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’ProvingL an 'lm_p\icou}-ion via ﬂ‘s converse
- J

This nole deals with o Yeoremm +het s
o@en wsed -fc:r instonce in as c\i{’@.f‘em‘
arecs Qs ec‘tua‘)’iona} Akeorj, 3eome}r , and
unc}ional Proar'omminj-. bu.')- rar‘e.lb meﬂ}iOﬂec{

eX\Plic'i'HD. -H' QI’S‘\' 3'1\/65 cmc:\ ?r'oves 4'\13

Hne.or‘em, ond —”‘12n 1\ustrates '1}‘6 use with
Q (pqmous].) 3eome)rric e.quF]e.

Tn the ‘@"owing R Vc\riob]es ' x,b range
over Sorne -.Possi\pl:j unusuwal , But  well-
uﬂc\e.r‘s'\-OOd-- EJF?" » w"\'.]e \ooo)eo-n {anhons

P’S are Frec:licc:.+es on thal }Dpe. (Function
GPF‘icc\‘)‘iOh \oe'mﬁ denoted b an ihﬁx dot,
Yhis meoans +hel ’FZ”_ instance ?)x ond 9y are
boo\ean exFress'rons. Below, each e-o‘u.oc)"io\q 1S
denoted ):)3 +s boolean expression , 'Pt‘checl

bfj i+s Um\\'nown, -(fp“oued }fb e colon.)

\h-”w 4‘\12 Qbove conven')":ons we can row

?ofmu \ o-.."e. H‘re
“Theorem Le} T)radicc.)res -f,s So\l'is%

(o) ().x=> g % .J?or ol x
\eJ‘ ec‘u.ou\'iOn X: ().x have c«l‘

A Solu-"'\oﬂ , '.e.

(4) <3 X1 ?x) ;)

| s}
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]e}"‘ equuca)r'ron x: g.% \'\ave o+ wmost
1 solution, ie.

(2 gX AN gy B X=Y {or all Y
Then we mo:v c:cm\ude -H—\e converse UP(O),‘:.@.

(3D 8j => ()5 ()or ol Y

/Proo§ Tn order o QS“‘Q]D\iS"\ (3), e
ohserve %r‘ C;T‘}Di'}rc.r'j .

99
) { ('\(2’5>
3 x:: P N .
{ Pr‘ec\ico.Jre 3&21%\“5}
<3X:: {?X Fa¥ . >
{(O), wl'\'rc)wsrir?eans ?X = EXAS.X}
<3Ix:: Cx A gx A 9’j>
=, § (20 and monojronicib OP 5]}
<3>(:'. px AN X=j>
'[ One.-Foiﬂl ru\e}
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(End of FProof))
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’_ij boa:j o? ;“us']'ro\}'ron we'“ skeltch 'H"le
s}ruclur‘e o? M’)e s}wor'}-es)r )’DFOO? CSee. T_O])
0? Morle_ﬁ's "ﬂﬁeor‘e.m, which deols with

the S}ﬁa?e o? Qigu.res 0? 4']'1e -@)liowing
':\0130\0351
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In -l-ke OLP'P\iCOs"l"th o? od\r‘ ’Hneof‘e-m, ’H'Ie-
”‘oossib\:j wnusual, bul well-understood }vpe
over Wwhich X,y renge SomFr3Ses all Gjures
o() the chove lroFo}o(gj ~PQR nsidle PBC
such Yhatl Yhe lines drewn obove T>cr-}'.)ric>n
AQBC indo -H’?e 7 smeidll nondeaeneraf[-e Yri-
c.nS\es s%own -, where the size OF -”ae
?ﬁgur@ 1S irf‘eleufarr)-: Ohlb Yhe onﬁ)es

m C«']‘}'e.f‘.

L4

Mor\eb's Theorem s\-a}e.s 'Hﬁo«}- R i? he
anﬁles ot A.BC ore ‘)'risecl'ecl, Jrr'lcmg]e
POR is equi\c.]-e.r‘m\.

/Pr‘edicc.]-es P and 8 are 'Qorrn.ulc..]‘ecl
in t‘erms o? the om,s),e.s O(,(B,)« Yhat

SQ\—‘\s%
C‘D v<+\2> +D' =TC'/5 and cr,(&,r ore ?osi]-‘nre. .
“Yredicore Q \';rescr‘ubes H-\e omg\es around
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/P,Q,(\?, as VO"OUDS

@ /=x+/3 B+/3 \ P
/3

\ .
’Pf'ecli‘:o}e ? Sc:l—is?ie.s COnd;'};on (“\3 thanks

‘o (4) , g‘cm which we derive

(50 C(ox+rm/sd) + (Brr/3) < Cond  ey-
c\icanj)

(6) @+r/ad + (m/3) + (et+/3) > Cand
C\jclicqn\j)

\\I]"oe.n we ex)rencl q')’le. c.bove qur‘e Wi‘”\
the poinks A, B,C, (5D implies that
C \lies a']- ’H’)e richt Side of /?Q and
C‘.jc\ico\”j) , while Cé) '\m?‘\fe.s thet K
lies ot Yhe righ} Side 0(} BA

“Predicote rescribes -”’\e angles
around Q,B,CS: F >
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To veri% thet 9 SQ‘risﬁes condition (2)
we observe +hat  +honks to (4), o q""!ﬂﬂgle
ABC with onslas Jor, 3(3. 3y exists , that
+he s)m]oe o{) a }T.!O.ng‘e s Gxed BJ s
anﬂles, oncd ‘H’lo.‘)‘ w'\’r)ﬁ r‘esT:ec}- lo Yhat }riar)jfe
the Fo-s':)-ions OP their o.ﬂﬁ)e hisectors and

hence o{) -n"lo_ir‘ Fo}n}'s é%) 'm}-ersec}']on (P,Q"R
are unio\uel\j de'}'erm'aned_

Becewuse g implies H’\tﬂ' N Frian \e.
PTAR 18 equi?a}erar, 9y > {)(‘7 L?_.i.e. (23—
imP\ies Mor\ev's Theocrem . —Yhe Froo? in D}],
how ever, estobli shes Qx = g.% —ie. (o)~
Cusing the Rule o.() Sines ﬂ()onowec\ b

I . J
o mono%m:c;b orjumcn}") The O\FFEG\ to

the above 4-1'\e.orem and +the ?C\C)S thot  the
existence cendibon ('\) and Yhe wni

ueness
COnd'.\-'uon (2) are Sc«}isgiec\ are swe‘i under
'H'\e rua b:j —}Jne rug b.j the Sen}ence

” We S}‘c.r-\' N owur Proo? not wi Ha qu
Cn"lbi)rrosrb }riangle [ABC], but with the equi-
laterol ore [’PQ’RS].” ’T?eareﬂa\r:ljy Yhis WOy
o? Commi}¥'|n3 the sin o? omission IS on\j
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oo common, and i+ 1's no wonder thot
ieo)o]e. Se\- COﬂPU\SQC\ Qboul' “‘be. dll5}";l’1c.‘]"¥0ﬂ

et ween COﬂSeo\uen¥ aﬂd o.n}'eceden}-,

This note %c.:s been wr‘sHen because , onl\v
o8 ?e,uo Se_o.r‘s 0.30, I hed been u.no\]'b‘e. “'O
'\c\en}ri% without ncil  and aper +he
Pr‘ec_'\se logical struchture o{ the skelched
Froo? o? Morley's Theorem —l-\rwuslﬁ, at the
fa\dn‘g a lo} r@r‘ ranted, L
hoad designed thal Proo() mjse\ Y. “The fwo
hurd les r?o.'ulec\ Yo take were (i) the
realization -H'\a}‘ an (AWL&SU&Ql b ] m‘:gh}‘
Coand weas) needed , and (i) ‘\'t-
meteri zation _b& o(@,),_ o() P and S ,
which 1s essenhidl {or the o.P]olicoJTOﬂ
but n2eo\ no\' S]’\ouo w N -]-e -ﬂneor‘em

Presen‘}-e_cl in this note.
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