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Coaleulelional proo() c\esiqn; an exTJer'imen‘,‘
! T 7 T

Tn Yhis note, cll variables are —at least

to ]oeg'm with ~ QP 411& Same , Qs‘je‘} cmon:jmous
{jpe_ There are +4wo Fredic.:}-e.s, tri

col

Gﬂd

on wnordered '}ri’oles, e. {ér all o8,
'-}-r'a.cx.[a_r = 4ri.p.r.o<
-h‘i.o{,@_)n = +)"’3.X’.P.°‘(
col.a.p.\r = col.@.bf.m
c:o,-cx.?.)» = co}.r.@.cx

These Predica}es S&‘l‘iS‘SB A -?e‘.a laws
which T shall introduce when T need +hem.

(Whether dhese laws ore axioms or +theorems
\s curren’rb irrelevant. )

We would like o desijn C. Pr'oo-‘-? of Yhe
“Theorem Let P>9>% S _sccl'i:';%
)] ‘]‘ri.P.q.r AN '\ri.q.r.s N -‘}ri.f'.S.P A “‘r‘i.S.P-Ci

)
let x,y,z ScJ-iSG in Some order equa“rions
(1) X

L=

CO).P.q.C’( 7~ Co].f’.s.o(
Col.P.l“.'!X ~ col.o'.s.o{

co\.P.s.oc A col.q.r. o

+hen +ri.x.3.z holds .

3

r

}

( End of) Theorem.)
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Remark Since +he demn onstrandum %,9,2 1S

$J mmetric  in X,4,4  , We Ccon Pos-}r)one
the choice which of Yhegse three solves
w}'licl"\ O? pﬂé"eo’ua)rioﬂs’ EDN (Eno\ o? ’Remc-r‘k-)

So we need o low that cllows ws Yo
conclude  Ari , ond T Sive yeu one such
Vaw : -@:r all O(,(S,bf, Y

(2) cx;é[b A col.w.f}.aﬂ /\—\-ri.tx.y.g = '}ri.cx.gB.S

Kemark QH’)\ouﬁh col and A are ?f‘e'dicc;;]‘es
on uhordered *rip\es, 1 {éund i+ —in order
Yo come +o grips with  the ”sambol dynomics
essenkicl Yo choose c:c;.rep.,‘\lg1 how o@rmu-
late ('2)| and Yo shick 4—0’/'}‘}?0}“ @rmu)a‘}'ion.
WithouF Yhat disc‘:P\ine, Tjo}- Yoteal con-
(ﬁsed. Notice (i) that i+ i35 the lefF- mos}
c.r‘gumerr)' X thot occurs 1 all 4 Q}oms,
and (i) +hat the occurrence oP g.,b»,g in
'\')'TE \as}- 3 Q')‘OMS reﬁec’fs =% ’)‘Fansi}ivi}j

struckure. ( End 0(7 Remerk, )

The Firs% %ﬁn‘j we are 3oin +o do S
to desian ouUr a}:»]oeals to (2 . which
cllocws ws Yo coneclude w©ne i @-om
ancther. Tn order Yo carry out aur
anljs':s Cwe  <all P, s our “sources
and X,tj,'z our qarge}s# —in -U'\i.s C‘on}-ex)-

Y
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meaninj)es.s '\de.n)‘}p'ers_. i

We now note thed

(id oL demor‘ss“‘ro.ndum s o dri on 3
)ro.r'ﬁe!‘s C \UFe 'TTT)

(i) we are onb given - see (o)~ Ari-atoms
on 3 sSources (’fmoe SSS_)

(i7i) the YIwo IFri-ctoms in (an\'eceden)‘ and

Consequen} of)) (2) hove 2 araumen}'s m

coMrnQn.

’n')esg o}bse.f‘Vc\}'lonj impb -Ihq-}- we need

intermedicate ri-atoms o() ‘rjfxgs TSS and
TTS , ie. at least Yhree oppea.ls to (2) .

An c.moec.\ Yo (20 with dri. . B.o of
1‘(7]3& TTT ancl }ri.o\'.r.a
would have in the antecedent col.or.B.y of
\:jf)e TVsS | whereas the omly 3'|ver-, col -
atoms ~—see (W)~ are og) Jr:jr.»e ST . TThet

s o roblem, bul Since we are 8iven no
o} C‘.o]-a‘]’Om » -\rhe Cnn[

Ly & conc\ud'mj >

‘“ﬂiﬂj we carm do S ‘o os)‘u)c-l‘e . Vo
miniTnize  our commitmen ., we introduce
& new variable t . which could be
‘nei“xer‘ soufrce nor +or3e)‘. 1ns+on¥ia¥irlj
(2)  with

(3D “"B"T’ & = X,LJ,‘E,'Z

we 3e+
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(© X#y A col.x.y.t A }rix.t.z %’ri.x.ﬁ.z

In ins}ar\')-iahon C?ﬂ, comPonen}' B,,-:l: s
essen}io\; how X,49,2 hove heen distributed

over o3, 8 s irrelevank.

Owur next c.]opeal Yo (2) has 1o conclude
tri.x.b.2  and in view o{)our joo‘l of us'mj (O),

2

i, Y- S should be o() '}Jpe TTS. This
Se‘H"es ‘B:zt and , {?:r‘ ol Sowlce cl"\cosiﬂj

P Saj > Y:=EP - Yor the other *two, we have
to choose helveen & 1= X, ond =, 8:=2,%X .
We choose +he loatrer —and shall say in
o% momen‘} ul’\ — and  oblain with ‘mg

hon ‘Fom D
(s) =8,y § .= 2,¢,p,x
(6) 24t A colztp A +izpx iz box .

ontia~

Remark aps -H-.;s ‘S}'aﬁe‘ ‘\'}12 choice beduieen
Of,S:::- X,2 and X, := Z,X 1% wided b
the -(gljowinﬂ con s';der‘o.’l"l on . o the gﬂo)ce
mode we mus-i \qoloe —~ See (2> and (4>-

Yhet auxi\io.r\(j t can be chosen so as
-i-p s:ﬁis%
(75 col.x. gt A c:ol.z.t.P ,

a. ‘S—Var'lo.B\e \"e{cﬁ-iorw , G or b .G*om the SPe—-
c.i{-) variables  involved o(f +he —F&mi'iar‘ s}qa)ae
off equc\)': ons (1), Thanks 4o laws nok men-
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tioned zje*,-’f‘ne rejected clternative has unac-
ce '}‘aua con-Ser:,u.ehc.es.

For the instaniiation o() with o source
we were -g*ee— do  selech P s note that (0)

and (1) are symmerric in P9, 75 . CE nd
O? /Remark) c‘j

Ouwr ‘H’lir‘d GP,Oeal ‘o C2) should conclucle
l'rn‘.'Z..P.X and hnow ‘h"i.oc.}n.cs should bhe

o? "UPe TSS | e Y hes Yo be ins+an+io+ec|
wit o nex} source ._Sa:j cl T we afre frec.—-
and [ with a ")-ar;ﬁe’r-, more Frecisgl with
erther X or 2 . In view of (1), we

want colleBy do be of lype SST, and
with P a ')E.rge", we coni\u‘?je thetdr
S)‘aou\d be iﬂs}&n“c}eo\ wt'n-\ sSowuflce )'D
We \nope thot the choice hehoeen R,8:22,x
and B,%:= Xx,2 does nok Ynal\}er‘, and
with  instantialion

(8) O"PJJIY’ S = P,?( q",z,,
we obrain E?'om (2)
Q) p#2 A colpxg A tripqz S tripxz

The occurrence of? CO'-P.X.G. makes ws
decide thar x salis% Hhe Gr‘s)- eque tion
-o€ (1)y hence

(10) co\.]‘).q.x A col.r.s.x
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Our Cinc-] arJPwl to (2) should conclude
\'ri.P.q.‘z @-om , Say }ri.P.q.f‘ . For the
ins:\‘mh]-ia-hon 4—}1;‘; - sellles Q,r =2, r :
we skl have Yo choose helween x,8:= P»q
and o, 8 := PP - We \noloe that the choice
does not wmater and doke Yhe \atrer:
with  Yhe initiation

C113 m,ﬁ,r,g:: q’z’r’P
we obtain ()mm C2)

(2) 9q#2 A col.g.2.v A tri.q.r.p = Yi.q.2p,

and Hhe occurrence o? col. 9.2.v wm okes
us cdecide that 2 satis ?ies the Yhird
equ.a)'icm o? (4) LN Suw\marj C‘() s

r‘ep\c\cec\ bj ~ see (10) -

(13) col.P.q.x AN col.rs.x

CO\'P'T'D A col.q.s;j

c.o\.p.s.'z. A c.ol.q.r. z

-Havinj deolt with the tri-cloms anda
the ensuing col-aloms  we are le]@- worth
the obliga‘;im Yo show
- ® #j C Gom C4>)

s 2 4+ & C @om (6))
» P #2 C (’mm (9)
. q#z2 ( from C42))

bu-l-, So ?ar, e Hc\ve no coq_fj o? Ccmc\uclirla
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e d'u??erence. %rkuna}-eb, there is o law
a\\owiﬂj ws Yo cdo =so:

(14) co\.o{.ﬁ.rﬁ _—l—rri.{‘},r.s S x#§

We deal Wi'“'\ 'H'le. las)- '\‘wo remo\ininj
o‘v\iﬁohons Firs)-:

® q:{:'z

< {(14) with d,g,r,g L= Z,S,)o,cl?]
col.z.5.p A ti.s.p.q
= { (3; (o)}

krue

® P,ez
< $Q) with o, B,7,8 = 2,9, P3
c.o\.z.q.r‘ A l-ri.q.r.p
= {3, (o

brue

“The aboue are 4\»0 ‘ms*ances c)? '\\ﬂe

ener‘a\ -H'-eorem 'HnoJ‘ On:j Source dif‘éf‘s
%-mn Qf\:j ’\'OFSE‘}' - :

Now we dec.l wﬂk 'n'\e (i;rs}‘ o€ '\'lnc re-
mair\inj Oblisa-l":ons
. X %
& {8i4) with “,ﬁ,r,é':: X’P’Ol":)j
COI.X.P.q A "'ri.P.cl.b

{ (1)}
-\-ri.P.b.q

il
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« {0 with o,p,y, 8= p,y,r, 9}

Py A Co\-P-gj-f' A i p.ro

{%n sSource clif’-fers d‘:m amJ 4c.r3e’r;
C‘\%)} (0)}

3

‘rue

X *
¥

But with our last prch o):}iﬁo.-}ian . Uiz
24t , we run into trouble. Whet we

nheed 18 ”13 exis-ience o? C. é‘ sckhis-

%ing — see (7)
(IS) 1#1' A Co].x.t'j.{? A Co\.?..’t,]')

SuP\oose we haol an exis%ence Proo]? o?
e ¢ SG}'iSGM (7> . To saHS% (|5),We
would then "j\cwe ‘o show that t= 2
does not sa\-is% ) . ‘e

1 (CO\.X.3.1 A Col.z.z.P) J
the G}Dove. however, reduces +o our
Ol‘"aa'inql dem OnS‘)’f‘C«ﬂ dum

e X.y. 2
thanks +wo {fhrther laws
(16D Co\.ﬂ-u.ﬁ
(13) col.oe.B.y # Ari By

The bpe o{) axiom -})'10.3' 15 m:‘ssinj Poslu\a}es
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the existence o? solutions +hat cliﬁ@er ﬁ'om
Parame)-e.rs occurrinj in the equections. In
whetr 1 saw (K-Pasc\w./?e'aﬂo,\’eb\en, Hilbers),
such existence axioms do occur.

¥* *
x

Al this has been -]-riagereA b\‘j the s]-udj
O{) (‘H’le beSiAhEngs o?) ax',oma'}'iza)rﬁOﬂs of
P\ane Seome‘]-r ~in Hibert's " Tounda b ons
oF) Seome]'v” and Coxeter's “Trlroduc bion ‘o
geome“r q._ . _\'ke ‘oroof)s I- encoun%ered
were verbal and Picl—oria\ and oﬁen T could
not cemvince ma.self thot the arﬁumcnb
were com-P]e,‘l'e. T CGn NoOWV j]‘ve gtjoc.», .

-’Piduf‘e i“us)—r‘o.)inj ;]«c abo-ve: argumen)‘

wiHh ﬂco]” mean?rj I‘Cc:l\'lne.ar ’ and “ }‘r} "
s“andivE -ﬁpr “roa wlar” But om stk
Yok e mj word @r it that  this ickure wos
Dﬂl:j arawn Garter the a\)ove ploots Were de-
sfaned: -Une wl-lole )oo'm)' __9?‘)'1'1§_______€__Xﬁer‘imen}‘
waés 4o Fry oul the ()easibilib o T)rooyp'
desijn luiLR\ou} )eom;nj on -”re )’)fc}-oric.l cru)‘c\w,
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The 3rouble w;H« Fic}ures‘ oFcou.r‘se, s -H')c.]-
the dont stole the extent o which -H'lfj

ore overspec:}(ic. \_oo)v, {c)w “nneA‘cmce, al

r

This is “the soame ?iclu.rea as the Preuious
!

one!
Remark The +rouble could T'eG\lj )33 serious .
Tn -Hne ex’\s*ernce qxio-mo.+i2a}10ns 1 Saw,

the notion “beblwseen” P‘Q s o central role.
Th the one P}Cl‘u“c ¢ T?es belween X ond

j , In -H'we. O‘H'\e'f‘ '1}' does hD]‘. (End 'J"F
(\\jamc\rlx.

1 was _Q‘_S‘o in'l'er‘e.s\‘ec\ in —)-he Qo)cu]c}ionq]
CcnSe_o,ue,nces o€ the -fc..cl‘ ‘Hﬂa)‘, w]’)’lle }wavir:j
varicbles o? on\lj one bpa ~ "woints’, -~

P

T hed no expressioens of? 'H’\c\ )‘aPe.
the ?&c“, T Yhink that the consequences are

minor .

:Beﬁsre T started on -n-\'ns, T did not know
which Freolicc}—cs Yo use, dhe decision to

introduce hoth  col  and  }ri hel)ped o lok.
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“Tho MSL (13) C\ear‘\J slales thol one "F Yhe
ho lorec\i cates is Su]oerF\MOus , we \eave wpen
which one. T} weas also a Ssurprise o see

Yot (19 P]a ed wno role tbeyond  makin
) -
lou.u (14) « derivable ‘H’\Qof@mi j

CO)'O"B‘Y ~ ]rr‘x.['}.wr, N
= {Prec\‘ c.a\c}
CO].O(.SB.F' :_E'_, \*nﬁr EN
i (a3}
c.o\.cn.‘i.a— # c.o\.S.Yﬁ.Y
=) 5 Zmb'nelk
x )

i

T have been wonc\ermj w)\eHner-, in stead
o? whot we have done , *hese predi cotes
should rather be cle?ined on WLnordered
ln'fP\es or . eve~ more genercl, on 3Setrs. Thanks
Yo ’rhis exercise 1 YKnow 4}1«} Hwose clterna-
Hves deserve Yo be re.jed—ed-. in law (2)

-~ & linck}?in o? the whole csr:jumen)'—- Yhe
c:cmseo,uen} \S Sjw\mehic in o{)p,S ,bu}‘
’Hﬁe an}-ecec\en\‘ s no]~, "'Fincliné -H’)e )’)roPer'
inston Hation o@ (2) wWas, Iin ack, in each
Qr)peal Yo i+ the mc(\jor anch nok brivial

clectision. _
'Sion Nuenen, 21 December 1995

Fm?dr. Eclsaer A 'Dglc.s}ra\

Department o? COY“{JM)‘SIA Sciences
“The Unive.rsib of Texas ab Rustin

Austin, TX 787:12-188 , UsSA



