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A Geormetry Troblem from "The Monthly” March 1998

Tn a review in The American Mo-]-lwemq-\-Ecc]
Moranlj, March 1998, the -ﬁo“ow‘ms )Drv::]:)]em

was staled. Prove +thot in o ﬁgure \‘:ke_

C
B
F
a o £
AB+BF = AD+DF = AC+CF = AE+ET
b »*

*

Qﬁer‘ a while 1 ‘?au.nc\ my se)? consider-
'lns -H'ne v?ns wures bul‘l‘l"\ ‘]‘]"!e )OOFY\“S Q,C,D
Fixecl but the line BFE mo\ﬁhg Pc.r'o\“e\

-|o i}'se\?, w}%k 'H‘\e doH‘Ed ]ines -H"r'ousln
D and T its extreme loosi%ons:
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Below we 8ive. H‘)e Po-si-hons o? (B,‘F,E
when the hnovinccj line is in ils ‘e@mos}
POSEJ‘ior\ —1i.C. Coincfc‘.iﬂa w-'”'\ ‘Hne. CJO'H‘@C)
line '\-]nroualm D - and loter when Yhe

movinj \'me 'S N al i)rs r‘iﬁk}-mos} Fosi‘}‘mn,

Fiest we ore \r\l'er‘esl*ec\ N 'H'\e_ vcxlwas o()
K and Y when -Hne rmovin line is in

this ]e?‘fmoﬂ' Posi’l-ion, ancl  where «
and 'b— -C.orr‘esTDor\d.ir\S +O Qr\')-eceder\"‘

and CO.nSEOlplen‘}' T'ESTJEC.-HVCB—. are Si\ren ID;
*x = A +:BF"'PI'D-'DT: and

y = AC+CF -QE-EF

:Deno]"ma -n'nese \e@mos‘F vealues 133 0
and YO , we recd {)rom }he obove

efgure
(0) %0 = ’P-}-r“-—cl . YO:’P.;.S_Ql

Nex¥ we ofre iﬁ4-e.r35¥eci in J-)qe_ VQ\ues
O? X  ancdl Y when the MOViﬂS line is
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in ik riah’r'moﬂ- T:)osil-iorw. The Poin}s
B F E are then locoted as shown in

the ?o”ow'mj ?igure

CcJ\ir'\j -Hnese values Of) X and a" 1

and Y? r‘espec)-ivelj, we regd From the
above ]‘Jicl—ure

(4 V= P-q-s , }1_—.’P—-Q-’Q.

Ot.a.f‘ Pre.:tcrpy O}D\’So\ }ion 'S x=0 = J"D'
ﬂchdb, ancl not Surprisiﬂﬁ IU' we 3]’1&”
show x=0 = r=2 . We can do so
because cll comPonenl's o? X and ¥
and hEnCe X  and X themselves are \ineou‘
func_\—}ons OF lhe Posi bom oP llﬂe movinj
line ( measured in distance ﬁrom . Sy,
the le@mos]’ doted line). Because
A0 >0 and A1<0, these two volues
dex‘ermiﬂe_ lo I near )r‘\}c:"]oolc.)-imn 'Hne
bnigue Pos}“g‘on al which o« =0, and

§imilc.rl:j {ér‘ T . We don't need o
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c\e]-e.rm‘\ne l“/\ese Pos]-)']ons, we c:nb need

o show i{hat 'H'\e\j are +the same, which
-()o“omg F‘Om

dO’a/1 = O(1'b’0

Thanks }o (0) ond ('\3, the latrer ‘Proop
obligo. bon is equiva\eﬂ')- 1o

C]O—q re )X P-Q-RN) = (’P—q-s)v(’?—q +5 )

Becoause Cin -\-‘we Znd ﬁgure) 'H'\e c\oHeo\

lines ore paroﬂelr we have
(2) pR=9P qR=rQ Pz pR

and +he above Froc:? o\o]igc:\}‘ior\ con be
SiM)')]a'()iecl ‘o

(3) ID'P + qQ -rR = rpz_‘_c,z_. s?

We are 93‘\")«‘.nj on MmMmore ond wmore
-Fom“]ic;r Sr—ouncl. Usin3 the Cosine Wule
- le. ”c"' = cl+ bt - 2ol cesy — we deduce
1a) -Hne 2nd 'gﬁure
true

{ Cosine Ruole in A ACD and ACH:D}
P*= 9" +s* + 2:q's: cos8 A
R* - CQ—c:,)z + st ~ 2. CQ—q)-s- cos.8
= {e\im'\ncﬁe cos.8}

n
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(Qug)P*+ R = q-Q-(R-q) + Q.s*
{c\is*ril:u-)-ion oncl r‘eo.r'f‘cuhainj}
QP + Q-qz -Qst = q-‘Pza- c’-Q"' - q-’\?z
{1 (2) and @4 o}

—P2+q2-sz = P.’P.,. q.Q._r.'p
{ c\ee 0{:’) (3%

C3)

]

)i

})

and +4his c;omr,v)e.]'es m(j T:rroo?.

No‘-e ‘In}roc\uc)’\on o\v'\c:\ e.l.im»'f\o\}'ior\ QF
cos. & s in -H'\e 1&5'\‘ Q.Q\Cu\o.l‘;Oh

standard device . ( End o? Note.)

15 o

The reco:jni-]-':or\ OF’ }L.e ‘iheGr“ depzno\ence
on t‘he c\isplacemen‘)‘ o? the movir\(j line
was crucial. The Se]'::»cxr‘.a}c ﬂamina QP P’q’r
ondl O? T, R, 'P\“eecl us  kFrom Menl-iominﬁ
their corston}t fo.}'io where it did not moter

ﬂus-l-‘m
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