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) cc\)c:u.\o.‘('ior\a] examp]e

I~ this note X andt oy are Variables
o() some JFG E  and ’P’QCQQnd/R ore fr‘ed_
icates on E e rﬁkﬁC‘HOf‘lS o? tj)oe E-1B
( where B denotes 'Hf)e. boolean dormain -{lrrue ,

Colse I ).

We introduce Square b rackets [] o
denate what s known as ”Hwe ewver where
0)3€r‘o\¥or‘ b, w}h'ch 1S o {ancﬁcm = b)’)e
CE-B)Y B TFor any Fr‘edicc\)re AT
)s de-ﬁnecl Ej

[’Pj = <\V/X:: ’Px> ,

the r‘\'jh%kcmc\ side 1o be read as  for
O\U A CO() bre Ev’ /P.x (: +rue>¢_ _ﬂ»e
FI'SM- -~ hand side  has —Hne T)r"o}alem +hat
wf‘i}ihﬁ + down {érces ws to make on
irrelevant c}\oice) as we a\so could hove
wr'!-Heh <\V:j . /P\‘j> instead. The ]e@u hand
side  [P) - read os //euer;jw%ere ¥ s

g)re_eci Ff’om +het Clu”‘er‘.

Ta order 1o render universa|
wan H ](): ca+i0ﬁ 1’3 *H’)e ever wJ')e,r*e d‘Per“c:%or'
2‘5 3'|V€n }D(j <O>:j]1+ s €Sseﬂ‘1io\) ‘H')o} *H"e
term e o? -H')e 'ggar‘m /Rx , le. & @nc—
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tion —here P- « ]ied 1o or’bi*ror)‘
c‘nosem dummJ ng '1)‘ S+ond5, ur’]i\gr‘.ﬁa)
Cluo.n)r{‘cha'}ionS \ike <\7/><:: '1/P.><> o
<\/x:.- TFx o= @.x> cannot bhe rendered
b:j the cvery where or)erc\%or because the
terms 1 Px andl V= = Q.x r‘eslgecjrivelb
do ho-‘- }')Qve -H‘xe f‘ectuir“ed\ S}WQTJQ.

There are +wo wa‘jf ou bk o? 1his di]em-

o, Viz. the indroducton o](f new nomes
17 !

ancal of —ﬁAncl‘\Dn ex]')ressions . The o -

duction O)O new?) nNoames S mo\)rhema}ic(;!i‘j

very simple: i TR is defined by
<{Vx: Rox = W/J.DX> ) then
[R] = {Vne: 7 Px ]

Similerly, 7 R s defined 133
s Rox = (Px = Qx) Hhen
(R} = (Wx: Px = Q.x)

T is very sim le | bud dees not help

much either . there s little we con do
Lsith [’P‘_} Wwithout re er‘r’iﬂ3 back to
R's c‘leﬁm]—iovn.

The wo:j o() }njrroduciﬁg ”ﬁanc}{on

expr‘essions& Jr\'w\+ 1 -sl’\a]l menjrion here

s called //\iprinﬁlf. T is the no}‘o«)—iono\]
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convention Hhat C\Pplico\ﬁor\» Yo an orgumen}-
OhS)ﬁ“iBtAJFG’S to the le over -+the o)oer&)rors
on ‘HﬂE.‘. ]r:ﬂ:e o? -H'\e ur\c}‘ior\ va\me. /”"lai‘
s, wWe introduce o exo\mr\e Yhe
new  expressions AP and QX
éiver\ b“j |

<\v’x;: <‘1/P) x = 71 (/P X)> aﬁc[

vxi: CP=2Q). x = (Px = Q%))

Notice Jrha)r this conven ton im]o\ies
“sver|oading of the operators : at
the righ‘r-?ﬁanc\ side o = }he
boolec\r\ oPero\*or‘s "")’\Ef’e 1 ang = —
heave arﬁumeﬁ¥5 and Lnjielcl values o?

b]’ae B , W i]c ot -H've le@—l'\c«nc\ side
—)Hej }').ave Grgum

_ ents and (tjielel values

o? )r:j)oe E>B .

‘lJr 'S -H‘.e Coﬂveﬂ‘)’}Oﬁ oP )}?J}n ')rhajr
allows us Ho c.]‘br)l
h

-H"ue. everyuw here
oFen;%r YO o W o%

exfressions, €9

["I’P] = <\/x:: 'IKPX> and
E/P-%Q] = <Vx: TIPx > Q.x)

/‘F‘imﬂé. notice that [/PECQ] ex)';resses
thet V¥ and & core di(‘?@r‘@n)‘ names {%f"

the same )’)redfcc&e.

* *
x

class o @Nﬂc)"hon
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Tr\ -‘r]qe {é”owinj , Yhe onl 10 {CQ) Con -
nectives we shall hse ware _ﬁj?s*eg in “the
order o() imcreaﬁinﬁ Sbnjrocl-ic_ bindin

ower — = , =, AN . From )'Jr'edfc;cz*e
CG]CM\MS we 5%&“ Lse ~H1c>\+ {c):r o\”
% @/R e ]’che

(o) L PA Q@ =>/I?] =[Q= (PR ]
(1Y) [P>@R] = [PAQ=T]

with ouwt re@rence we shall use that
N\ S

7

O.SSOC.;O\\'\VC: [/P/\ <@ A’P) = (fPhCQ)/\/\?‘J
3wame}f':c.f [’P/\CQ = A~
Tempotent:  [PAT = 7

Q” ‘Hfle &bove e Qre 30?03 )‘O use

i our shud O\p +he ataatia o)’:ero.)-or”
9iven )':::7 the assertion -)-]:Q,L

r ol

)oreol}cQ}e T os j}ven b:j |
(’2) ['P' = g)rp @’P]
or Some ?u«f)Cl')m @om )or‘e‘dichs

1o Predicxa)res, Le. O )(j)’le CESBY-» (E-3).

Our‘ GTF‘S\- \emmm Pu+s 1O —Vur—”wer re -~

qwif‘@fner\}"s oM ﬁncHOr\ Q .

Lemma C {fP -'-——7/\?‘]
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Moo We observe %P omJ T

(P =7

{<25) the cle‘»?m)riovw o? T:'rjmmj_z}
[P = (P =7))

{(0) with 7,0, T = C’P,qﬁ?ﬁg
[?‘?/\ P P

{C1) with P,Q = {PAP, PS
[P APAP = {PAP]

{ \omr}erhes 4;70 /\}

}r(.)_e
( End Of /Proop>

1]

i

J]

Qur nex}- ;nVES‘{"LﬁO\ '}}on ex P]ores \,J]']Q‘)‘

Wwe mo hove ‘o osLu}o\}a cboul ., So
that \:?e cen S o\,f that  the Primir\g operc-
bon i1s  iclem ]'Do+er\}- , 1.e. thal P 75«

F‘.xfoin)r ?f' Yhe Pr\minj opero\)ricm, that
o

'S, N r"mu\\o\l +heat

(3) E,Pl :-_:/P”:]

SO wie 54-ar]* (o N iwle op 'H'we Q\faove.
We D\O.SQFVC o Gﬂj; E)P

[,Pl = rlvlj‘]
{ (2) with /P:;—_”P'}
(P = Q’P‘%’j’]

§ (23}
P = §377'=$Q?”F>ﬁ>13)]
{ (o) with ¥, O,R = P, Q’Pg /];75

i

)N
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(P'= 0P ALP 5P
{<4), see be(ow}

(P = P”D;»’P]
{20}

Jr roae

ond  YHs comr.)]e]res the demonstration of

C?Q, concdlitional on ‘he C\G’.MOHS}F‘C\}TQT‘\

of of CA)
/lgemark The e.bove oo O\’]’J)’Dealﬁ b }Fmes

o (2, the c\egnihon o Mwe )’)rim}nj
Opef&]"\on- ’rh}s is no ac:ciderﬁ*: (33
Con*&ins 3 Pr‘\mes. CEnc{ o? (Qemo\fk.v

il

1y

The lemwe. (4) we need cbove s
(4 [p?Ag?li{?/P]
To demth%‘r‘alre 'Hf\is Lo e observe

[LP A L7 = PP

Q1) with T,Q .- C’P,C’P’}
[PP s [17]

1 F is monotonic, see (5) helow

Il

<=
with @ .= '}
L P=7")
= »{ Lemm&. O}
Yrue
where " is wmonotonic mec.ns” thet e

howve ?or“ any TV @ that
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(5 (P> o [{eﬁv;»(?@]

ancl %—\qus we  hove }')r-oved

Lemmc\jﬂ Tor wonotonic 5 -)r)we )Drl‘mirza
oper&hon 81‘\/&»«\ \Da [P = {{T= 7] iS
io\em)oo)ren}"-

Momojror\\'c ’@hcw\'\ohs ore @lr\ COYMNM Y OnN.
One wa’j of eS’]“a}Dlisln{nj momognfc{b S }ij
Yot distributes owver

Lemma 2 A thnckon

N\ is monoTonyc.

?‘"_09_‘?93\!6"'\ thot -P distributes over A
we observe {)or' C”Zj 7, R

[P s Q]

§ (O with Y@ = f’P? 7 Q}
[(PAf@= (7]

{ £ distributes over ~ S
[Q{(*PA@) = 0P)

Leibniz: subshiutin equals wequals}

[’P/\ Q = 1] j ! {3

{ (Of
[ P=> @]

with  which (53 has been established. |
C End of /Proo]p>

W

Ji

i

Because u.n':ver‘sc\l c:]uo.ﬁ’l'i]pfco\‘}‘iovﬁ dis-
Yriboutes over A in o sense o be shown
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below, we now consicler aon SO\JrFS-
%:nj %r“ ol Q X )0
7 fR)x = vy y<x:Ry)

where 4he rjm' hond sice showle
recad 6s rﬁm ol :7 such Yhot Y <X

K (j Cho )Cl5> . Then p distributes over A
/I?roo} We sheo wo [?(’Pa Q) = f/):’/\ ?Q]
bﬁ obaer‘vmﬁ ‘Cor" ch T Q, %

(P(QAQ)) X
(3) with Ri= PAQ

<\/(Lj (?<x (PA Q). 5>

be

i

= P%nﬁﬁ
WV <x: T Y A ©3>
j{jls}r })u}-aor\ OF) \V/ Qwver /\3

1

\4 T <\7’ <X
) 3{%;3( \.ﬁf S a,:?\ wi Fh % oY/

N

= { Vi{Hin
W?AQQ)X
and &S dhis \ﬂo)ds ow’ we
Provecﬁ [? (PAQ) = {827 PQ]
CEnd of /Proof>

howe

The combinarion (E, <) is called
o well- fOu;nclecl set € the {gwowmﬁ
fomq of Pr—oo? I’Dj maothem ecticel induchon
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1S valicl: N order b Shouo /1?x ‘@r‘
any X, F sa [?ces lo show +4hat x

s true wunder -Hwe assumpql:on thatb
“P  holds {Pr‘ all smaller values | e.

((9) <th3.<></]-?8> —‘—-> ’PX .?or“ O\H X.

With ? as c\erpme.d\ i~ (7Y, PFOOF)
chligebion  (8) +akes the {orm

(PP sP]

of, with Frimmj c\eﬁnec\ @S in (2),
(7]

Tn other words: U(E <> s well- TOuﬂdeC\
mean s {ér all Pre_ohco\sres P on E, [?:! B[/P]f
Thetr s, }? C k&, <) s well~ —‘Pc:unc{ec\

we <an I’;rove [/}7] ]DJ T;rovmﬁ E’P]
insteac , Wwhich is in genera] casier since
—see Lemma 0~ [P P]. Bub it
mokes no sense 4o %;j bo rove | P
s *uu"n b W\c«”qemc\)']CC\) aﬂo\u\c;\rmm
sinee the rmﬂmg O)':era)l'10ﬂ Xg! qu\es)won

[/jl i

3 LAGT G ]r ees

Conc\uc\ir:j \”enwarks

This ncﬂ‘e s no+t chout -H')e (me]'a)‘}'}'leonem
Nm% -H"lé‘. Clé."CiSlOr\ %’O PI‘O\IE some})'\lna bkj
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ma bt hemeadicel induchon does not need To he
f‘6]9f?-ox¥8d )DECQMSE }]F is iclern)’)O*'er\J' ('Hnouﬁ}\

Some would consider Yhis ) AR UASUG | the -

orem Gnd we hc\ve rovec\ iJ— Sim I:j) bu‘]"
abouk calculation.  We should roy o Se}'
an aPPreciaHon ~ which elemen hove

maoce “\}5 ca]cw\la%or\ S0 e-ﬁfecﬂ-ive.

There 75 Yo Eeg'm w}-]')q "ihe ever where
operator btj clo'm& awo-cj with  +the dummj
ot the umverso] oluom}‘;{ijer‘ A4 W+ Cer;]-o«'m]:j
contributes +o dhe brevib oF owLr {()Dr‘rﬂu\]c\@.
A second issue IS “ne, decision +o c\ena']'e
this operator b o cremthesis Qi Sur-
r‘ounc\‘lt s a%umef}'. The obsej:\fo\q'ion
thet  this &rﬁumen‘}' 'S usua\lj an GX)OFeS—
Sion OF some COmP‘@XiJ'\&j Suppor}'s -Hnis
nota tional decision. \,\]rime:j [T7= Q]
insteacd o T Q devietes , however, gc:am
the '\ro\d})r’non o c\Eno*}inS C\ b}r‘\c.r‘\\j rela-
Fon btj an N £ X oPero}or‘) and some

‘H‘\iﬂk “‘\13 clevia)‘ion Yoo }'\;3]’\ = Pr\'Ce
%O Pag

There s no controvers abouk the benega\s

OF \ntroducin Yhe Y‘\o}‘gionc,\ oSsr'B’:fib OP
. D P

Y G (AlO\’}'Tfla un&f}})];ed uﬂC}“iOﬂs’ nor

‘i )“T_? -qu. oPer‘aFoFS

abou borr‘o wlin \0
J o ued QXTDI’E’:SSioﬁS.

needed }o erm 'gju:qc)'}onn\/ox
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N lied ()uﬂcy'ioﬁs —~/P7 /P=3Q.] {)/P,
P Ej—c— occar all over Yhe Fext.

T would \ike to j:)o'm‘} out ‘1'}70\‘}’ —Hwouxj)'\
the introduction o? the name R as on
EWD /238 -1 el not bu\tj ws much ., we
wsed +he soame l—ecln]qwe ot r'ea? o\o\\fan}-cge

iTa ?Of‘mu\]o\ (7) %r- 4‘%6 c\eﬁmhom OP F)

/Qemqu ’ror ’Hwe Scke OP ComP)e%eneﬁs T
ynenkton that (?) can e uiewed as two

L’Wic\@ieﬁ A“Q)JS‘}T_GC‘}']OHS: we COu\d l’)a\fe

de?inecl F b:j
P.—. </\’R i ix o <V8:U<X: /[?‘j>>>

ot L don')' consider "H"\o\}" on m)or‘ovem ent
over (?) —_[h Mj \1m1 l"(—?cl e x ‘Per}arwce ; ')'}’?e
M calewlus is better cvoided when Hyou

dOhl}' ﬂ@@C] l)‘ CEf]oﬁ o—p ?emcﬁ'\’(.)

The Co.\cutow}}on wrther derives s Crisp—
ness Gom the cleﬁr‘ee i which i+ has
neen o\',senjro\ng\ec\. Qur anﬂ oo\B op
Yae colculation was o (meto)theorem
O‘bou} mO\“}')"lerhO\‘}l.CC.) 'nqo\,uc\-ion? butr none
OF Jrl"’e- S)oecig'cs OP mQ4hema%¢a\ induc Hon

en‘}‘er Jr“le Co\lculos“‘ioﬂ:
* [fp =3,P'-) s demonstrated without

Qn:j ousSumP)rior\ o\\oc)u} p ”



EWD 1278 -1

™ VT H\e c\bove, [’P‘E’P”] s demon-
strated a%summj onl \() Yo be monotonic,
. '1r1de_]')enden+ OF) ‘zhe chove .i}- 'S sahown
thet C s monotonic if i} odistributes

- over N\ ,
- inde e,ndeﬂ+ O )r\me CJ’)O\/E i‘\' () SHOWF\

that niversa qu&n}'iQCa Viorn clistribates

oOveYy 7\

° F}h&”ja the link Yo mathermetical n-
duc.\-’rorw 1S mMmode: ag! \ica)rion (8) has

a un-lverso\\l‘j oquan }ip’ad an}e_ceden+.

n short . ﬂﬁin‘)’ ik a \oeaub?”
Austin, 10 SeF}ember 1998

Pro(). dr ldsger W :ngsh-c\
Derar}meq}- o? Comrw\)rer Sciences
The Universib o{) Texcs ot Pustin
Aushn, TX 78712 - 1188
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