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On 'Hwe dex—er‘minar\-} OP -Hv-.e Procﬁuc{' o? }wo Squar‘e

h’:o}‘rices

On one level, this nole deals with +the deler-
minants OF sguare malirices ond Jheir Proc\uc}‘
and is about o P“DOP of the +heorem th ot
the de'\'ermiﬂan“}' O() . Prodmc}‘ ec'ua\s Yhe
Produd- op e determinants o? the %clrors.
On QT\O’HneF‘ \eve\\ —Hms no}e 1S abo:ﬁ- nota-
}ioh, and '1]' is +the ‘O\Her‘ 1ISSwe hat 1 sl‘xan
address {?rsl-.

»* ¥
X

Th contrast Yo Mj curvrent }\o\oi]‘s, 1 'S“'o.”
use sub- and su er5cr1'P)l's, and shall even do
so in o nested fashion when dhe need arises.
Q\so, m.ul-l-i]olico)rion will be d&ﬂo+€c\ \D:j Jux}'a—

Pos}’rior\.

1 UASSUMme 'nm% the reader 1S w]“ir\g o

rec03nize 1
<2£: O< (<< Q‘::Bé>

the sum o( N "Jroclu.c}s oF) an A and <«

B each. SUTD}OOS€ now . +thel we hove o

deal with mony C}F such sums, but all with
or the dummy. (_n'\} s s,

the same ronﬁe
g)or' ins¥ancef, Cn \;ey common Sl otion n
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3eome'}‘ri cal considerations , in which *the

above n eoluo\\s Yhe Yw\mber“ o\(; dimensions

C’g Hne SPace Ea ues%on,) n Hwojr Sijruaiion

ﬂ oy S Yo S‘}‘o«}-e i\ke ronge once ond 'FDI"
ey, 9

all , and not Yo re}oecﬂ- i+ in each suamman-

Yion. The above exPress‘\oﬂ can then be ab-

breviated +to
(S QETB‘)

(T hove adoPHd Yhe habit o() main—}-a‘mm3
both colens as an indicabhon +halt +he range

s 'nmP].‘ ci H:j uwnder S)rooc\-)

Tn the chbove, 4he wvoriable ¢ is declared
5[—0 be 'Hﬂe du.mmj }3 i)rs Qcoccurrence a@er‘
z but qur‘c: are og‘\er way's o(/' '\den}'i%;ng
«Une c;\uMmU Tn bol'\al‘ 'S knowh as 0'”13
Einslrein Conven"'ion ,I which s *‘o\ilor‘eo\ ']-o
Yhe summoetion o() )’)roduc_)rs, the obove s

obbreviated ‘o
A, B

where Hhe dummfj ¢ s ider\l-ieecl as such
))ij 'Hr‘\e {)OLQ}‘ ’H"IC‘]" J‘ oCcCuUrs once &S SU\\D-
SCF}]O]‘ OF G '()&c)ror‘ o{) -Hne ]’Jr"Ocl uc}‘ and

oNce as Su/}oer"SCr-i'o . I3 Conu’er\-l-iOn YWO}‘

OnL:j eliminates the Tz, bl also  the
ScoPinﬁ Por“er\‘]')'lesis Poﬁf‘ < >”
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When T was jntroduced 4o }he Einsten

convention , no one menktioned Yhe elimination
OF the <0 ping Porenlrlweses, {or “163 hael
nol heen introduced ‘je}: T)eoyale. WOuId
Jusi‘ Lori te 1

‘Z QC.:BL + C
with oot makin exp\ic_;}- the convention +hat
would disam 'labtajre the above.

Slm”quj, the '\denJ-EchLG\J*EOn OP the dumrnj

by s "double occurrence”’ raises the cluesql-ion
"double accurrence where?’ . For instance,
would SUmmo\)ﬁon be imlolie,cl in

A, s B ?

4

Since,'fn all -H’;e.ir QPPl]c_c}%ons, dimensiono\
considerations would rule oud f@r‘MU)Qe like
Hle. QBOVQ, -H'we F}\Jsicis*s ’0(7 FHr\ose dajs did
not bolther.

We | howe_ver, live in cl}?@aren* —1imes, and
S'}'o}e exrﬂic{n\«j 'H'\o.’i‘ Summaf'}‘lOn 1S im}olieci
bf? lhe double occurrence, once as subscri »

and oace as Swfser’scriPJ‘ OFJ -F)OC‘]'OI‘S oP the
Same Produc“, which 'S then -H’we ‘]—erm f\—o be

> umme_cl.

We would like ‘o ]')oin]r out +that the

OMISSion DF -qu SCOPMS Po.r-er\q-)ﬂeses i3
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Jus%ﬁec\ \Dj %he obser;va‘lion OP | |
(Six A, BYCE): D)= Tgj OB CD)

an € uo\\ﬂ w]f\iclq 1S G Coﬂsequence. o()
qu Eack +hal mu\kplica%on cliS‘]‘r"ilou‘I‘es
over oddition. With +the Einstein conven-
Yion —and +he As Bs Cs and Ds }De}nﬁ
reo) or comr))ex— -qu a[oove exPreS§ion

i S wr{+)ren

QC.B"CJ.DJ' or A, C B'D
or O\Y‘L:j O}l“aer' of Br]f)e 24 Perwxu*al—ions. /H’)e

oOMiIsSSion of P&ren”‘)ese_s usuo\\? reﬁec"s
the associo.)rivi}j c{) an ('m@x oper‘c}or*;
in the case of the  Einstein C,Oﬂven]riof\,
-Hﬂe omission OF) —“"le or*e.r\-}lneses also
subsumes o d\'s%ibuﬁon | awr.

Tor various reasons 1 shall introduce
and QXP)a'm mﬁ hc-zx}‘ noq‘c\‘l-}onc.] conven-
Lien  in terms o{) o most c,\assicc\\ notg-
liom, in {;'&c:} —Hne nototion wl'\ic]n wias
deemed T‘C—."S“Pé’.c*&h]e Ccmd in Wl’\.ic\f\ 1
was educated ) }’)clpa C:e.r)]rur:j g0,

In the jpono'wing , B and B are nxn
motrices with 1eal or Com‘o\ex elements.

'ﬂneir Tows and -l-Lxe,\”r‘ CO\UMY\S ate iﬂd@(Qd
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‘Fom 1 -Hnrouﬁln oo The element in row
4  and column J‘ o? modrix A s clenocted

12 ‘
J @{,

on g Simi\o\r‘\j r\pot” the elements o? oty
B . Cﬂ‘le PurPose o? the undef“lining will
\oecome C\eor‘ n o moment ) 1 den)rigers
h , ¢, J, k | ¢ wil be wused +o denocle
inclex vectors o{) \eng-ﬂ'\ g and the
elements o? h are denoted \O:j

h, h, .. h

1 2 2t )

and Sim.llo«f‘l\kj @r‘ (:,J,k ond £ . The indivi-
dua\ ndices in }—\ne ahove enumero\)rion

have o range g-o\m g! -\-\r\r‘ouﬁ\q a

Qur new conven Hon gives o ymeaning
‘o Q;) ~ note that bo']-](\ Sub ~ and Super-
Scri P}s are vectrars -~ ; Q;J st ands %f‘
G Froduc]‘ O? n  elements o? Y ot X
A, Hdo be precise

© @) - af gl A%

3

’_Denol-inj -Hﬂe mc«*}r‘:x T)r*c:)d,uc}‘ \otj cany

‘lr\ﬁx ® ” we nNnow  give

Lemma 0 (9'}333 = Q} 'B;)
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/Pf’OOE ‘/\Je observe

(ReBY

{expansion of index vectors §
@Y @B L (B

{ definikon of matrix products
(af BP0 @B . (B0 D

i

h

N

{wm}o]ex muH.‘P\iCQJrion VS commujra)rive}

@Ak Ay @Y BB
t —tn - K1 2 — Bn

= {con’l-'r‘o\cl—ior\ 0? ynclex ved-or‘s}
A" B
CEna OP’PFOOF)
* »*
*

Nex} ‘oe de{]ihe -@:.r' each ( Yhe two

constants & and g€ . Since ?or‘ all ¢

g = &°

4

we need 1O de?’me on\j one o? Jhem. With
Jr)’\.e vectror not Biven ]’Dj

NQ¥=1 2. ... N

e have
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E. =0 iF ¢ IS E‘E.J_' Cn Per‘mu\%‘c\'}-}or\ o? not
(ir\ WL’\ECL'; case ¢ Con"-omﬁ ot 1eas)-

1 duPthzx}e)

. = +1 3? ¢ is an <ven Fermu+a)-ion o() noJ:

o=~ i? < is on odd Permu‘}a'}ion oF not

Without '}akinj into accoum} W})en T)er-

mutotions are even or odd , +the above
imP\ies
Lemmea. g. g = ‘ﬂ‘.

(4

hecoause n distinct O\g\)eC}'S admif n).

clis}-}nc]~ Seo‘uer\']-iql O\f‘r‘unjemen)'s.

Let qpor the scke op the —?o“owinj Ais-
CASS,ON , ‘the oPeF&‘\‘Or ! be QSSoci&+ed
Lrth  Fwo Qsi)ﬁons in  index Vvectors
and  denote the in}~er‘c\r\c\m3e OF the
elements %a! -)r]qose ’kwo T_)os'\c}ioms‘ Since
the ‘\n'\-af‘o\nanﬁe OF Awo e\emeﬁ.sfs +urns

an  even Pef‘m\x\‘o\%on into an odd one
and Vice  VvVersa , & SQFSGES
() st et

\V\J@ NnNow ObS&f‘VP_
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" 9‘.)
[
= {uF ¢ raﬂges over c«“ ﬂn Possi\ole
VC\\\AGS} so does C"S
e‘vﬁg,
. . ] !
= { ' 2 —E&°, see (1); Q; = Qé“' , See& (O)}
~e< QY
¢ 2
ie. we hove established
(2) £‘RY = -e‘R

Trom (1) and (2D we es}ablis}w

. ¢ e
Le.mmo\'z. fc gck £€ = & p\‘._ Ek

/Proof On o\cc_our\}‘ OF) (2) and (13 . -H’\e
-\—r—omsgormc\'l-ion o? a‘-gék Yo &° Qt.e intro-
duces as mony Sijn ckaqﬁes as the “rans-

?or‘mo.“ion g"om 62. }o €% | so H’\e& cancel .
(End o€ '(171"00.{7..)

The 4raditional de)@miHOn of Det A
e. "the delerminant o? A°, s

& Det.R = &AM
bur T ]’)relfer‘ H—_\e rmore S:j mm e ric
(4) DA - £A,) ¢ /n
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The equivalence o]() these Awo deﬁni'\-ions
de}Dends on

(5) £HQ.}::+1

?

which  enables wus Yo derive:
£ F\;‘“E

= {Lemma 14
e A ed g /0

i Lemma 215

it

e ) Eno..l:ij/n!
{ (B}
é‘c. ﬂ‘f 6/n‘

prom bo}mcl’\ observa}‘:on —lhe eo‘u'l\fo\)ence o?
(3) and (4) ponows.

i

Bnd now we are rec:u:l;j Yo Prove *H\is

note's 122X~ %) 4—)'7601"6m.

Theorem Pe}. (ReB) = <’.De4. A)(Det. B)

/PFOOE \\)e observe

Det. (A«R)
= {)}



EWD 263 -2

e (A-B) & /0!

{ Lermma 0}

C ok . \
< 96 3‘3 S-/h_

{ Lemma 1 j

¢ xk € J
& ﬂ(. e & :Bk g /(n!)?'

{ Lemma '2}

¢ ~€ X ) %
e R, & £, Bﬁ EJ-/(nf)

]

il

it

{ Fearoufoincjz} |

(e° Q7 &, /n‘.)(ek,’Bi f)-/n'.)
{ <4>, -'rw':ce}

(D). Q) (Deb B)

I}

/i

C End o? ’Proof)

# X
¥

M&q'r‘ix '\r})eor(j VS c\ose(j GSSOCioﬂ'eC\ \,J'r)')‘\
Vinear 4mns€armohon o? n-cdimen sional
Space, the —()unc}ior\al Comw{:osi%on o«? hwro
trans Lormedions C_orrvesponclinﬁ ‘o the scalar
Produc} 0]() Jrheir- Y‘nor}riCes_ S‘mce -qu de-
}-erminqn'} © the matrix eclua)s the —?&c-}or
b:j which -H\e f\—roms(ér“mc\lﬁon expamds the
n-c.lfWIeﬂSiOho.l V01ume, ]’.neap ’]'rans{)or‘mw\w‘ons

Y)rovic\e o model in w)'\ic:)—, our “Yheorem s
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r ¥
obvious )

* *
¥

Tke Qbove. Vs essen%"ncx““ J!]'1e )’M‘OOF T COf\S’]‘FLAC‘]'ed

a5 o youn student. (For once T had been dis-
So)is{':ed NIR\ what  wm master /pru{) J.Ho\c‘n}(‘jes,
\no\d )7r‘eser\+€d.) 9‘1‘ ‘ﬁ

Yook  rmuch wmore peper: «g‘);rs']'kktj T did not
know the Einstein convention, Seco ﬂclb pu
ugec w‘v\'\ﬁou} S}')o\me of }“les%‘}‘cx)n‘on Su\oscr‘np}ed

]

dummies and the - . - as 1 Thove done
here  in de()in;#ior\ (O> ond  the Fr'oof OQ

Lemmoa. (0) )

e BI‘ime CG\‘C‘.ulo,)-ions

But as soon «s one considers Subscripjﬁoq
as G ﬂo*ql—ioﬂal O\Hﬁr‘nql—?ve {é;— g)unc_hon 0F~
L3 ir
Flic_o\)ﬁon, the 5ubsc.r‘r]0')‘eo( Aumm becomes
an Qnomab, or dummies S\?ouol be "graslw
" 7

()
\/C.r-‘\o\\o]es o ’res)T ;d@n}iﬁers and not @nc..

Yion values. Tnsteaa of C‘.OﬂSideﬂﬂ&

he b, L.k
as n dummies 5 i}r s much cleaner
lo introduce  the 5in<cjle Aurnm h o,
OP “r(j,’)e Wndex — index . No?e that

l_’ ™ . s_
Swc Ca olp,mm\j ro.nﬁes over n cAeren

VOV\ Uues .

\!\)i“‘\ F’CI 1‘aﬂé}n3 .ov‘er‘ -Hwe )‘Jre index
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ond  wsin the MG x  dot -()or‘ anetion
QPP]iC&'}"IOST\, (0) w(:;ulc\ hc\ue ]Oe.ir'\

ond Yhe Froo() o? Lemme. O would howve

sar ted
CQ-B)f

XCRS:
(T CA-BYT )

{ defl of o Froomd}
(Tp (Q?F /B};F»

{ distribution of T over T
(Zks (Tps 9‘3‘; B W
ete.

)}

I

)

Note 1’\0(«9 i -}‘}‘ne ‘as]‘ ‘3'}‘@[:: —H';e, n Summo\lims
anchon k.

over +the index 9 have been re?:]c:ceo!

BU Cu sinﬁ\e Summcal—'\on over +he

\/\ll‘H’\ ’H’\o\nks Jro 4}'}6 ETQC‘ F:).(Bglsm& Ha

\vc‘r‘% culer.

Auskn, 2 November 1997
PI‘OC clr EdSBer W ’:ngssrrc\

iDePar]‘meﬂ'F o? Compu~}-e|“ Sciences
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