai—ion cc]o\x-ures “’7: core
of our solation.) In our solubion, ps s
used oF two levels, so to sFeok. At one
level — see below ot “ r‘=D¢- F,s is wsed o
Senera\'e all possible values .@;r U+ ; ot the
other level — 'see below ot “ri0’ - ps 1S used
to 3‘2"1@“&1"6‘,{:;‘ each value V'P U+ and under
InVGrian ce of i, all Possible values F;r o .
The huoo levels dhas Senero\)-e, all (u-;'-u-,u)
Pairs, e, oll s'-values. More Frecisel )

with ’l'{(q-:an-l—r-<Nz A 0g<r<N , \OS’ 'S
de@necl 103

Fs’.(c\*N-n-r) = _I_F r=0 — ZEROS + Ps-9
H. r# 0 — PS.r e ps.C

¢

We tave to check +that the rotetions in (37)
o? ba}' vecktors OF \enj-‘-h 2n can be \n)—er-
refed as rotralions o? bit vectors o?
E)en th n , so as +o make s applicable
9 . ps opp
aS Seoero.{-or ot al BV values . On +he
l[)ir's}- \evel, 'Hne. Samme)jj of U+ Vv ‘\*les
care of Hhat, on the second level +he sym-

me)—r:j of ps.c 4+ pS.T does so.

Tor the scke O{; '\Husl-rc\]-ion’ we ‘}’O\l:)u.\a‘)‘e
PS {;r small voluwes o? n in 6‘50 C‘F(\JI"
n=8 e 8'1\16, 0“1\‘7 bhe Laeginning o? +he ‘]‘Q)o}e,
w hich ha s 255 enlries.)
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N=1 Ps gr Nn=8 Iys Sr
1 ([ O A A A | 333
Q1 0§01 01 btjx
= T? s rhvrtite 999
01 . 2 011001y jxtj
Lt g1l Yy y
" J o) 0! Ot 0! fjjx
' Lo g
_4. - 99
=4 ps 9 000/ 00O/ 3x><j
Pt bj TR fjjj
:“01 ‘3’( orol 01 @1 ‘(jjx
0;:: :j‘fj FLer 1 jjy
(1 xj o0ilY QO | HXj
l b‘j FY i 1) 33
J
orol vx olLo) O} Q) f)bx
brr yy (VU g 99y
000! XX Oooo 1 | X:jj
I | 53 : '
010y YX N2 v
Ly 33 e‘\-c'
00 |1 X3
ll‘) Dj
D10 HX
S 3j

@3 0

Tn the column marked ”\’)56 we have
tchulated  the Fs-values os bit veclors 0,0

" "

\e,nj-n-\ n . Thn the column maorked gr
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we have tabulated +the corres]?ondinj ffaenera-
tors”, which are more cOmPac-\‘ characteriza-
Yons of’ PS*VC\\U\QS. .S'\'o.f‘-}"\ng with o bit
vector o? lenﬁﬂw T consisl—mj of) c sinjle
{ s We can Cons}'ruc)r onv I)S—Vc.]ue b
succesg}velj Subjec¥inj our hit vector Fo
O)'Def‘ov“iOV\ X of 4o o]':eral-ion :j:

X : double :A:s \enj-ﬂw \93 Preﬁxihj 2eros
Y double its lenj% bfj cod‘eno.}'mﬁ < CoF:j

The 3€f\@.r'o.‘)'0f‘ records in order @‘om riﬁk)‘
to le.ﬁ -Hne S€quence o() O}D@f‘c\*‘iOﬂs 'H‘na)-
consfruct +he ‘Ps~\/0~\ue. (Hence 0101010}
has Senero&or “Yyx while po001111 has
g:nero}or Xyy ) Nole +hat cach N
e Senero}or- double_s the number O?’ }s
in the bi+t vechlor.

Tor the sake o(’ COMFle}eJ\es‘s we 8iue.
o Trecursive delinition, which is c_omp\e]'eb

ana\03ows +o  thot o? ps .

Tor n=4 . 8:‘.1 = ’q-\f\e. errm 1L 5}rin ”; @r‘
n' with 1¢ qu +r < N? APJO\<1‘<£

»

gr',(q*N+r) = n_€ r=0 — X 99

] r+0 - Ye gr-

g
where Xe anad U" o\eno*-e \oregx{nﬁ by ']'lr’le.
indicatred sing\e)-on.
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The o\dvan%ﬁe OP Senercc)-or"s is that -Hue&

are mnonredundant i not euer:j bitvector s &
Ps- volwe , bub euer:j X/j - sequence is a
eneralror. r\era:l-ors, more r‘ec:iset:j, the

anclion ~ . will ke exP\orecl ’ﬁ)r- i¥s own
soke In the next section.

* *
x

The ‘}Onloulc}ed 3ener‘c\“ors Odmi}‘ an OeH‘@ﬁ—
notive in%er]-;re:} chon ., viz. os ide.n)-iffers o()
'Hle bijr‘s w\nose iNnversions 8enera¥e L,Jlﬂcﬁ

L4

is Ymown as +the IIST‘GJ Code €9 Fz)r' N=4 .

Xy 9t 9y
0

0 0 0
inverk bi} :)E? : 0 0 0 1
invert b} 3){ . 0 0 3 L
invert bi} 9y : 0 0 1 0
invert  bik Xy : 0 1 1 0
inverk i} Yy 0 1 1 1
invert bk Yyx : 0 1 0 1
invert bi} Yy 0 1 0 0
inverk ‘b‘,} KX 1 L 0
L ele. Ny

@5.1

That 1he Sra -Code ‘)‘o.ble o][) wid¥h n
and \—)eajh} N , ¢as 380@.1‘&.’\‘?:1 oJoowa,
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contains all N velues, can be demonsirated

bj showing thot any jwo entries in the
Yoble ditler.

To dhis end we degne ‘(ésr 3ener*a1rors
O*F) EC‘U.G) le.nj'}'\n C "}‘O'I‘C\l orcler < \oj
}he O}F)‘)c.iDQ‘HC order | j.e. with 7} ond CQ
8en8r‘c.+0r5 o(p ec:luua‘ )enj‘}]n
(4a) X177 < Ye ®)
(4b) X P < X Q
(4¢) b"P< U'Q

T< @
7 < Q

imom

and hNow e can ormu[a]‘@.

Lemma, 0 Tn 4he Seguence r.o
with 15\-\<J<N , the Q\Phabe i< Mminimum
o? the values in +the Sequence OCCuLrs
exach once.

” )‘.Si<()'

Troof” skebch Tn view of the recursive defini-
+ion of gr , the 1r‘f:9c>€7 s b wathem otica)
induckion on the \oengl-k of the Senerc«\-or.,
with o case anabsis in the mduction s)l'eP.

E'»-L}-,e,r sSome \jcx\ue N —W\e Sequence
starts with an x| or all values in the

sequen ce S‘\“oﬂ will;. tj

Tn the F’if‘sl‘ case , (4ad J-e]ls us +hat we
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can c:on{)me Quar Q-H-en"‘ion ‘)'O 'Hﬂe. vo.luueS OFJ
the eF)orm X+ grq ; +he q-vofues be‘m3 con -
secubive, (4h) thus reduces +he demonstrandum
@m Sr' 1o the demon strandum {ér gr

1n the second case we }Tow'e G sS€equence
o? values o? Yhe —gbf‘m :j'ﬁr‘r with consecu-
tve rmvalues; this time, () )oerférms ‘he
reduchon.
(End o? ?r‘oo{) Ske]—clx.)

Lemma O imPlieS the a\osenc,e oF) dup‘icc}'e_s
in the +toble we aenero\]“e.d @pr- the ey Code:
in the sequence of “ransitions thot (érons-ﬁrms
the one en}-rj into the other, the uniqu e
mnNimum idenHﬁes (oY ]oos'.-}-':on I N wl«icl-. one
nver sion -}-o\kes Flc:.c:e:J ond in w}wich -qu,rp_-

@re. ‘he enkries c\iﬁge.f‘.

X ¥
A

F)—F+er the obove interlude chout Yhe 9‘-&._")
Code , we return +o owur oriﬁina' robl em .
We have shown ecarlier +hat ol the s-values
generated by (3) are distnct, whatever
rotations Fsr‘ the Fs-\ra\ue.s are chosen  bul
now +he obvious challenge is 4o I‘DI’OVQ
'n\ié as wel\ n Q uJ‘O-J Qno‘%o oS )‘O O

demonstratlion OF) the absence o? duF’;CC‘-‘}’ES
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in the %ra:j Code.

To -Hﬂs encd we QSSOCiQ‘I‘e. wj“n each )
(jener*o}or i¥s ”Po.H-erns 4 and i}s &Fo\r‘i‘i'l'ion;
we discuss +he po\-H‘erns grsl-. The Fo.“'erns
are  ~he cforrcspondinj' Fs-\mlue in iFs
various robalions. For instance, Senera)-or

ijcj Bie!ds ?s-\/a\ue

001/ 001 (0,1,4,5)

and kf_"j ro}Yation the ﬁr“wer Fcu‘\'}'erns

0110 0110 (1.2,5,6)
j100 1100 (2,3,6.7)
(001100 (3,4,7,0)

Next Yo e cuch Fc.—H-ern we hove Trecorded
— numbering them in the Pc«]—\-erns From rijw-
+o \e@-— the bit Posijr}ons 0{) s 1s . The

are ol” interest bhecause , mocluto n Yheir
d;{){’érences are una?fec.)—ed 0% roteton.
Note -Hna*‘ ‘H]e PO:‘:iHons c? ﬂ\e s in -]-}'le
Psavafue are oblained ]oj Subﬁﬂl*ualinj

N t+he _Cjener‘a)-or‘ 0 @-;r X ,Qr\cl ol eaciq
y o 0O6r aa 1, and readinj the result

a5 o \oinav number. tor insjro\nce, in the
above examP\e , Sene,r‘o\)ror' :jx (jfe\cls

{s in osilions 000 {=3) , 001(=1 100(=4)
anct {01 (=5).

2
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The Par)'ihor\ QSSOCEC}C’-d wi}% Ch 3ener'o.¥or
For)-i}ions- +he bit ]:)os'l“'ions and hes as
mony cells as an associctec PaHem has
16 . Each cell contains +the values whose
binarg representcHons coincide in the 9 -
PO‘SF "Of‘s__ OF Yhe _ enercior. ,E,‘T,,,,,?"?,S,,’,T?",Fe—,
Senerg\~or va L(jielcls the. Par*i'}ion

[o.2] [1,2] [4.¢] [s,7) or

0?0 0?1 170 {171

Lemma 1 Bn cr\o':')-rarj Pa-H-ern associated
with o enerc.tor has exacty one 1 in

each cell oF -qu Por“)ﬁhon stociq¥ed wi}-)q
'H‘:GJ‘ 8ener‘c~l-or‘\

/Proof Since the number o() s in the vpotrern
s the mumb o Iy
equals the number of cells in the partition,
it su@ﬁc_es ‘o shouw +hot rno cell contains

'1“"”"0 - 1s . We show +his b demons‘)‘ra}ing
that no distance hetween” 4wo 15 iIn a
Pc»-H-e,rn eoluo):v the distance between ho
Fosi}icms n o cell oF the Fc.r\-ih on .

We wse +wo little Jheorems about ]D'mo.r:j

arithmetic 'pP notural numbers

(i) +E_€:u“m)‘ea§+-5i9ni()fcomi' 1 in +the cliﬁ?e.r‘erlce of

two S:!is’rinc% numbers occurs N o ]oos'r}'non
where one of the numbers has o 1,the other o 0
(Ei) -}wo numloers wlﬂosa ]eas‘]‘- signiﬁc_qn}~ 13
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occur  in diﬁferen-}' Posijr'nons, di?fer.

The distonce belween 4wo 1s in <
Po»'l"re,rn equq\s mOdulo N (L\)h.icl"l 15 O
”hiﬁher#?ower o{) 2) the distance behveen
two 15 in dhe s - value <€‘~q- in our lash
e.xamP]e 7-0 = (8+4)-5 Y. " The Ps_ualue
has iks is In ]oosihmf\s (,q_)‘_\ose bincm:j A -
bers ha:e-#heuf‘ 1s in +the S-Posihoans of-}be
8enera¥or‘~ From Little Yheorem (i) we conclude
What the le&S"' St n]ﬁcan‘}‘ 1 n -Hne 'bir‘nat:j
rePresen"'a)rfon o’ the distance belween o
s in o PaH‘ern OCCuUrs in o jﬁjvosil-ion OF)

‘})’)e Se,ne_r'a.bf‘.

’.B:J con_s»}ruc.)r‘uon, a cell contains .\{O»\thes_
‘Hﬂa'l‘ in b'!no‘r‘:j Or'tb cli?—?er‘ n X—'POS}‘}'iOHS
OF? the enerctor | and thus we conclude
_Q‘Om \ifte theorem () that +the least signi-
icoant ) In —qu, )o':ﬂcar:j rejaresen%c.}ion o -Hf)e
distance helhoeen Awo Pos}}.‘ons in a cel

occurs N an X-Pos)}'ion o? -H’)e jenera)'or.

Thonks 4o litte theorem (ii), the lashk

}wo COnc\usions impl:j ’H’)c\)‘ no dis¥ance
be]waeﬁ '}wo s in o I)o.‘l-}‘em equq]s -Hﬁe
distance betueen Hwo )oo-:-:'u ions in o cell

OF Jr]’\e Por\-ﬂion. CEnc\ O? /Proop)
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Lemma 2 Let Senerc.)-or' 90 boe Q}Phobel—ic_&lb

Jess ‘HﬁQn Seneml—or 91; then each Pc.‘H'er'h
associated with 1 hos an eoven nNumber orp

s in each cell o{p the Fc‘r?'»xr':o:n associated

with 90.

/_PEEEE This Pr‘oo{) is a \I‘H']e b:)‘ M oEe
c_omfa}ico}e,d because 'Hwe notion oP &l‘ohabehc
order has o be token into account. The
proof) s by mothematcal induckon over Yhe
\enﬁ“) 0(74 e Sener‘ofgbor‘s. Th base and
S%P, TP and A are bjenera}ors o{-’r)}he_ same
Xena-}Lw b ond n=2".

quse The b&se case — see <‘4G)—- are J'wo

Sener*c}ors whose \e@-mros}- characters

diﬁ?er, e, 60=><-’P and 91.—:\&po

B_j cons‘]-rucHOn, +Hhe 1s in - Fc.-H‘er‘n
cssociated with :_'J'Q can be grouped
in pairs OF s +that are N a o«r?. Rlso
b:j construc Hon, Pos"lions thet are n
qf)c.rk oCCuULr in -H'\e Same Ce“ QF) -}-He.
Porh)—ion associated sith X P “From
Vhese Ywo observations, the theorem {)o“ows
]Q:r- Yhe base case.

SJ'eP Here ~ see (45) and () = we consider
+wo Senera¥~or5 w\nose l@@--MOS)' c]nc.r‘aclrers

are equ.c‘). \With /P<Q wie clis}in\ﬁuis)ﬁ
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‘}'WO cas5es.
(i) Go =X A S1= X @,

“Potrerns associeated with X Q oare twice
as 1on3 and have +he same nNumber of Is
s those cssociated with Q and are ob-
%amed (J?Dm H’|€ \ovH‘er‘ b mDVinS Ca numbef‘

oi-’ s 1s of the right-hand side over n

laces 4o Yhe le]@m Tn dhe Fransition Gom
bo %P, each cell is doubled in size

by +okin ds5 wunion with the imecege ohb-
Ry Haking 5
‘+ained b& mov'mﬁ ';‘" owver N ’oces —]-o
the le@. COOSequ,enH(j, o Nnew Pc‘#ern has

Qs man\a 1s N G nNew CE” s some or'zs—
Cu

inal )o
Cii) 90 =j-’P A 81:3-@

Poterns associated with :j'CQ are twice
G S \onf) and have twice as man is as
those associcted with @ ond are obhained
(?om the lQH‘er‘ b e ixinﬁ each TJO\'Hern Wi)"[’)
a C o{) }}Se}f. Tn +he +ronsi7li?n {?om “V
to « 7 cell size Temains u\hchanaed but
Hieir number is doubled: each or\jina\ cell

ern had in Sowme oﬁjina\ ce”.

Spawns Hhe 1m&3§. obtained 'bﬂ mo\finj i+
over N Places to +he le@. Qjo»in e newd
Sattern has as M ang fs in a new cell

“s8 Some oriﬁinc\l Pc‘H-ern had N Some

Oi'ircj)ﬁc‘l cell.
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And thus Lemma 2 has been proved ‘@:r
Senerc}ors of orb‘|+r~o.r:) length. (End of Proofl)

Consider now o Sequence o? moves in (3),
Qccordinj o Lemma 0, +here is in that
sequence O unique wove with +the alpho-—
bel—icallﬂ smallest Senercﬁor. Now{écus on
+the parites o{) the cells oF +he ]oar-}i-\-ion
O-F) -\-Ecxf Sener'cx)*or. -Qccorc\'mﬁ to Lemma 1,
that unic]ue move changes Yhese Pori*ies)
while Qccordin3 to Lemmo 2 | all other
moves \eqve +hem unc\r‘uo\nsecl.
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