COuH‘es:j Dr. :B'nrg;-l- Schieder

This note deals with +the ’DI‘OO? o]? the
?ollowinﬁ

Theorem S’Nen are

N blue and N red points
in the Euclidean P‘c.ne such +hat no 3 them
are collinear then blue and red
be connected one-to-one b '5-)~r'o«i<9h+ line

segments such thal no Seﬁmenl-s intersect.

Poini-s can

The )’Jroofis }3& Show}rzj -}he '}'ermino\lioﬁ

of HN: ‘FcJ:»Howin m)oe¥i+iOn, oPer‘o\-}in& on ¢Gun
an"bi%":‘arilj ini?io.\ized varicble oF) -br:e
“one-to-one corresFondence behveen the given

N bklue and N red Poin}s/’:

do there are ]n-)-ersec-\-inﬁ Segmerﬂ—*s—-b
?I:P +Fwo in')-eresechng sesmen}‘s od

where +he opercr}'ion "?h g re)olaces as

illu.s'i-ra&d below +two in*&r'sec—]-ing Se&memLJ
C—]rhe SO\io\ ones ) )33 hvo non- in+ersec4-in3
Seg ments (the doMed ones ) :

We can nol conduck +he ]’Jr“oo() o? +er-
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mina+ion b:j S}'a*inﬁ that the Pll): recluces
M‘ie number oF Segmen}/segmen}' ir\'}'er.Sec_-_-n_i ..... 7
tions %r‘ i+ need not A0 so: the “dotred
sSe menlzs ma ]n)*rvocluce New> ]n)—ersechons

with other Segrnenl"s.

’rhe ?amou;s ‘}‘64‘minc.+ion o\rgumen‘}' O}DSe.rves
(i) +hot the number o-F Possib]e states is
—F{nil-e (viz. N1D) . so Yhet o real variant
-ﬁ«ncl—ion will do, and Gi) +that the ?ll]o
decreases +he sum of) the lengths O‘? the
N c.onnec-l—in3 segments (and it is here that
the noncollineari is used +o rule out

"

a)} S'oH-s o Pa-}- olo(ﬂic:a]" Coses), This ar
ument is {amous because it is also o
li+He bi} scandalous because 9? irs illicit
oﬁ(z&ire with  Yhe notion o? Euclideann dlis-
Y+once. (TF is mosi deﬁni}*e( nor & mekrric
theorem Wwe are deo)ing Wi k.)_——‘So, when
1 showed +the obove Qr‘aumen'}- in 1994 at
+he mark‘l‘ober'olor'{) Summer School, T
challenged +‘he audience 4o design o
"decent” r*oc;{J (i.e. wusin onb conce)o\*s
o? G]Q?ine Seome}-r . 'ﬁ?e cho.lle.nge Wa s
most ele Gn-}b mef Y ’:Dn’,Bir*Si}' Schieder

Cop +he”TnsJ—i‘\-ui: ﬁ.&r Informotik der Technischen
Universitat Minchen "), who constructed o

counking argument . The cha”enge is, [irsik,

o chodse Wwhat }o count and ;, secondly,
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+O desian G C.r"i.s!'-‘- czr'f'ju.men)f ‘@r‘ ‘H‘te decre.ase.

The c\nanﬁmﬁ stote oF) -Hﬁe. com]ou*a}ion
is characterized b}j the one-‘o-one corres-
Pondence, le. ki(.? the set of N Connec4in3
Sea rments. ’_Be]ow, we shall Use 'H’)e ;’I‘E‘.rm

"-SegmenV’ Yo denote the so-called open
S@men}, le. its two coloured end}pom]—s
are \:)__g_l‘ included. We shall use +he term
“line” 4o denote any a{) the N?Z fn@ni}-e
lines Hhrough 1 blue and 1 red Foinh
this set o?aNz_line_s s as ﬁxed as the

AN  coloured Poinl\s.’Fino\“ , G line and o
Seamen} are Said *o l’iﬂL?ef‘sgc:J—”tor‘ )—o
v W}')eh ‘H"le:j

g‘nve rise 4o an “jnlrer‘sec:}ion,
haove exac}\:j 1 Fom% n common.

Lemma O  TFor no line the number of”
5e3men\‘5 i+ ih}‘er“sec}'f \s increcsed }’j

Qo F}l:)')
?roof

Tor o line whose num ber og) mtersec Hons

1S Fossi]oly ncreased btio')’he ﬁ"f) we
hat

can con@‘ne our attention \i nes
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intersect at least A of Hhe Seﬁmenb cre-
ated }27 +the @:P /IQePreser\ Fotive inshan ces
are l|ine & Cintersects 1 dotred segvment)

and line o Cintersects 2 dotted Segmenh).
Bt —not Yhanks Yo Euclid, bul Hranks

to Hilbert ~ -Hne:j ecch irﬂ*e_rs’ecr}* as mony
solid Seﬁmen)rs) so the éﬂip does nol

increase +heir numlber o inter sec Hons .

(Enc\ og/}proof.)

Lemma 1 “For two \ines, the number o?

-Seicjmen}s intersected 15 decreased 193 1.

/Proo) Line C’Bo,'h’o.) loses its interseckom
woith 5?3m-€n+ C’BLKP?) , which O\iSQPI)eGFS{
and infersects neiH—\er‘ o? Yhe new segp
ments. Simifo\rl\j g):r* line CﬁB‘lﬂ?O

- (End o(g /PPOOF-)

Trom +he lemmata we conclude that
each FLP decreases the number o? \Sne/
Seoment 1‘n¥e.r'sec§-ion5,, ancl this concludes
Bir ‘J]‘ < i a ! : ‘l~i - m n}*.

*3 C e*e s Coun*nﬁ ar‘Su e

X
1 Posecl the grob]Em Jro ‘Hne _ruesc{? Q@en

noon Clubs in indhoven and gus%in3 oth

solved +he )oro)o)em. A+ the ETAC, we then in-
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Ves}-igai-ed how the case o.no\\:j sis could be
reduced, and how the Qr‘Sumen‘l‘ that i+ is
exhaus'\-ive (_ou.\d be SlmPli@ed. C‘ﬂne c\r‘gu-—
ment as given obove, \nowever‘, was designed
later.) At the RATAC, we a@erwords looked
@:r‘ heuristics -)'\m::} would have led ‘o -H'\e
idec. O]P coun-knj Segmerﬁ/\ine Inter sec tons.
n re.*-r‘os’:e.c+ we could moake all sorbso
exP}qnaer arnd L‘)ush%inj r‘emc\rks, oea t
none o? Yhem codld Tn hones\}) be dressed
u-]') as heuris+tic Princilo\e.

The COun‘}'inj &r‘swrv)e,rwL Onno:js me because
MU ”Pr‘oofﬂ o lLemma O relies so heavi\v on
that Pcﬂ- © geomeh;j with whose axio-
motH 2arion T om so un-fjam'lliar: T know
Euclid's axioms, but -F)or c Pr‘oo{) oF"
lLemmo. O -}hej don't Sugﬁce.
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