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Points in the plane

This note s neot e.xPecJ-ed Jo contain an 1Z(C]
mathemat cal resulbs, has been wiritten ﬁn’
qrckiva) Pu-r]coses. For o \rarig o() reacsons T
started earlie.r Yhis Semester with the sjruolj a]()
Hilbert's “ Toundations op Seoma} * One reascm
LGs m;j Srow‘urj disthsfachon with Yhe incom-
lete Fuclideanr aXxioma 'Jzt-.ml}on 7 crew u—]') w':‘qu

wanked to know how +thal could be mended.
A more 'sm])or-‘ar\'} feassn was m ex}‘;ecl-a-
Hon op concepiua) and notaliona C}‘pq”el"zjes
OF (oY Possibb diﬁ’erenl' kind than 1T had wmet
in dhe last ear. Tina\lj T hored theat dhese
exercises ‘would ‘]‘ervide. me with Jhe ,_y)ofg,‘-lui__
nib o{’ exP]orin3 new sb)es oF) Froof presenta -
-l-ion; F.‘ inS‘l-anc:e, wkile T was Cer‘*aif\m 'Hnal-
voriobles op bpe ”Foin}' would he uséd al)
over Jhe P\Gce,T did notr know whether ex-
oressions 01() that -bpe. would enter the Ficbre

(i_n 'Jr‘acl-}:onc.\ '}ex}s on jeome'lrj -Hwij cer‘)'ainb
don't).

1T was SurFrised Yo see thot Hilbert's text
was So icl-or'sa!, and oF) course 1 aid not
like +hgl because the Ficlure does not show
lhe extent to which it s ouers]:ecif?;c. T s

also very verbal (which made it cmno_\t:{iﬂ_cj bo

howe Yo moke do with an Enj\}sl. trons czlicn):
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-ﬁ:}f‘ ins}aﬂce, i+ \"lc.cl not euen o (c)armo;! ex]’Jr’ess‘;on
—~ say "P on m” ~ Jo state thet Fo;n+ P lies
on line m . Q@er O ﬁua weeks Lwith H}'\Der}
1 Yurned Yo Coxeter's equc.\l\j ictorial " Tn.
Yroduekion to eomet ”,_ Here " Cabe)’ was
used 4o express that the three Foin}’s a,b,c
were distine} on Co)l'mec:f‘, with ) behw een

a  and e . “TThe other difﬁgrence Wos 'H’\o.)',
while  Hilbert immedicx?elj starks  with ]oo;rﬂ‘s,
lines, and planes, Coxeter showed an axiomaliza.
Jrion that {&r o lon Fme Men}'}onec\ oints on\_ly.
(He seemed to {é”om Veblen and “T2ano; all that
work 15 now & cenbury old. and i+ 1s a Soberifj
‘H’loujh} that in » sludent days not even their
names had Pene-)-rc.*ed into  4the C'urr'lcu\um.)
T was this loaHer dext thot insPirec{ me to
yestrch \m‘jselg) to begih with  to variebles
ox-o ):j)':e "']:'cﬁn*"r ‘

> ¥
*

We obviousb H&ve -‘o expr‘ess '“'\e ‘Fumda-
mental notion OC Conineo.r‘ib o() Po'urd‘s , and
we shall inktroduce the boo\ean {&ﬂc}'ion "cal”
—@r thet Pur}')ose , but Hhe {i)rs}‘ gues bion +hat
Ef“e.Sen}-s il—sel? is what }Jpe o() Grgum ent

= CL\OUSQ :

® C sel- o? Fo]n]'s. Nr]—h #S denotin 'Hwe
mrdinali}j of) the set S , we wodld have
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T‘e-’cc]'ions like
(0) #Ss2 = co.S

(1) col. S A ca T A #CENTYY2Z = col (SuT)
(2) SeT = (col.S « colT)

® uncordered 4ri]>)es o{’ Po'm'}s. With (x,:j,z)
denobng Yhe wnordered "rri)ole, Yhe essence

OF (0) would be ccplured b:j
(3) col. Cx,x,b)

)
collineaﬁb would no ’onjer }:se deﬁnec\ on

‘\%e em]ob Se}'. “The cmdoa o€ C’\\ wou ld be
(4) col.(p,q,x) A col.(P,c{,U) A P#g = col.(pxy) .

s PfECfsel:.j this ”-—lr‘c.ns',l-ivib” that  makes i}
?ossib\e 4o -(c):cu,s on ‘l"riples -(:;,—- ‘H’le @r\c\q-
mental Concery]-. BA| m:.-:)'or drawbeack s the

OJ’JSenC@ o? C. Canonfca] FQFFQSEA+G)'30h r(r.)ar'
the wunordered +rr])\e.

® ordered "]T':Ples o? Foin*‘s. “he 'F)GC" thet
Qs -?o.r QS collineari b IS cencerned, —H'oe
order S ?rre\eVQm‘ }‘nas how +o be éx -

ressed as proper col . With (x,q,2)
Eeno%nj -}l‘le c:‘r;ergjd :fple  we have nguo

(5> col.(x,y,2) = col.{y,x,2); col.(xy,2) z—:cé\.(xg.y)
e Jhe curried Version o‘p the previeus, in shead

°F col.(x,4,2) , ene now writes, with the infAx
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dot clenoiinj |e@-a550c:al-ive AP\.tnC\'ion czf:p\icq-

%Oﬁ : ) CO' . X.g.?.

The last version has +the c.dvc.n""c.ﬁe that it
does nNot inlroduce o  new (}f‘&umer\?L + pe

col's -,-J]oe is PoPaPs B . (N ese

4‘3?e—-@rmc\}ion QFrows are r]g}ﬁ-QSSocio}ive.)

For in I'e"rosPec}' Frobab’.:j not ver:j CONVINCA
in reasens 1 did wnel cuen 4ru +he ﬁrs*
PoSsibf|fly, 1 -@ar‘eal Yhe burden o ho.u}r‘;j ‘o
dis'}inﬁuis)\ be-]-ween N Po?n‘} and “the
sinelelon se} corr‘-o‘in‘mﬁ that 'Po'm% as ks
e element. “The secnd oss‘a\oihb Y re-
Jec ec beco.u.se a? m\j uﬂ—{-or'-}‘ur'lo.}t e€xperience
wi”\ unorderecd Pc«ira_._ Yoo o@-en T ound
”bse\F —(acec\ with the need o? intoducin
arbilrar names 'for* ‘the one’ and "the other”,
With Jhe ordered l-r.‘]ales T did mony exper -
ments, but the Farenfnﬂeses diol not reqlly
contribute. Nelly van gas%mn Yold e of’ her
?r‘e?erence —(ér the curried version, and 1
Prink T agree because i+ does not reguire

& new l—yr:e.

Our »Grs'}‘ GXiom s}c.‘l'es' 'H'*.c:*}' #\e_ order o?
the, argumen}s o? col does notF  malter.

(6) <\/x,3,z:: co\.x.x‘j.z
N col. X.b.z

Col. lj.)(.'Z.

co).x.z.b ,}

n H
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'H're -)'wo Value-Pfeservin FErmu}'aHuns )"\avinj been

chosern in such a way Yhat the remainin ones
H L)

rf;o)lcuo. So we conclude

(.7) co\.x.b.z ) invariant under qn:J Permul-c.hcm
oF) il-s &rgumen)‘.s . o



