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On the dransidive closure 49?:;\ we‘”ﬁounded rt?lc.lioru

b
Eclsjer 1;? '.-DrJ kstre

Dedicated 4o
Nikleus wir‘“‘w

9, No-‘-c\'}}on, '}erminobﬁﬂ, ond imPor}‘ed mathemedics

We wse the term ,,Pr'ec“co.‘}‘@s# {ér lhe elements o{)
a boo\ean Glaebf‘c-., -Hneir S‘\‘andc.rcl model beins
boolean v{&ncl'iOﬂS deﬁﬂed on sSome spoace. Besides
the usual boolean OPEI"Ca"OI'S (j,/\,\/,%’é:,&) ,

Fy /4
we wse »{::r' Predico.)-es the “everywhere operotor’

[...] of frjpe Pmdical‘es—é{’,‘rue,fa]se}: [P] is only
_‘l'_f__‘-jg_ if) P 'IS:, {jor‘ all O'H'uer P" [P]E 10152, Ir\

the standard model, [..] Corr‘esponds o uni-

VQFSG.,] Quon}i{)ica’}iorg over '“f"ne uﬁderljing sPo.ce_,

In whet -ﬁ:llows, ]0 is o so-called ”Pr-eclicmle
‘}r‘onsformer ”, Le. o @nc}ior\ F: Predica}-esarre:lico'l'es.
When we Yhen wish do consider dhe boolean ex-
Fress{on [{’x] as an eunl'l‘;Qﬂ Yo be solved

or the unknown Xx | we dencote that equa.

YHon ‘Q\lj X: [fx] . ITP
X: (f{"x] A <Vg= Eﬁj] [x%fj]))
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, . . /
has o solu*non, i+ s uniclue and is called “the

s*ronses} SO\u‘l’ior“l OP X:[ﬁx] ”', Simi\arlj, i{)
X! (Ef’x] A <\V’3 [{Jj] [Xé“—‘g]))

has o So‘uhoﬂ, it s unique and is colled “the

weakest sclution oF) X [fx] ‘ .

l:] I)reclica‘l‘e '}f‘c.ns ormer F )Deinj "’)famomo‘]'oﬂFc"r
means that -(c):ar all Pr‘edicovl-es X,Y4

["’533 = [fx =2 fy]

The ‘ﬁkmau.s Theorem o? Knaster - Tarski tells us
thed -g:r monotonic P the equations x:[ﬁx@x]

7

and X: [—Fx = x] lﬂcwe 'H'le soame s}ronﬁesg- solution
Vo [Py =yl gy,
w\-\i]e Hwe equc‘}-ions ¥, [X = {)x] crncel X [xa .Px]

hoave +he same wealesth SQ]u:I"lon

<33= [3@(?3]: j>

The ”T‘elcu)rion C.cx]cu\us” I ob‘)‘ained {;om

the Fredica}'e caleulus b:j add'mj o i+ two
o]ocral'ors C”ComFOSiHOh” anal ,’COhVCf"SC#) and
one c:onS"an} C-H‘:e idenli}j elemen} o() com -~
Fosil—ion). In this note we only need the

c:omFosiJion, which will be denoted b

N In.

()ix ”;” WE’rl‘t [oX sbn’}‘ac‘]'ic: bindfﬂﬁ ]Oou.)er‘ be..
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ereeﬂ 1 ond ‘H’)e ‘Osico.\ inf)ix opera)rors. We
sholl use +helt comPo.s'»'}ion 15 associoh\fe

and +that in either orsumen‘}‘ i} distributes
over N 5 the ladler ff‘orzerb imPl}es that

covn osi‘horw 1S nonotonic in ei'”ner“ argu-
ment. Tn +he standard model OP the relation
caleuwlus, he Pred‘rcc}es are boolean @r\c-}ions

OP +wo Vc.rio.b‘es OF 'H)e some ‘!‘L e -—---l—}-xe
IP

unclerbinj Syaace has the s}ruclure cfc\

Y Cartesian Square " and the ComPosihon

op ‘he reloations 1% ancd 9 is modelled )"j

0<(P5q){3 = <5)—:: ISPy N )"1§5>

(Qs is usually done, we have 4drecled the rela-
Hons as 'mgix {jmb":"s‘)

Relation 3 bein C]e@—)wem@oanded means
NG more and no ?ess '”'mn that -(c):}r’ ony “V

<vog:: <V/a»:0§'3y': ?r) =)’l7c><> =3 <\7’o¢::/|?o(> 2

re. thel )')roo{) b mo—”’)Ernc\HCo.] induction is
volid instead o showinj /?.o( For c:.r-bi}rar:j
x , it su?rﬁces Yo show theat it »ﬁg”ows
{?’om the QSSumP')iOn thetl P holds (ér- all
“smaller ’ values . Takin o contra osiJ-ive,
deno"‘inﬂ 1)° B‘j X Ca re ation Yhe need
not depend on its  second o.raumeni-), and
- b{j r , we can express the Oe@‘-—)we”-
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{éu_ndec\ness O{) L }J\j 'Hne —ﬁlc} "H’lo.‘l‘ ‘ﬁ:ra\] X
(0) (x= r;x] = [x]

Tn other words, Oeﬂ-)we”fwndedness u? r
means +hat :Eclse is the only, and hence
the weakest solution 0{7 x: [ x = r;x‘]

But -}hen, thanks o Knasl~ef—’73r31::', ﬁie
is also Jhe weakest, and hence +he Only'
solu tion O-F X [x = ryx) . so thoal we can
also characlerize the (Ieﬂ—-)wei]-ﬁmndcdness

of r by the fact thot fBr all x
(1) [x = r;x] == ['17:]

The *wo allernalive ?ormu]alions (?,;r- r
bein:a, C!eﬁ-)we”-?ounded eXP)ain ownr .'n}er-esl-
e

in boolean expressions [x = rx )
and [X = f‘j,)(]

Remark Other charocterizations of wellfounded-
Nness are in ']'er'ms o(D minimo.] ele:menh oF)
subsels or [en\cjﬂws o-f) clecr'easirzj chains. In
view) 0(7 quir‘ é’x']'a\ici]' r*e»ference -‘o 'H‘ie Blemeﬂk
o() the domain, +the existence of the Poin%-free

cl'\o.ro.c}-eri'La]rions (o) and (1) Comes as o

s‘urprisinj Simrgliﬁo&h‘on. (Ena\ OF’ rl?emark.)

1 —ﬂﬁe nonr‘e-.ﬂeXiVG ‘}'l’“o\nsi-liv‘e c\osure

The ﬂonr‘effex'xve. +r'czn$;4-ive- c\osuf‘e s o()
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I Can be deﬁnecl cs -Hne sl'r‘onges‘*

o} re\a]-ion
S SQLFS%in‘j

() [r- v TS = s] .

( Becouse of Knc\s-\'er-’ﬁ:rski? Jhere are oller-

nolive de inilions) butl we chose (2) because)

all bj i}‘se}ﬁ i+ has 'm’rcr‘cs)rinﬁ consequences.)

Levr\ma 0 For an Po\ir r, S of T‘e]o.‘]‘ions

so}is@j}r\j (2  we have
<v:*-:: [X =) f‘}x] = [X = S;,X]>

’PT‘OOE We Obser—ve {2:1" an& r.s 501"55@31\3
<2) and any X

[ % = s;x)
{ (2%

[X = (r v r‘;S);x:\
{ pred. cale. and 1rr1c:>m:1n:micil:7 c,’? ;3

[x = r;x)
( End oﬁ ’Proo{.))

Lemmo. 0 wl‘}'h the cheracter-

Combinin
120 Yion (O of (e_pr-— we]l()oundedness, we

conclude

|

<

C‘oroHc,n., Q 1—? -H'ie non r‘eF)lex}ve '}rans;‘l-fve
c\osureuo?a relo."-ion s \eﬁ-wen@)unalecl,
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So IS —Hne, r‘e]a"ion ’\*self.

lLemma 1 “For any Pair‘ nsS of) r‘e\o«]-ions

SCJis%inD (2) we have
{vixs [x= sx] = [x= mix])

M We observe {&r any S Sal'is@sr?j (2)
and eny x sahsfying

CB) [X’—:: S;x]

X
{(3%
S, X
{2
(r v r;s);x
{; distributes ocver Vv ond s c\ssocfo.;l-ive}
T3X Vor;s;x

N

N

)

= {(3)
Yix VO TMX
= { pred.cale}
X
’ (End o? /Prooﬁ)

Comb}n‘unﬁ Lernma 1 LuiH'\ “'le character-
izotion (1) 0? le@—well-poundeclness, e con.
c‘udeq

Coro”ag'\ Ifo. relotion s )e@-we“@unded,
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So 1S i*‘S nonreﬂexive 'lf‘ans'ai"lve c\osure.

/l?emark T‘]‘ 1S wor'”'\ no}anj "”"\o‘]' ne:-lhef o(;
our Lemmo}c» requires r Yo be We”ﬁounclecl

or S -}o be —n’ie S*}rorzﬁeS)' S Sohs%mﬁ C'Z)
CEnd of Qemof\\')

2 Uniqueness

'Final]y, we show +hat -(ér- ]eﬁ—we”founded

r » (Q) de*-ermines S L-ln:'qu.el i.e. 8‘1\1@:1
(4) Lrvoir;s = s_]

(s) [r vt =

(¢) { W% [x—> r; x] = [ :

then [S = t] ]no
“Proof ’F—Or“ reasons oF S&mme«}v i}
5uﬁ?ces show Ef = s] We observe

[t =s]
{ red. Co.lc
["? Iﬁ' A 15)]
< { (6) W!‘]‘L‘l X or= f/\ '13}
[f/\"ls = T ({';\-.s)'}
is"“-*nl-m 3

[¢ =5 v r (E ~Aas))
{ (4}

(¢ = r v s vory(taas)]

m

]

N
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1l

£ s distribules over v
LE= rvr(bvs)
< {mono}-onicib o-f ;3
[t= rvirpt]
= 1 (5]

true

and ]-)recl. c:c.lc}

(Enc\ of /Pr'ocﬁ)

’I/_?rc.s'e ﬁ‘“j _acknom]edge the contribulion
o? Wutcger M":Dijkslrc\ (vi-z_ the isoclc bion o()
L o 1 8} -“’1 } ] “Feii

emm ond a o? Wim {-e..'Jen ancdl Ne-H:j

van gas}-eren (viz. -H-;e Fm@.] Froo(" of unicil:j)‘

Auskin , 10 J anuary 2000



