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A litHe bit OF) laHice -]-)weor\'jC?ePlaces EWD 1240)

The rimaonr urpeose o Hhis che Yer is
to Pro\;'.Ee anJex}::.mjf]e opi\ \iiHe -\—Eeo:j and
Of; ks cleve\opmen4-. Thes it 3ive5 ws —qu.
o or\-un}b 1o discuss lader the )o}uenomenon
of” theories —i.e. ]’)ow ’H’)ej <Gy loe wse @\ and
L:OJ —H\c ml\dj}'\)' )De wof‘n') -)'})e }rouble —~ ,
W@ notalonal convenlions we have
adoP}‘ecl and the d%scip]ine we have od-
he(‘ec[ ‘o 1N 4']’\6 FFESen+q-l-ion5 O?Our‘ Fr‘ooe.
A secondar purpose s to moke ocur

Tea der Gmiliar 'w’i‘)']'\ o ]:‘}"HE?_ bit o()
laHice -quoi‘:j, a )DEQu\-w(i) end aner*c:x\
)DieCe of '}}‘ceo:‘j ')l‘)al‘ (s ho* }’)3? as we“

known as it deserves. Notetions and
Jrer‘mino‘OjJ wil be exp‘aiﬂec\ as we go
Q\onj', -)-L\e exP)anc‘}ions will Yoe brie,
and we ‘ﬂoFe Hhok H‘)e:j will be <clari{fed,
i(" necessG.::j, \:ij -}L‘)eir‘ MSaje.

X

*
X

La¥tice -})mcr:j d?\s Lq'r”n o relation
be-}'ween elements o some "“' e’:’ A ve
-Fc.mi[iar }Jr)e is H’]cﬂ* cp ’]'}ieijr)ﬂa)‘uf‘&) 3
numbers) bet Hiere are in Principle G s
mc\n\\j bPes as we care ‘)‘D deVine - or
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instance, cnother 'Lj)oe would be that oF)c.”
convex JYigures in o )o\cme., We sheall mos—}'b
use +he later leters of the lower-case
o.)P]no.be]- , VzZL o, W, x,j, 2z -)O denoie
varia bles OF the *yre ' CiUles'HOﬁ.

The relation in ques-lion IS be-]-ween

anu Ywo elements o)() the pe i+ is de-
no:zed bb the sjmbo\ c ronoun ced
"(is) wnder ")) which we write berween
the +wo e\emerfr[-s Yo which i} is ap lied,
.9. X‘.:.:j . ('In the Jc.r on +his nota iono]
conveh]~iorw 'S co)o'}'ure \ij S%ing -H'n;\}~
” E s an inﬁx oPcrc.'\-or‘.o) '.'De,':endang on
the deﬁni-}ion uf) [ ondl '|-)’)e. values o X
and :j , ng is drue or not.

EXOmple_s 1? the -]-3]72 s 4hat OF) the

I
notural numbers and T means “is o divisor
' then 3CI5 is Yrue , but & £ 15 s

)
/Z,

hO'I‘ 'I'r-u.e (or "\S ‘chse ! s WwWe are wsed J-o
5&3 > 'I.F; the + re VS ’H’)c} o? Yhe cConvex
{%Sur‘es n o ane ancd T means ﬂ\ies

inside \et X)fjJ-Z‘ then be siluated

2

0

as shown:

J
A ¥
in 'Hf'\a)* case.,

.
?



X € 1S Yrue , whereas the other g)}\/e
?055{?—;)9. exPressions : U L X , Xg72Z, ZC X,
Y £2, and 2 & b are o\n QalSe. < End
O? EXo\mP}es.B ‘

—n’Ie &bove ‘Huo e*xc\v-n)p]es niceb '\nus*rcz}-e
the 3anero\ib of' -nﬂe -})‘\60-*3 we are ha:xcl.ing
pcr; not O“}j will it e aFPlicc.\o}e to )r:jjyes
with }n@'n;}‘el many e)emen\*s, A will slse be
applicable Sz) all sorfs op \bPes o? very
diﬁ?eren)- noture. T would like Yo stress” +hat
such exc.mr;les are u.r'e,\;j Mustrative and
hove no deﬁn‘mj ér\c}’nbr\ {)Or' the *)\eor:j
iN question. Theories may be desiﬁaed with
certain QFPlica)f'lor\s in mind , bou t A'keij Gre
never based on Jthem. On +he contrar ,
Mheories are bas-ad on QXP]FC'J‘ Pos}u)c. es

choul their insrechew}s. Tn 4he case o?
la-H-ice -“neor;j, Yhese are Tarimc.rib )oos)»ulc«)-es

p #
cbhout relabion “Lnder .

The Grs’“ \Dosl-u\c\l—e aboutl ¢ A——')S'-.‘H'tc-" W+ is
whet is called "re aex%ve" , i-e. thot each element
of the LPe e c:lueskon is under i\‘se)ﬁ
X2} (érmu?a — recallin the convention that
X  denoles o variable o€ e brx_ Se

QULEes ""1 Sy — '

(0) W=z xex)
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w\wich can Yo read as ”{ér an x ik \'\o]ds 'Hm:.}"

7”2

X 18 under X

/)eemc‘rk For our theor lo be O\PPL'QO\\D].E in
-”ne. Con]-exif op olr 1@} exam )e, we hauc
consider o.nO hq‘-(,\r‘(:g‘ nuwmwmber co Aivisor
c;? ﬁ-se[F‘ e, not or\b 1S _‘Conl-r'ar ‘o
greek -l-rcxdi)-ion— dwelve a divisor o }we,\ue,
bu}- even s} 5];5}‘6 o() ‘“’ua cle-mo, ,':)ou are
not allowed 4o divide bj Zero | 1S zero
o diviser o? zero |
Similarlg, in J-l'\e_ second exc.m)o]e, euclq
conveXx l?, ure 15 considered 1o lie inside

]}-Sel?. (%nc} opf\?evmc.rk.)

There is another Wowy of exPressinj Yhe
f‘e-ﬂexivijrj o() ”uncler#. T is based on +Ythe
observakion +that, while in 3&nera\ we know
ho)i'}'lins about Yhe volues o{) X T D and
Ltj EX , we know Hat —H'ue\cj are +rue EP

'Hne +wo orgumen}‘s are ec]uo\\, n —E)rmu\c._

(1) <\/x,:j .. xgj A ng <= ><=j>

W\'\ic]ﬂ can be read s ”'F’)r an XQﬁdJ ])l'
holds Yhal x  is under :j an Y 's under X
“? X equals j ’

B are (0> and (17 1"60.\5j equ}vc;lenl-?
TS "r‘eﬁexivib” C\CCDI‘C‘J\.'&Y\S' o (0) rec.\\:? -\'ke
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Same conceP)‘ s "T‘e@&('.vil-:j" QCCordin3 \'0 (1)?
The oanswer is “\‘l/esv, anc below we shall

shows how +his can be established bJ calcu-

\akion , L.e. we 5}\0.1\ S\wow Heow we can S‘J'o.r"“
with (1) , subject i+ " swuccession
o a num\o er va\ue-};reserv3n3 ‘\'l‘ans@rma-

-‘r'lons, and end wp with (O) . We shall
@rs]* 3'”;5 -\r)-.e C‘C\ICM]C.’)FiOY\, ond +hen some

exyp lamation _

<V><,?;es>4<_}i§j§/\ YEx <« x=y)
R R
NG R e
V% xgi A OXEXD)

e ey

]

)

)

1)

Tor the uninitioted recder, the above
9 -line Calcula-l-ion B og) course com}:]ejre
bherish Ythal is chsolutel without ony
3 Y, e |
Coﬂ\}inc'mj J{%':M,,\nar':b bu'} —@r‘ \ne n’n')‘la'}‘ec\ one s')‘

is Ve!:j o eren+. He r‘eCoIanizes ) ‘Fé)r‘mulo\e

op 'Po;miliaf‘ s:jn'}-ac)ricQ\ S r‘u\cl'b\f‘e.’ se,Po.ra}'ed
bj’ beluecen brqces, re{)er'enc:es to -?ami\ic&f‘
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VC»lbke-Pf‘eSer'\)inP mar\lpulo\‘}'ions »G‘Om -*l')‘le

Pf‘edico\‘}‘e Ca\ch S, In '\'}\e 9!‘5’)‘ —@rmula \ne
recognizes (1), in the last one (D), ond he

knows 4hat the +hree gprm'u\]o.e in belween
are the intermedicte results .

-nf')e S:jh\\)o\s ”<" Cmduy @rm . \orc\c\<e.)'
pair de\ine:;l"inj the scope OF’ so-cclled
#dummj variakles ", in (0) thal s on X . in
(D # s the poir X4 and in both the
Scope extends over the whole %rmulc‘;_

In the -ﬁrs‘]' inter mediote resull Yhe Scopes
are nested: Yhe Scope of x shll exlends
?V?F :Hf\e w‘ﬂo\e %rmu\‘ﬂ. - rom }he Gr‘s}‘
<, to the losh *>ﬁ —, while Yhe scope o?
D extends over :],'h,.e inner br‘af’:\ieﬁ paic
- -ﬁ‘cmn Yhe second < Yo ‘the @rs} > — . TThe
Brst intermedicte  resull could be recd
as  “£or any x i+ holds that Por‘ any Yy
it holds tha X is wunder D and is wnder
X i? % equ.q\s Y . Note +hat O‘B'e’_ the
ﬁrsi‘ sl~e]: called ”hesl-'mj ", evety-}h;n out-
side the scope o Y (ie. the kel

“{¥x:: " and Yhe Linal” “) )  remains un-
c}’lcmge_d -Por the rest o? the CQ]cuIquon;
’H"ne SL&bseOIULGﬂ']' mani‘fu\a]-ions, w‘ﬂic}'\ are con-
Gned lo the inner s:.,xngx’;ress;on, are in @C}
indePenden\- QP the @rma\ environment in

which  Yhe Subex\or‘ession is embedded. TThe
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next inkermedicte rvesul}l could be read as

”-Féaf an x 'H‘ ho\ds -H"\cﬂ' {%r‘ c\r:j 5 Sucl’\
Yhetl x equq]s Y 2} holds ther” X is under

FiJ
and (j is wunder ped , \ou“ as < ru\e

we don't , for i+ wickl becomes wmuch

s‘am?ler to le} Yhe S\ijbo\sr do +he work and
lo mon"Fulqlre ‘he -@r‘mu\ae c:l‘\red-\J.

I s time +o Presen}‘ our next Pos}'u\cﬂ‘e
about T . T+ stotes that L is what is
called “antisqmmelric !’, .e. thot  diskine}
elements o?j Hhe bPe in a.uw_s)rion are nokf
under each other or equivalen“‘j, th ot
elements thet are under each other are

Equ.a\) in ?or‘mw'\o\

(2) <vx:3'-3 X.E-‘j N\ tjEX = )’\::D>

Notational remark. The inkroduchon o?

the stbOI "2 Y5 onld o miner nove\lry
Since o= c’" is no more tYhan o note -
Yional olternative (’or‘ ”c] & p . The Fi)rs}'
one , ! ]ozb c,” is read as ig P then 61

or as ’/)o imF\}e.s q ", the other one,

”C) < P:' S read os Hol i{’ P " or 9 {Z}”ows
gom P’. The sil'uo\kon is ver Similar‘ o
the presence o{) the nolational alterna-
Yives “"msn’ (m s ot most n) and

”ﬂ;m" Cn is ot least m> 'Por w}\a)' s the
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Same condilion on m  and n . CEnd c?
NO"'Q‘;"IO"\G‘ r'emou’\r.>

n connection with our ear lier examples
weé r}o-l-e ‘”nc.‘l Por Y\c\-\'ur‘c] numbefs, beinﬁ—
O\—div]sor-OF 15 an C\h‘l'iSJW\me’)‘ric. rela tion:
"f X dyvicles Y and j cdivides X , we ma
indeed Conclude 'an} % equa\s 3 Cthis
}as-i- s#a’remen-i- r‘eo,u',res C. PrOeF wln',c_k 'S
not included here) Simllorlj\ with X  and
<j deﬂOHrlj CoONMVEX Ggures. we ﬁo;“e -Hﬂo&
Y = lies  inside Y ond \‘j lies inside x,
we m indeed conclude that  x aﬁcl\j
denote +the same convex gﬁ‘*‘”e- (This
s‘blemen-l-, ‘oo, reolu'.re.s Ca ProoP_)

/Pf‘ediccc\'e Ca\culus al\ows us Yo COmbine
reﬁexivib andl an‘}-is‘jmme}-r\j OF) c ., ie.
v@)r‘mu‘&e (1) anc (’Zj, iﬂ‘\-o

(3) <VX,J:: XEU N (jE-—,_-X = X:j) :
T s -H'\is —ﬁ)rmula ‘H’)a)‘ in o S'\ngle l'sne

revecls the pro dund ‘.mloorhznce of relakon
C demonS‘)'r‘o.F:nﬁ +hat +wo given elemenks

o? Yhe 43}9.2 in ques-l—ion are equo\ is no
more and no less than demonS')'r‘c\Hnﬁ
SeFora+eb Yhat the one s under the
other ond vice verse.. The lotHer is

knowr\ s S Finﬁ-PonS orsumen1‘? and we
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S\'\c‘n discuss its Po‘}en)ria) merits w\ﬁen we

Nawve Seen Y NOre ermP\es o? :"l-.

Trom the r‘eﬂexiuib OF) c we derive +the
{él!owing laws, known as +the laws of “indireck

order

’FOF C\fLJ X and j 'l“‘ holcls ‘}'\‘WQ‘\‘
(4) (VZ::ZEX%ZEU)@ XED
(5) <\v/'z:::j§7. =—-5>(l_-’._2> =3 xgﬂ

,‘]jrocn{ Ne. ‘SL\O&“ ]or'ove (4) onl:j , since 3"‘}1@
PF‘OO() OF <5) s S0 simi\ar‘ that ix Can 1‘36
om;ite d Jpr-om Yhis Yext. TFor Yhe ?rOOP of

(4) we observe {)or“ o.rtj x and Y

(Vz: 2z X = zEg)
= { instantiote: Z:i= X§
XEX = X E:j
{5 re]o\exlve
true = X €
{ Preal‘.cc.-)-e calculus: <‘)‘rue = T>> = P}

x € Y
The girsjr sLeP exP(osl-s that i? Some}}\irg

holds or an 2, } alse holds when we
wmalke ‘?or ra Q SFE’C‘}Q] c“\oice (X N ‘H’\is

case ). This tupe recsonin ste 13
<>, pe of g Step

M

M

celled iﬂ.S’}‘&n a‘o\-}iona; —Hwe 3e,r\er'c.,\ 2 1S
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so Yo Speo\k r‘er:]chd V> Yhe S)'?e.c'nql in stance
X . 1ns¥on4ia—){ion is the mayor feasonin
S'\-eP next Yo I’Subsi-i)ru-]-inﬁ e.quals gar‘ equ.o.]si'_
The second .‘.}‘ii“(-:;P.J which wses the reﬁex-
'wib o? c introcluces “the constant ”’]'r'u.e:
viz. ‘he Pr.gd?ca'}e thetl holds b:j depini}-ion.
(I'I-S moor Pr‘OPer”}fes are Yhat Yhe three

expressions
Jrru.e => TD Jl'r‘u.e. = P ']"rue AN P

are all equ.'w'c\len’r to P )
(End OF)’PY‘OOF,)

The nex)r 10\»5 '}‘O \oe cderived wse -\-\we
anhsammel-rj op = as we]\.} Yhe are
known cas +the laws o{) “indirect equa‘”g”:

For C“'\J X and j 4 holds thot -
(6) Wzu 2ex = 2§D> 3 x=y
(7) (Yz2: XEz

H

YEZ) 3 x=y

/Proof We shall onl:j prove E-—é)’ the )oroof
of (I be‘mj very similar. TFor the TJroCJ?
OG (6) , we ohserve —g:)r" an:j X and :j

(V2 2EX = 24y
37
= {ins+an}'iq}~e Awice: Z..z X and &= b}

(xex = XEj) AN (SEXEbEtj)
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1)

-[';_ r‘e.()‘e,x'.ve, '\'wice}
(‘\-r'u.e.?: be) AN ('JE:.X‘:"- Yrue)
{ Predica)r-e caleulus’

I

X‘E.‘j N\ Y E X
e
X::j

I

(End OF) (Proo?,)
M 1In (6) and ()  4he imP\icc\%on

5i3n5 "y could have heen l"e.P]aced b\v
€qu»'|VC\lef}C:e.5 ”E:‘ g sSIMce -‘H"ne imP]fCGX‘ioﬂs

in +he olher direchion, viz. "&” -ﬁpl)ow
d.frec!—ly G-om Pr‘edic‘::*e caleulus. ( End
o? /{?Qmo\rk‘.)

¥ X

We now consider ‘”’)e Si#ua‘)‘ion ‘H’)c.“
]Oe'mj obove dwo Va‘ues , %X ond \j Sy ,
can be cquc\c}erizecl as bei‘;ﬁ o]oove

n

a s‘mj]e value , W Say that case
w, X and Y 5&]’356
(8) <\7/2.:: w L 2z

I

XEBZ A YE2)

Equa}ion (8> -”wen dewtermiﬂe,s )
un) o,ue\j .

?t'ooé LE}" "Féf‘ 3'1\’3'\ X,& ’ W SQ]PTS% (8)
and ek W' SC«HS\%
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(9) (Vz2:: wez = xc&z /\392>
E\S‘B‘a‘:\isl’nn -H'\e uﬂiclu.e_ness meons es‘}“abhs}n-
. J
in W o= W . To +his end we observe
%?’ O;Yl‘-j ped p

w L 2
= {(8)§

X SZ A :ji_l Z
= { (9}

w'e 2

-

'Hﬂus eS‘}‘c\lolislnin <\7/2 w2 o= L\J,E..'Z> ,
g-om which w= W @\\ows ‘O:j incdirect
equ.q]'b)j (?).

CEnd of?roo(?}

Owr ‘Hﬁir‘d Posiu]c}e now _chs -H\c\)' %r
any X,J there does indeed exist a w

30}13%50‘3 (8) , n all its pormc\l 5[:::\:9:
<v><_,<'j:: <3w::<V?_:: wgz = XL Z A3E2>>> .

The Combina‘)-ion OF) Uﬂiquena‘ss ancdl

existence o? the () Sc«ksgjin (&)

allows ws 4o Iinhkoduce + W -~ value

s QAHC‘]"}OT\ o? X and J . This (ancl-'lor\

15 known under wman nemes , Such as
7 the lub (= lowest apper bownd) 0](7 X and
:j " or 7 +he Jo‘m o? X and Y ‘ ; We S}'na”

call 1}V “he supfremum o X and Y " and
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denote i+ };2' ”XTj" (reac\: "x. u]:) %">. ﬂccordi:‘j
o

1o (8) R e deﬁninj I‘e\ahon r t is
Yhet \er ij X,j,z
(10) XTD €2 = X% T A Ytz

Let ws iNustrate this with ocur earlier

ermT:\es. Wikh x,a,'z. ]oeina naturcl numbers
and & mecaning “is o divisor of"’, C10)
reads ‘xTy is o divisor of 2z, if and onlv WF
X and y ore Lboth divisors oF) 'z", -]-e\l;r-.a
ws +hat XTU is the smellest covrmmon

» ' 4 . . . n
Veéex \3ures and < meo.mn? l;es insicle ’

mu\)-'n*gle o? * and IR With X,U,Z. con-

X’Pv is +the convex hull o
( see QFPendix -(Jor N Proof') .
XT‘?".

Xond&

i Ty

-ch'ma inFroduced -H"ue operctor T via
(10) , we can now prove all sorks of

Pr-opcrn]—ies ‘31();¥' The {irst one is 3he

- m am

and ossoclg)r'u_\f_g , e {cj:.r ol X,Y, 2

—— - - -

Theorem T is idempotent, ?&?’:me)"*‘-.

I

(1) xTx X ('ldexﬂI)o¥en¥)
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QD) XTJ = :j'rx (Sbmme}'ric)
C'3) (X’PJ)?Z = XT(\ujTZ) Cossocia}iva)

?—'3-0-{7 Operc}or T nherits  these Yhree
Proper-}ies -gom the c::rl')unc.licm A, which

15 also idempo*'en}, 5\<Jmme3rric, and asso-
ciative. How it does SO, we s\"nouo in ‘vae.

case o? the c«ssocicﬂ-ivicj. We observe —fz;r

anD )()5)‘2., Wi

(x'!‘:ﬁ‘l‘z E w
£ (10) with X> 4,2 wa XT}_‘jozv w}
(xPy) EW A 25w
{ (10) with 2= W]
(x 5w /\br.-tw) A 2ZSWw
i A s QSSociC\‘)'ive.S
x Sw A (LUEW A ZEw)
{1 Go) with x,4,2 := ((j,z,w}
x ¢ w AN (yPzcg w)
{ (10) with  y,2 := :sz, w$
XT(bTZ) E W

H

1]

m

)

1

?

&Ger Ldl'l'\c.l': the ec]uivc\\ence o() ?irsl' and \G:S"
lines establishes (43 vie indirech equalib,
ie. (7). Tthe ’Proo()s o() (11) and (42) @\lo@

the same TJG"“)‘er’h. (End ofﬁyroof)

In FQSSin T would l':ke +o Poin}‘ out
the extent which Yhe desiﬁn OP the last
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Froo() }‘las beer\ -F)c:rc.ed. Q'} the 1eﬁ—kond side
we have an 1  with (be) as one of ks

ar umen)‘s, and such an P does not occur
a} the r‘ij)nlr»}\and side: in the 4r‘o.ns{2>rma%iom
fom le@ o right, 3hab T has therefore
40;,»336 removed . Similarb @r the 1 in CXTj>
So., +the ths-'\‘ o S)‘eps remove each an T
Cond, similarly, the lost Ywo reintrodwuce
¢ack an T). Th do so b:j on aPrJec..\ to
(10), w"\iaﬂr\ So r 1€ our on \“lqnc”e. on
™o, }oeinj s deﬁn;}-)or\, And “Yhe middle
54&1:: re_o.rr‘c\nﬂes Yhe Ferms as assoclcﬂi’uvib
&'XFf'CSSQS.

Ir\ w}TcJ“ »@:”oms we Skc\“ o«ﬁ-erw exFloi}
the O-SSoc‘-o.}'ivib o? -t b\j omi’H‘:r}j ‘”":e

Semo‘n)‘}ca\b \‘rre)euo.n+ chf‘en'”\eses.

ﬂ‘F\‘“Om a Yhanir)u‘al-}ve )ooiﬂ‘)‘ o? view , (10)
1S an Q'}'¥'f‘c\c'|":\re cleF)iniq'}oq becau.se i+ has
\ol-s of) dummies @r‘ wh‘.ch Wwe cCan kae
a SPE’CIﬁc choice. In +the next theorem,
XTJ Has ]'Deen cl’\osen {c;:r‘ Z

-ﬂneoraﬁ Tor‘ arb X,\j ho}d.s

(14) xr_:.x'lzj A jEij

/Proog We observe '(c))r Gny %5 Y
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xc xTu A £ ox?
J =

XTD c x7
{ c ‘;sjreﬁex‘.ve, ie. (D) with x.= XT}j}

Jrru. .
) (End of Proof)

W

1

Theorem \’\Je ]r'\ave

(15) be ;3 = Xty .
/P'"OQE We observe {ér ch X,j
xTy &

(1) with 25:33
XEJ A 3_:_

{_ C g Tfe exive}
C A\ 'lrru.e

L PrccliCc}e C&\Cu)uSB
X EQD

(The experienced calculetor would have

allowed himself the combination of the lash
hoo 5\‘6,05 into c:me.) ( Eng o? /)-Dr“oof)

Ond now we have done +he 3roundwor)c
.@),— the @ndmmen‘}a}

Theorem Tc_:ﬂ‘ o\f\(j x)j )’lo]ds

]

Gl

X

Ll

(16) XT\‘j =Yy = XEy .
/PrOOE We obsef‘\fe {gr an\j X,3



XTU ._J

{C 1S reﬁex.ve anol o‘r\%sgjmme')‘ﬁc

1. €. 63) (&Y M’T X = XTj}
c xT
{_0552 y (14% ‘?.ruc-lD con unc*j

2
X ¥ FaN "}'ruue

})

1)

i

{Preohcohe CQ[C(_A‘(ASS
x E_(j

Theorem Cfé) now er\able,s us-lo Pr‘ove

Theorem. T g transitive , 1.e. %r‘ QAO X):j,z

(17) XEy Aycz = x5z

’Pmogf Three o P’lCG’)l'!OﬂS o() (16) allow wus
do  rewrite -P%Z demonstrandum (17) as

XTjr-\j AjTZ:Z = XTZ = Z
We observe {)or eny x5y, 2

xTz

= {31‘2 =2, from antecedent §
x 7 ,j rz

= { x']‘:j Yo g-ow) cun‘]-ecec{enl‘}
sz

i

{_51\2: Z gom cxn%‘ecec\er\‘lj

2 N

-”1(45 eS'l'Ck\D[ls}’nnﬁ ‘\r\’ne CorwSec}uen}‘ o? q'%e
ritten em © breon Um .

TeW 4-} d mens Cl <Enc] of/?r‘oo{).)
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T s -“'\is \057[ H1eorem thed Turns relc\}"on

c into o "parha\ orcler”, a Par"tic.\ order

be'lnj deﬁr\Ed as o b.’ha‘:j T‘Q\Gkoh +ha b

1S re le.xive, Gr\}'isjmme‘}rfc , ancl qr"ans;,].;\;e‘

“Voartial orders ore auite common the

reader wmay check +that the relations o()

our exc\m]:)\;je_j ~ VizZ. ”beirzj o divisor OP”

anc ”J'xnj ‘ms'acle”- are ':hcieed Ar‘ans'y—-

Yive .

'-ﬂzeof‘em (16) olso S‘lves s ’H’te o]':r:or]“u-
ni* o? connec“n ‘he Ywo im ortant con.
g of,comneching the hwo iy ;
cePs 0{7 c\is}—ri)au.%on and \rnono+onic{b -
" QPPI}ca‘hon o() —f distributes over 77

means that for any  x,g

(18) Q(ﬂj) = CXT%
<\1e,re we 33\/6 '})ne do“ "." OF) Hae \(isnc}icuﬂ

GPP)iCG‘L)oﬂ oy higl’ref‘ s Y\‘]‘achc_ b;ﬂchnj o er
Yhon T , e the r":glﬁ)--—]no\nol Side oz; (18)

should be ForScc\ as CPX)T(Cﬂ) )

”T‘-‘unc]r'lon —C 1S mono')-on'.c qu-H'\ res -
4

-FEC). Yo C yneans 'H’\o\} -(:JDF On& X,_y
C19) XES = fx - Ct)

The connection belueen Jhese +Hwo con-



cePJrs s exPressecl b:j the
Theorem Q unt“r'lon -H\o‘}' disl-r‘mlou:\'es over

0 B monotonic wi})w r'esFe,c} +o C

’ProoE We observe —ﬁ:r" ar:j F ‘hat dis-
Yributes over 1 and O‘“J x’:ﬁ

-X E C\L)

{Ge) "with X,y 1= (?x,{?}
(-’X{T% = 'y 7 ’

C distribites over T,i.c.(IS)}
P(XT‘j) = b

& { equals 's equols}

xTy, =
{CIG)P
X & 3 .

1L

I

!

CEnd op /ProoC)

Trom +he —Po\cf‘ 1hat T IS ic\em}o@‘]‘en)‘,

S\ljmme‘}‘ric, and stocia}ﬁve {él\ows

27 (XTJ) = @x)7 <2Tfj)

e, bj vie win?) ZT Qs =N {a\nchon PliCa_
A

hon —viz. o? the nction {) such thet {or

onJ W, .().w.-_z'l‘w — we see +thal

digtributes over T . This observa}]on
makes ‘n')e reviowus AhCor‘EM QPFMCC\‘D]@ in

'}'he )’)r‘OOF; o *H'te fonow‘mﬁ

Theorem T s monotonic with f‘especl' Yo €

EliDI1240e -~ |&
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in both its or:sumer‘:;‘s) ).e. .@r any X)X,“j;:j'
@) xex' A yey > xTy e X1y

oY Froc:(7 o w\'\iclr\ we leave o -”7@ inter-
es*ed reader. ("Fév‘“ Seuerc\l recsons i}' m ey

}\ell‘a to C‘Om)?o.r"e (20) with the more {am;’_

iar
asa A bgh o ocrb g a+b L)

Now +he dime )‘uas come Ao Con@ss ‘H\a},
So Fér‘, we have Oﬂb told ijou }'\Q\? the
5}08 O(D \O'H‘ice +.)’leor;j: Yo ol we told
cbowt T | Yhere is « dua | .s)o:j Qﬁer the
introducFion o() our -@url]ﬁ. os-\ru.\c.‘}e,viz.
Yhat ﬁ:r‘ omJ X’j ‘here exis c. W
naa*- - in ano.[ogj o (8)~ :Sa\‘is F)ie.s

(2,) (Vz D ZEW =2 206X A ZEJ> ,

wl'l':cl-.l as be@re, de}‘er‘mines -ﬁ:r ov x,y
the W Unic,ue(j.

'ﬂ')e Com]’v}no\}-}or\ o(} exis¥ence ana unique-
iess o\\ows s 40 introduce “ﬁe wa\;a)ue
Sc:}is%;nj (21) as another «(&nc_)—ion UJD
X ancl . TF is krown under
Names l‘ie “ Yhe 51\3 (= Sr‘eoJ-es}- lower
baqnd) 0? X  and " or " 3dhe meet

0? x Qﬁd(j 3 we S Q“ use -qu. Yicme

“ the in?’nmum o X  and j " and dencte it
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BJ #Xsl« ’ (read-_ ”>< down ju>. QCCOPC'.’H\
1o CQ!;q its deﬁmna relation s tha
@r‘ ary x,j,z

(22) g xlj = Z2EX A 2Cy

With ot Froof we lisk ks ]’DroPer‘J'Fes :
(z3) 1 s 3c{emFo#en¥, stma)r;c,GSSOC;a};ve
(9 xly tx A xlyey
(25) x ¢ xlj = XC
(28) X = xiJ = Xty

(’l?> A @nclrion f]—)')c.)r clistr lou‘-es over ‘]r 'S
monO‘)-Oﬁic: Loin') f‘e-S)'Jec" )FO =

—

(28) I is wonotonic with resloec:)' Yo ¢
in beth il-s c\rﬁumen-)-s.

Lel us return ‘@;r a moment +o our

examp}es. \f\linﬂ X:j o(i }b}pe nal—uro\]

'hu.m‘:»er and c meanin

J ﬂbein X divisor

o we run in“o O Sllalm‘- }mee.m WQ'H’)
‘he in)rer,)rel-c.‘}ion o the' infimum -
le dencﬂ‘es —l-l'\e 3|"60\)res)" common divisor
o X  and 5 FFO\;icled o\)‘ )e,c\s)‘ one
Op the arguments is positive, hbul olo
Fequires ex*]rra C\'H"en-}-i n since -Hner‘e

s no 9reo\~es+ divisor o() 0 , each rnatwu-
r‘a\ Y\um‘ber‘ )’oe'inj -~ cli\;}:s._—gf- o? 0
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There cre +wo e s out of Fhis dilemma.
Evther we restric the dowmain o() X,:j lo
lhe Fosil-‘.ve. 'm)r%ae.rs Cthus exc\udm3 2er~o),,
or \we de{)ine, 0L0=0 , a de tmidion  whic

s COW\FQ;\'E\'D)C W\"H'\ (’2'2) Y r;re,@r +}-,e_ ]Q“H'e.f‘.

With x,v convex Gjures iy +he ’),ane
and c meanin& “) i“ﬁ ins}de”, Xl»v
would be the Torges?
mside bo“‘;, i.e. \J;n inside their irﬂ-er'—

Qne intersection o‘?
“'wo conNnvex gjufﬁs s \he\? convex Xl\y

1S -Hne ‘In;'QFSGC}'lOﬁ o) X and v

(@) ‘O
2 O

But  whet ;{) Yhe jnterseckion o x
on d g 'S empl\y? The answer is }o

I "
ex-}-en "Hﬁe. domain o() o.” V]S‘lb]e
CONVEX qufes b\j oOnNe ?X%'F'Cs ele.men}

— colled "% otrorm and c\eno‘]‘ec\ b& "_l_."

or "% — “hat bj deﬁmhon lies i?%de

Ol.n conNvex "R ATES ('lnc\uclir\ ‘I}Sel )
9 e

One could visuc.li?.e_ 1+ as em)ob

cCONVeEX P.Sure ”; i}-s de.ﬁn'mj re\&)’ton 1S
(29) Va2 L E 2>

COoONnveR iﬁu.re, l(.ying

Sec)r}on. 33:»* sSince
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OFerc}ors T anrd l, are conne;‘}"ec\ 133
'H?e. La-.o.s O? Qbsorf:a-)-}on

(30) X = XL(XTD) xszCle)

/Pf‘ocE We prove the ﬁrs;- one )ij obse.r‘virza @;r
Y
o= X‘L (XT‘j)
{(25> writh b:= XTJ}
X c XT&
{1}

true

il

C End OF)/Pr'Ooﬁ>

The other connechon belween ) and
s thal 3? the one distribules
other, lthe other dishkibubtes over the one.
(In this case o() RN c\is}ribu}ic}ﬁ,
PQOP\C coll the lcttice ,'cl')s)'r‘ibu‘]'fve”.) We

over Yhe

shall show 4hat V distributes over T
e thad  for any X, y,%

XlCDTz) = (x\\(:j)‘l‘(xlz)
if T dis\'r"lmﬂ‘es over J, , 1.€, @romd X,y,z

xT (3 l2) = (x'Yj)l (x1=2)
/IDroo We obser—ve {ér‘ c.un(j' x,<j,2_

CXJ'(j)T (xV2)
= '[T over +the rij"\\-mod‘ ,LS
((xly)? x) (Cx&:j)'l‘2)
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!

{Lau o() Q\USOfP\"iOn}
><~L ((X\l»lj)Tz)
{T over righ**mos} J{%

X‘L (xTz)i, (31\23
{Qhe oH‘nef) LOMJ off g\osDr‘Plﬁonﬁ

xb(‘j’?z) _@nd o?/‘ﬂ"oof)

For Treasens 0{) sjmmelm , the chove
ou.r-54-eP C‘o.\Cu\c:c}ion es*)-oB'eis\’)es f}\we
o\\owinj veb Senerc.l

"

H

Theorem Tor S&mme}rﬁc . cssociative

opembrs T anad “H";o\)‘ sc\\—‘n.sf the
Laws o? Qbsm"rz}‘im (30), we Zve

(T dishribales over ) = (J, distributes overT),

(Tn the chove proof) dhe cppecls +o symmek
and QSSoc'\o\)—iE}}b() were H)epé Qs imrjlfci-}j
s usu.c\\') 1 ]nope this did not confise
‘\'}‘7@- re&der.) —n‘le obove Proo I’ias ]Oeer\
included as o shron examy le QP }he
J r
Power‘ o CQ\Cu\a)‘ion; Ong one \;J}')o
skl doubts s invited 1& }ra o
es¥okli3k ~Hne equivalence o() Qwuy \as}-
theorem Wy means of a Verbal OrGU -~
?*nen]j, —(i;r he exPerie.nce S]"lol.«\cl qm.‘ck‘b

Conver)— \r\.‘m_
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We close this illustrative chapler with
c. last 8e,nero\lizo\4-ion, w\nic\q wiT\ \eao\
Yo another waj op introducing -
Cie. elemen} “botom” as de{finec ]?_‘j (29)).

/Pe\q}ior‘l ('\0)
XTDEZ EXEZ/\jgz

inkroduces +the su)’)r‘emum XTD c‘? the
2 e\eme:—\\'s X and D . ’\?@loaal'ed cum-;)i-
2

CO\]“'IOV‘\ wes -H‘:e. 8u13rernum oT
elements” ., x, Yy

u’YxTD £ Z

)i

UKz A X2 A Y&z ,ete.

Now ollow me —@r‘ o moment o
use T as o unary ope.r‘c\}-or on the
_5_8)‘ OF) values whoSG $u7)re.mum S\'Iou\d
be Aaken . l.e. ollow me .(ér & moment
do  write uTXTj now as T{u,x,j} _
B naming the  sef of values whose
supr“emum S.\"\Ou\o{ be_ —)—aker\ , We <an
Nowd 9enefa\ize our lasi —(grmm]c\) ’.e.

eXPress ’le}c.? . ?or‘ o.r\J 2. ond ar:j SeJ-X
Gy ™Xcz = {¥k: xeX: xg2) e

3

e s e L o() a set X s under z
means thatl each element o X -

under z | <1n the r‘xg]-\)r-hancl side
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oJ;; (3) we hcove used oo notahonal
ex#en-s-’on —H-\c:} 'wi\\ be clisc:ussecl i ore
@AHJ | ater . “The "xeX"' — "x is an element
0? set X"~ Ybetween the two colons
reshicks Yhe r‘o‘f\ge QF) 'H'}e dumm:j >
the constraint xmz , wmore Tar‘ecise\:j
the constroant o? Be‘mp under z

on o\PPlies }o the elemenks }hat

be on g to X .)

Seo tor, (31) de@nes TX Cer+c¢3nb ﬁr—
Cm:j ini}‘e set X O() CA- ]E’QS}“ 2 e\emen}s,

1in {ch)r , +the "one—PoanJ‘ rule < which
We€ ased u}\en we esl‘ob\{shec\ Yhe
equuivc.\ence be}ween CO) ool (1)-—- allows
us +o 3rxier)or‘e} TX when X is o
Sin&l@““oﬁ Se-}» ) {33 SaJ. \/\le o\oser\/e
Vor‘ O.nt.) :_j)—z.
Tysc =
Lo with Xz {43 ]
<\s7/><: Xe{k‘?}: XE2>
{ set ¥ eory: xe{ﬂs = x=3},
{x x=y: X &2) |
{one-jooin]‘ rule’
ye= -,
G—gm which obseruvalon we conclude

Cor' o\nj :j

M

H

I
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bJ Tndireck Eo'ualiab 7y .

The case oF) inﬁni}e X we S}'la“ not
Pur‘sue he_re? we s\f\al], howeuer‘, ‘\‘rl?
re

+O in*erpre% TX w\"uen >< equo\s
%Pb set gﬁ : We observe {or ony 2

% ¢z

{(3") with X.= QS}
<V><'- xe¢'- XEZ>

i set '}}1609: xeC}.S = %lse}
<VX: ‘quse; xX © 2>

{em]'a):j-f‘anae. rule (@‘om Pr‘edi-co\}e

caleulus, see loder)}

N

Il

)

']’ru.e ’

whic)q obSerVaBrion we  can T‘Ewrﬁ'e as

<\7/1:f T;é ‘_:_2>

i.e. TQ/ SQ)!}Sges the deﬁﬂ}ﬂﬁ relebion (’29)
?or 3 . In other words, boHom and
Mve ‘Su.Pr‘emum o€ ‘H"ne emTﬂ Se} are

the same elemem\ C which ,Jc:s we have
seen, need not exist ).

Bnd this concludes our l'te bik o()
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]aH—ice 'H')eor:j.

Appendix

\\Je ho.ve —‘c sl'wow 'H’)OL‘]' F;r‘ o-n convex
X,:j,‘z

(Ao) XTD C 2 = X82ZA YEZ

>

where XTU 13 o\eﬁﬂeo\ as -n-\e CoONnVex }\u“
o() X and ) (La-}er we s\";cn see —hat
g o-F) x5 Y 1S ‘urr‘e\evan}-)

lhe convex;

For brev‘:lj's soke we denote +the

munion OF X  and (j -—_ e, Q\/er“j’]'lmin? AN -
side X , inside g or insicde  both — 127
W, e

(Q‘t) }') = x Uj

/

’Fl'Orn se} ‘”neo:;j and ‘H’\e V\Ohon ”insicle,,
We can now deduce {?:r‘ Yhe TB}\}'-kand

side OF) (o)

(P2 XeZ AN yzz heoz

1]

To 'l‘ackle +the \Ef-)'l-}\omd side O]P (Ao)
we eoluc.}‘e XT:j o T° . where 717 is
the lowest ( smallest) convex ﬁguf‘e that
Con}‘o\.iﬂs ‘DOH’\ pes Otﬂcl D . Thet <
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convex P contains ]Do'jr\ﬁ X and :j is

— see (Ra2)—~ exPressecl bU
(A3) he P A convex. \ ,
while the P&c)‘ thet P is 4he lowes)

Comallest) | e Yhal P2 lies inside any
Cother) convex ﬁjure ) ‘hat contains
x ond Y is ex]oressed \oj

(A heQ@ A convex. @ = PeQ (el @),

Note (93) ond (A4) ace here *oken
.Vor‘ SrO\ﬁ}'ECL The demons‘}'ro\)rior\ -H'\o\]' {%r
an\v I3} —Hwere_ e><'\s}'s oN ? SC\}"I‘S@iﬂj
(93) anc ((‘\4) wowldl r‘eo,uif‘c-: Q. more
detoiled clegn}}ior\ of the T)r‘edico}e
"convex . (End 0(7 Note, )

With ¥ Sc«"‘isf 'mj (Qg) and (Q‘?),
Qur Proo{’ o\o\igq 10n (905 Can nNow

be rewr Hen Jhai ﬂ@:r Qﬁ\‘j h, 2

(AB) convex.z. = (’Pg_,z = ]’)gz)

We T)rove (95) bj mutual impl}cc\-}ion,
e, we demonstrote Sea,oaro?-elj

,Piﬂﬁ'. Pocz = }‘IEZ , and
rPcona'. heoz = Pez
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QOLC\'\ ‘h me Usin b\)L‘(Q‘]‘QVe(‘ we need Pﬁor‘n

(QS), (Q4), and (As5)'s antecedent convex.z

/P?nj \nJe obser‘\re rpor‘ Onnj }7,2.

Pe2

{ 1st con\)ur\c}' OP (QE‘))}
heT A Pez

§ E is ‘\'I"Qﬁsi']“.ve}
h oz

]

J

/POng \,Je obser‘ve. {)or’ o.n& h,'z_

h ez
{ antecedent o? (@\S)}
heocz A convex.z

{CQ4) fﬂS‘)’Qn‘]"lO\}EC‘ W‘ll’)\ Q= 'Z.}
cC Z

I

J

%
(End of QFPenc\ix.>

T am  indéblted 1o ()?w]'_r:jer M, :ngsl'ra @:r

Fo'm}inﬁ out that in an earlier version , one
o( the exam]o\es wes  wrong.

Austin, SJonuo\r:j 1998

prof ar Edsger W Dgkstra
'.'_DePc.reren‘)- o? COmPu‘]'ef' Sciences
The Un'aver“s"lzy OP Tekas ot RAushn
Auskn, TX 787/12-1/188 , UUsA



