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Sociel“-}’s ro\e s mq-)—]\emc,l-ics
- iy

Mathemodicians ]oemﬁ as human Qs 'H]@ ore, Hhere
'S no clues‘l'}c}n that domj mathemeatics has o\wags
)Deef\, and  will Q)woéjs ]De, o~ socia | Oncn\fvi‘lb: when
mo\}hemq}":ciaﬂs ]ﬂav‘e beeq Produc'}*iv’e) ‘Hﬁe.:j are
as excited about their latest creation as musical
composers con be obout theier )G“’€SJ‘ com])osi'}-ion,
and #He:j are  eguall cager 1o share Yheir cle\igln}.
But it s not onb in an artistic or emotional
Sense —“'m% -Hﬂe People c\oir\j mo.l'lmemo\}'fcs @rm
Some sort op communmni Y oy Py o \arge,
“"65 a\so do so in spme verJ {“eC)nn}c.al FES)’JemLs,

Pes 'S, ror mS'l-o.nce, c’u‘»]—e cormmon thal o number
O? V"“On‘nemc\}icians work on C\ose related )’J:‘OE-
lems, Por this is all but wncveoidable when «
*heorJ thet is shll 4o be born is in the asr; in
Such o case, new results obtained B& one afre
o-ﬁen o? jmmecli&‘}-e Signi—ﬁcgnce %r o—H’vers.
I*}' s -l-l’\is CirCumS‘)‘aﬂce 'H’lc\}} aver —H’le Cerﬂ‘uries,
has Sivef\ rise to the Iplﬂenomemon opscienh‘ﬁc_

correspon dence,

Asicle Modern communice Hon {)oci\i]‘ies l;ke e-mayl

have the o-}erm’}ial of hi N intensifling scientifc
] 2 I‘j, howe %begn h&i[-efﬁ

s J-er‘cl'\cmje omcl7 conseq vent
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as oF a“«)’)er‘vadir\f) Sc{enl-iﬁc Siﬁmﬁcance, ):Jw}
this seems & rasH conclusion Since, Yo the best
of my knomledﬁe, the modest S)’.)eecl o—P “snoil
moil © hos never been o serious bo-}-‘Heneck:

T of least never go)r the im)oression +hat | say, the
Cle\/eloPmenJr op O\MQH’]‘MM mechanics in +the 20s
WGS Seriousl hompered BJ the abhsence
e-maoil. (On the con fory: pressure Yo conduct
the deueloPmeni- 0{7 cluo.n)-um mechanics Wwithin
the c,on]@r‘]es of ASCIT- code could ea.sib
have been Ho.rm()u‘,) 'I? the modern communic -
on and cOoPerqlr}Oh are wellcomed exuberom”j,
this  wn wo\ﬁ’an}‘eol en”\usiqsm Could very  wrell have
C PO[AICO‘ oriain, viz. the collectivist desire 4o

Pla:j down ‘H\@. ]’DO)l‘ef\)f‘ial r‘oie OP -H‘\e individ-
wal. (End 0(7 Aside.)

Nex+, ‘H’\e ma*”‘»emaJ-ica] COmmun}}‘

j 30‘]‘ ‘H‘ne ‘{‘os}(
OP SeH‘ir‘:j and mo}r\‘}oininj

O,uo‘f;}v stanclards, and
this hc{’:rened N o we w]'\}ch) i r‘e}rospec},
| be

bPical r mc\H\emchs. In —H‘e

uSu.c:\‘ re.cons}-ruclion OP "Hﬂe ear \’\;5%'0‘" OF
, T J

mo\r}-l«qemo\}ics, mo.H'\emo\}fcc\] "Yruths — Such as,

-@Jr‘ “lf'lsl'aﬂce, ‘H’lai’ Cn ‘l‘ffqr\j]e wi-H"\ sicdes of
l?ﬂa-}-}vs 3,4, ond o L‘las =N riﬁh-) omjle—— b%an

as @X)Der"i meh‘}—a] '@C)“S G hecdl 19 oloservc\ *i on
un}'}I Hellenic ci?)

g reeks hod ot

ma& e

2

anﬁed hat. The oncieat

east o clouble mathemaldical +ar.

enjtas
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86"2 «PH’“S'H:; H‘)e& wan Fec *}O jef\efo\lize and um'%
—~ soy +hot -H')ej wonted to CQP+ure as well that
a *rio.ms\e with  sides of 1enﬁ-}]ﬂs 5, 12, and
13 has o rijm' omgle.—- and Secondb -}heJ
wanted <certoinmby  and Fredsion: +h wan ted
o know L,d(lj the ideal ‘\‘riomj’e with sides
op e_xchr\(j 3,4, and 5 has an erc)rb
rigH- cmﬁle. The ]oivcﬂ“Q\ word in the previous
Sendence s +the connective /’whj”: ‘W\%y pefcefuecl
Jr\’)air Such gac:;‘, 'LhSi‘QQc\ DP }Deir\j im)')er'()ec}‘}j
established by ohservation, could and hence
should be esteblished Per{:)ec}b b:j o. convine-
ing c.mjmmer\)r‘. But the notion of e con\rfncinj
argumer\}-” 1°mmedio\}‘e ro.ises Hﬁe c]ueshon
”convmcinj ‘o wkom?": iF the audience ‘o
be convinced is su-{j{)icien}‘\j Su.]]’.ble, -W‘xe.
qraumenlr can bhe loriou.sl;zj cle{)eclrivc.l I+
became 4the task o?

wqumlrj Yo CuH-i\fcx'}*e, ‘Hne Sc_elo‘}'ic‘nsm ajains}

Yhe vmothe motical com-

which the quo»\il-v of) the "convincn‘nﬁ arﬁumen‘}ﬁ
would be checked.

Thus the so-called ‘consensus model| OP
mothemaotics  emer ed, 'n which o T)r@o? was
deemed correcth be i ”u)p Yo the stanmeclards of
riﬁour‘ OF) —‘rL\e_ da If) w her 1 was acce):)-}-ec\ )33
the MO.‘]']"IGMQJ‘ECQP col\eajuea because '}lwe:j Sowd

ﬂOHnIﬂj wronj o Fls)qj w]Hq I}‘. _n'ie 51-}(,&&1[300
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was not idea! bu{- ﬁ:r +he Firs%- 20 centuries
a@er Euclid ‘H’\ere.lwos no olternotive. The
mo.‘}’)'\emq)r]co.‘ @di—ﬁce }\C\d been GY‘EC‘J‘GC\ bJ
drawinﬁ 105Sco} conclusions Q—om ‘}He aAX10mMs
and  neither Jrlﬂe 103ic, nor +the axioms were
FE‘G\”j Sulo'ac} to doubt. The G Xioms, intro -
duced s (’Se\()-e_viclen'}' “‘r‘u“\s ’ were Su)o}?osecl
Yo CO\P}-ure & given, @xed ceality out there,
so +there was nof much P]exibi i|~:j ‘(%r‘ them,
ancd  in the same vein “here Seemec\, 1o be one
" lrue \ogic thot had Yo be used to draw +the
Conc\us‘:ons, S0 No Ff)‘eec\om ‘i’Her‘e c—:’.i*“r\er‘.
’Pkiloso)?%ers_ seemed o occupy themse] ves
with logic, hut on closer inspection the
3 P 9
slrm::jjlec\ with  the Problems o? notural lon-
guoge , o medium  now )n)po\mous {ér i+s
obscure Semo‘ﬂ}'ics. Bul as lonj os one
Searches %r ﬂwnvir\cinj c«r‘gumen'}-sh and the
Fargz ‘o be convinced iﬂS'\S‘]'s (T uﬁdef‘S‘}”Qnd—
‘mﬁ he o\r‘jumen~\- 1A Jrerms o() the  almost
cer)rqmlj inadequ«ajre vehicles of natural
lonjuaﬁe o\nc( ]'Dic:']'uﬂis., 'H?@f‘e s 1\'”')6‘. e)se

one  con clo.

ﬂsic{e T was S_}-_.gckecl w]nen T dichver-ec:l m}m}"
can or\]:j be colled The 9r‘6a]~ MC\‘)‘}"IQTY‘\O\HCQ]
Froud, viz. ‘H”G* on +the One }'lomcl Euclidean

geome%& has heen PresenEd o dhe one genera-
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Jrior\ of Scl'uoolcl'\ildrer\ a@er— +he other as ‘H’)a ]orime
exormp le olp a deduckive science in a” i+s faure
9]°r§j , while ot the same Hrme call those Sener-

aJrions OP innocenl‘ sc\noolc}wi]drer\ hav'e heen

i ]

tawg ht to draw emme‘}rico»] conclusions

thal do _‘Q_?,_)‘ @How G‘om Euclid's axioms !
Euclid's axioms J'Ws+ don 't su.()ﬁce3 bt
Hhe Q’Qud could be hidden behind the ob-

Scure semontics op Pr‘OSe ancl ]ofcjrure. CEnd

of Qsio\e-)

With all respecﬁ -Hne Sreeks have been blamed
@r not c\ealirg with real numhers in their
Own riﬁ}ﬂ, but clea\in3 with  them in the in-
-}errr’e\-e\-hon oF) ]eng-}-\ns, orecs ond volumes
\Ns ead. E}emem+gr\j c)l\cje)'sro\ Cab0u+ Sms,
Procluc}'s, ratios ete. ) thus became o branch
o() jeome}r ond remained so un kil Wene
“Descartes P’l‘596~16503 Furned Yhings u)osicle
down. Descartes’s vision wes nothing less
than 1o +trea} vie +he n‘m'\-r‘ccluc)ric;n o co-
orclinajres 3€ome%r‘ oS O br‘aﬁci‘\ o‘? aljebr‘a.
This conce}'ajrua\ grno‘\oomﬂ which lhas heen
hailed as the bejinn}hﬁ oF) modern mathe-
matics, was all +the more impressive  Since
Descartes hed 1o create in )Ooss‘mg the
aloebro he needed and its hototional cen-
ven tions. \We shall return 1o these loter,
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here e should men‘,‘iorw)q‘jain with due

res)oec+, Descartes's };\i-]-io\) error OFJUdje“
meni.

When ’;T)e_sccmjres 1’10\0\ }115 vision, he was

more  than excijred, he was ecstatic. You
see, there weas no s:js}-ema}ric:

me.)-hoclo}o&ij
—ﬁ:r so)vinﬁ 3eome+rico\ Prob?ems, cF o«.g'\ven
mowmen b 8eome‘]'r‘iCo] orgumem}s seemed Yo
require the mSP}r‘ec\ intreduction of Some-
')r\q‘mﬁ like Gn uuxi\iarj ]ine, o Circum-
s+amce -anx'l‘ kepi- 3eome+ry o\ maﬁic art
Th alﬁebr—o\, however, this Pl’\erﬁomenon Was
unknown: the rules o(p
m&nipu\o\)riorw

obebroic ]Q)rmula
being kr\own, Qljebr‘o«ic TJr‘ob_.

lems were solved bij -l-urn.'n

the cronk | so
to SFe&\(. 50

or o short w\ﬁile i WS

{)e” Hyal the tronsla fion into olae\orc\ would
do ckwo;j witHh ~|an(—2 need OF i nvendion )Qor

which 3eome)rr was notorious.

Os we shall see loter, however, Qbebro\ic
man})ou]o\}ion is not “that mechan;cal ond is
more +hon tust durnin +he crank. s the

roblems 7 we )rr(j o solve hecome more
advanced, +he oarmount o mc«ni}:u\lo«}ﬁor\
required quickL becomes Jdotall mun Mmaon -
Qﬁec\}ﬂe unless™ we Gmd N Su(ﬁ‘cfaery



EWD1277 -6

e?@c%ve QL o() r‘ed.ucinﬁ il—. \J\Je eﬁoec%z\cc}e
such o r’eclu\c:-)r'acm or ‘msi‘omce bJ an inSP‘n"ecl
choice OFJ what 1o noame , and i+ turns oub
thed  such o choice IS vew similar Yo the
Insiaire.ol choice op, say, an auML‘c«rj line.
The 4emloorc«r:j assump+ion that caleuladion,
because W\eclﬂo\n}co\]? WG S Jrrivio\\ Was an
Husion lbased on experience with sim]ole
17rob]ems on\:j. So wuch —F&r‘ Descartes's
iniHal error OP J\A({ﬁemen*.

Isaac Newiton (/542~/?2?> and 90"'1"1(?ied
Wilthelm Leibniz (!645— )7/6) were born in
the last 10 ears o]p Descartes's life_, and
the rest of 1he 17“—; Cen}vrj Sow o ropid
and dramotic deue\opmeﬂ} op mO\*H"nem:‘/Efcs
indeed. There emeCﬁed lots OF) ‘H'\‘mjs The
mo“nerncv]'icc\] Communi hod +o et
wsecd 'h‘.), had 4o screen” and Ssomefimes
L)QC‘ ‘o T'E‘E’C)‘. sleemin l Cor)"ec}‘ Crga-
mem}'s })o\\c):\ \ecl @ Obgigusl erronegus
conclusions (e.g. in the cose of sums of
'mTpini‘}e sequences), "H’?Q ConcePl's on w}\;ck
Newton  based )’135 d'lggeren”)'icl and 1ntecra|
caleulus seemed Yo some con%rc;c:licﬁor&,
in short, the ‘consensus wmodel” oF) Mo the -
mahcs Was in -Fu” orce, oand consensus
was ot a\wajs obtained.
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T}'\irgs real] ]oe o %‘O Cl’)an e 1N -Hae
19 4h Ce.n‘}ur‘\uj e {17?'54 }Wo\{" o W)’]icH WOS |

dominc}ecl )'D:j Yhe '}owerinﬁ igure of
Cer) Friedrich Sauss (’l??? -18%55) , who

—Gmon Momn O‘Hme:' 'H‘\inas.l—- Se.)- Nnewd

)

5'}‘Cf.f\dcn“o‘j or ma”wemajriccﬂ rijoULr‘. T+
were -H’)ese news S#omclemds 'For‘ riﬁow’ that
made j]- ossib\e 4’0 wWwieon mo\'}')’)Gmc\}iCS
@om H—;e old in)ru{-}bive Qr’ umerw‘}‘s, as o
r‘esuﬁ CJF) wlﬂ}cl’\ ‘H";e coun er~‘|r\}‘ui}ive resa”-
co:.,(}c\ be es}osl:)‘u sl\ec\ ‘Hﬁq} non-~ Euc\'adecm
eome/}-ries COu}d be made consis-}en} an
%ence were conceivable. (These are geo-
metries dhat do notl include the Evelideon
axyorm -H’)cﬂ- , -Hr\rOuﬁH Ca ’J’Do)n-}- ou)rﬁide o
\ine, -H"je\"e GX'\S‘}‘S Cr L/Lniqme_ Paro\\le) o

Yhat \ine.}

Since fDesc_or-}—es, who hod Ybosed geo-
me)rr:j on real al ebro, “dhe Euclideon
axiems hod a]re&dJ lost some o? Yheir
exalted status of “the base o)() euer\cj-}]'\}nﬁf
the in}roduc%on OFJ non-~ Euc\‘sdeam ﬁeome-
‘ries Complejred their {%Il F»om the Pedes—
}a\. When axioms \OS')- —H’)eif" S}‘Q}'Ms
ﬁse\{aeviclem} Yraths” Yhat could be token

{%r ranted 4}1@5 became QSiumeO”S or

pos wlates  thot “haa to be skoted expln‘c.‘}b.
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T+ was around +the dourn oF) the cermLur:j
that under the cuidonce 0? the wncompromis-
iﬂj Dowvid Hilbert (1862- 1943) we ool whot ’
became Iknown as “the )’Dos)ru]c\}}or\c\? me thod .
ﬂ—s r‘ec:ePJ-;on wes wmixed. Jo quo)-e ET Bell
— ttom “The ':Deve\opmen+ o? Mcthermaics (1945)—

"Modhemaoticions and scientisks o? the
Conser‘vq}i\/e Per‘SuQSiom ma:j ee] 'H’]C\‘)‘ C,
sCience constrained \33 an exp\iciH:j
?ormulo\}ecl 56’1l OF) O\SSMMP}ioﬂs \ﬂcts 1054
So me OF i+s frveedom ond is almost decd.
Exper)ence shows +hat the only loss s
the dErﬂal OP +he Fr‘ivi\e\c)e O e in
avoidable mistokes A reasening. %s
IS Perho\PS bt hurmanl no\‘x‘urcﬂ, each
news encroac\r\men‘}’ o X:Ee os}u]ojriona}
method 15 vigorows\\j resis ted sy, some
QS an I nvasion of L\Qllowec\ 4rqdi?iom.
ObJec‘}ion +o the me“’woc} 13 hei'H')@r‘ morie

Nnor \ess +}’10\ﬂ obec)rion 1o mc\-}'}wemoﬂlics.”

%

T+ were not owﬂb the ”a:SSumPhons or
//]'J'Os)rulo\-}-es #, which T‘Q.F\acec:\ the aXioms, thot
hoed Yo be stated ex?\iciH:j. Thn the c,ues}
.For Sreo\lrer“ clc.rilra ancl Pr’ecfsiom, (‘)‘ S O0ON
emeri?‘ed Ihat the adoP‘l'EO[ cdeduction r‘u.\es,

/
1e. e 410«9;(—” or ‘”’1?_ “in erence T‘L.z\]E’SJr )’)Qd Yo
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be s-l-c.%'ect @XP“C’:HJ‘. n Primcf]::[e iJ‘ no ]oﬂse\‘
Su —ﬁcec\ o Sc:j thal one lnac\ TJfoved Ca
-Pneorem, one hod Yo add whether +the argu-
mer\}- WGS kosher OLCC-Of‘clim \—c), Sa:j’ ‘\h)‘b\-—
FSHOY\SSMC 10356_ <L.E.3_Br0uwer>)‘ in
Pr&chce the more de m aﬂdinﬁ ’ogics %,Q?l

were ProPosed were Q)r man\j decad es

lurgeb ij nored.

For ocur current consic\er‘alrions Hhot neglect
s not imFor'}arnL, @r, “ﬂeﬁlec%&d or no}, the
existence of’ ollernakbive - nok +o Say: com-
Fehnﬁ" \Ogics s)\eci o new lioht on  wheat
the role o? the mothemeodtica commur\ib
had hkeen: brin in3 out o vote on the

‘o P e logic mypliciHy under-
Qcce]') nce o P Y
\jm% Yhe (U\Suo\lb verlaql/ ]:Ecsroriol ) O.rgu\-

Yymen

Qs +ime went on, the need o]p Sreo\%r
c]&ril-:j and recision  made +he in&dequc.cies
o() +he vermeP;c¥oriol argumernL maore and
more O)’DviOuS, ancl Srmulae beﬁar\ to

!C&:j Cu Sa’ecﬁer‘ role. 1n the be inr\ing,
izr'rﬂu}&e Were Pr‘i.mar{ LLSQC( or de:SCri)')“
'y ve ]’JMFFOSES, to c,]'\o.mc.jf'erize Or summarine
SituationNs  or Conclus:'onS, w}\ile -qu s%e}:)
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Qrom one Si)rua]riom to Jr)'we next WG.S SH\
recasoned verhally,. C—ln Yhis s*aje. o?
Earmali?_c\%‘on, Stjm:zac)rfco\lb ambiﬁuOus
armulae are shll guite” common G\rea
/‘LAN&EF‘S}"GHZ;?I‘S !

rec.der is Sumoose& +o d?sombiﬁuo}e them
So Hqc\}’ ‘H%Ej Pn&ke HSenSe”\B

4

howiﬂj wlwoJ IS meon‘]'/: the

T.n ‘H’»c Y‘)€>(+ 5-\‘0\3@, -H’we r’u»les o{) recson-
1N became Sl‘o}eol and a}':» \fec:l &S ru)es
O% (ormulo\ mani)')u\q)rioﬁ ancl Hhe C-Hq,'s
-hme ) Y‘\‘}'QCHCC«}E} mr\ambiﬁuous) arm ulae
hecan “o carry  ~he arﬁumenL, A rew Sble
ofjdom mothe meadtics ca]c:u\\o\}r]omo\]lj
emeraecp /Persor\o“zj 1 -H"\if‘.k -\—L‘\o.l- the
Ca\cu\c\iiono\l Sty le o{) doir\3 moc)'if\emo\HCS
hos 3;’@@} Qduc\rwlrc:rjes. pet })elps in not
mo\ﬁrwg “avoicloble mis)ques iN rexsonin ﬁ,
il lecds 4o crisF Proops Fhet are eos‘n\%
C\ﬂec.kec\ ~i€ SO oles}r‘ecl, mecl’)o.nicollb_
and thus to « su.Perior Froc\uc)r,, it Tis more
c\meﬂable J’O He Sc.c;lin P that s re-
c[u:;recl when we  Wish ?o Hreak Programs
as moﬁ-lne.mo\“‘ic‘_o\l oL\Uec;]rs, and , most im-
ior%‘anH s or-mu\lc\ m&ni]’buio\}‘iOm IS Mmuch
eH-er Pec‘c o\]o}e Aj-ho\r\ -qu; e[us;ue_ CLAH-T'-

val-}on o? one1s ﬁinhﬂ\-ioni.
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The ultimaote conseguence OF) +Hhe QdoPJrEOﬂ
OP -H\e. ]oos-}u]on\ioho\ me']’\ﬁod 13 the 'JﬁO!Cleciu\o.c‘j
and ‘Sulﬁseo\v\er\H\j ‘he irrelevance of the
consensus model o mq)rlnemalrics, os the
\QH&r ye meclred e orm of ‘lﬁ']‘er‘o\c}'ior\ win
lhe cOrmmunit which was needed Yo com-
Pemso]"e ]@n“ ﬂwe W’\%)or‘ s\’\or}com{n s o()

im—@:r mo\\ ih‘}u_iJ—ive r‘easoninﬁ.

NO'} euer’jone noﬂ\ﬂces ’}'L]Q‘]' n'\o\“qemo\'l"ics
1S evo\ving in o direchion Yhal moakes the
coNnsensus mode] '\Oso\el-e.. Com)'m )rinﬁ scien-
%54'3. as o ru‘e, ¥ehc\ ko be coware OP i*‘;
-Poami\io‘r‘ as lrke-:j are w'v\']f‘\ mar\ipulo\+iom
( mechanized or not) OP unih%er‘]ore)rec\ ?Oﬂ
Y‘hu)o\ej -H'\Ej tend Yo {)Eel qw)-e ot  home
with more Ca\CMIQ%ono\l C\f;jmmen'\‘s‘ More-
over Jrhej need +he r@)rmc\\ or‘gumenh as
Y cope better than +he verbal orgu\menh
with  the Sca]in(j uF +h et r’Echomﬂﬁ about

di:‘ji+‘0»l S\Ljs%‘ems C,uicklj r‘eoluires.

Ve re-")ro»bl —H-\]S evolu+i0ﬂ seems o be
v, 3
ignor‘ed ‘Pf‘ecnﬁe\cj w%er‘e ‘qu LI renN ess
OF 'u‘* wuw\d bQ o? 4')"1@ Sreo}es\r imFor"\'QnCe,

viz, moﬂr}‘xemo\}'icc\l edum\-ion at \omse. T the
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name QF) qlr-}r*c\c)rinfj Wpemo\\es and o}}'\er minor-
i)rj students , a sort o? {)ee\—sood mokhe -
m-o\}rics IS Prom@%@c\ R w\nic}w rigorous G-
?umen}’s don't seem to P]o:j o rvole and
hat uﬂeﬂj {)o\i\s to prepore iks vietims
Q}f‘ Hmeir ?u}-vn"e. Wis 1S o jrrc'ﬁedﬁ'

)
F\U-sl’iﬂ, A SP/T)}'QM)DC\’ 1908

Pm?dr f—:—dsger‘ \J\f.':Dﬁks)-ra
fDeTa&rlrmen\‘ O? Com]':u}‘er Seiences
The u.f\iver‘sib OP Texas atb Mus kn
Rustin, TX F8712-1188

UsH



