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Abstract. We introduce a methodology for obtaining inventories of error results for families of
numerical dense linear algebra algorithms. The approach for deriving the analyses is goal-oriented,
systematic, and layered. The presentation places the analysis side-by-side with the algorithm so that
it is obvious where roundoff error is introduced. The approach supports the analysis of more complex
algorithms, such as the blocked LU factorization. For this operation we derive a tighter error bound
than has been previously reported in the literature.
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1. Introduction. Numerical stability analysis related to dense linear algebra
operations continues to be an important topic in numerical analysis. We approach
this topic from a new perspective: we are interested in the methodology for deriving
results as much as, if not more, than the results themselves. Our goal is to identify
notation and a procedure for error analyses that can, in principle, be made mechanical
(automatic). For the problem of deriving algorithms for linear algebra operations we
have already achieved these objectives: we identified notation and exposed a system-
atic procedure that was reproducible by a computer algebra system [2]. We show that
the same notation and procedure can be extended to equally systematically (although
not yet mechanically) derive stability analyses.

This paper makes the following contributions:

e The notation we use deviates from tradition. As much as possible we abstract
away from details like indices, both in the presentation of the algorithms and
in the error analyses of those algorithms.

e The derivation of error results becomes goal-oriented: given an operation and
an algorithm that computes it, a possible error result is motivated and is
subsequently established hand-in-hand with its proof.

e The methodology is explained by applying it to a sequence of progressively
more difficult algorithms for which results were already known.

e The methodology is used to analyze a blocked algorithm for LU factorization
that is closely related to the most commonly used high-performance algorithm
for LU factorization with partial pivoting. We show that the computed L and
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U factors of matrix A are such that LU = A + A with |M| < v |Al +

7%+b|ﬁ||(7|. The factors y» and =4}, improve on both the factor v, for
unblocked algorithms and previous analyses.
We do not claim that the approach is different from what an expert does as he/she
analyzes an algorithm. We do claim that we provide structure so that such analyses
can be performed systematically by people with considerably less expertise.

It is impossible for us to give a complete treatment of related work. We refer the
reader to Higham’s book [10], which lists no less than 1134 citations. Other classic
references are Golub and Van Loan [8], Stewart [11], and Stewart and Sun [12]. This
paper targets experts in numerical stability analysis. Many results are stated without
proof when they are well-known or relatively obvious. A pedagogical version of this
paper, appropriate for graduate students with a limited or no background in stability
analysis, is available as a technical report [4]. While the paper is meant to be self-
contained, full understanding will come from first reading our paper on the systematic
derivation of algorithms in this problem domain [3]. The reason is that the derivation of
the analysis of an algorithm mirrors the derivation of the algorithm itself, as discussed
in the conclusion.

The paper is structured as follows. In section 2, we review notation for capturing
and analyzing error. In section 3, we analyze error accumulated when computing
the inner (dot) product. Next, the results for the dot product are used as part of
the analysis of an algorithm for the solution of a triangular system of equations, in
section 4. In section 5 an (unblocked) LU factorization algorithm is analyzed. These
first sections yield only well-known results. The climax comes in section 6 in which
an analysis for a blocked LU factorization that yields a tighter bound for the error is
given. The paper concludes with a discussion of what the new error result means for
a practical blocked LU factorization and of new opportunities that are enabled by the
proposed methodology.

2. Preliminaries.

2.1. Notation. Much of our notation related to error analysis was taken and/or
inspired by the notation in [10]. The notation d, where the symbol § touches a scalar
variable y, indicates a perturbation associated with the variable y. Likewise, & and
AX (A touches X) indicate a perturbation vector and matrix associated with vector
r and matrix X, respectively. Variables indicating perturbations are called error-
operands.

The letters T, B, L, R, when used as subscripts of a matrix (vector) X, indicate
a 2x1 or a 1x2 partitioning of X, and denote the top, bottom, left, and right part of
X, respectively. Similarly, the 4 quadrants of a 2x2-partitioned matrix are indicated
by the subscripts TL, TR, BL, and BR. The functions m(X) and n(X) return the row
and column dimension of matrix (or vector) X, respectively. We use “A” to represent
the logical AND operator.

We differentiate between exact and computed quantities. The function
[expression| returns the result of the evaluation of expression, where every opera-
tion is executed in floating point arithmetic.! Equality between the quantities Ihs
and rhs is denoted by lhs = rhs. Assignment is denoted by lhs := rhs (lhs becomes
rhs). In the context of a program, the statements lhs := rhs and lhs := [rhs| are

L Assuming that the expressions are evaluated from left to right, [z 4y + z/w] is equivalent to

([[z] + [9]] + [[=] / [w]]]-
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equivalent. Given an assignment k := expression, the notation % to denotes the
quantity resulting from [expression], which is actually stored in the variable &.

We denote the machine epsilon or unit roundoff by u. It is defined as the maximum
positive floating point number which can be added to the number stored as 1 without
changing the number stored as 1: [1 +u] = 1.

2.2. Floating point computation. We focus on real valued arithmetic only.
Extensions to complex arithmetic are straightforward.

The standard computational model (SCM) assumes that, for any two floating point
numbers x and 1, the basic arithmetic operations satisty the equality

[xop¢]=(xop¥)(l+e), |e]<u, and op € {+,—,* /}.

The quantity € is a function of y, %, and op.We always assume that all the input
variables to an operation are floating point numbers.

For certain problems it is convenient to use the alternative computational model
(ACM) [10] which also assumes for the basic arithmetic operations that

o
[x op ¢] = Xl_fewa lef <u, and op € {+,—,*,/}.

As for the SCM, the quantity € is a function of x, ¥, and op.

2.3. Stability of a numerical algorithm. Let f : D — R be a mapping from
the domain D to the range R and let f : D — R represent the mapping that captures
the execution in floating point arithmetic of a given algorithm that computes f.

The algorithm is said to be backward stable if for all x € D there exists a perturbed
input & € D, close to z, such that f(z) = f(&). The difference between # and z,
& = & — x, is the perturbation to the original input z.

When discussing error analyses, dr, the difference between x and # is the backward
error and the difference f(x) — f(x) is the forward error.

2.4. Absolute value of vectors and matrices. In this paper, all bounds are
given in terms of the absolute values of the individual elements of the vectors and/or
matrices. It is easy to convert such bounds into bounds involving norms.

DEFINITION 2.1. Let A€ {<,<,=,>,>} and x,y € R™. Then |z| Aly| iff |xi] & 9]
with t =0,...,n— 1. Similarly, given A and B € R™*™, |A| A |B| iff |ouj| A |Bij| with
i=0,....m—1andj=0,...,n—1.

LEMMA 2.2. Let A € R™** and B € RF*™, Then |AB| < |A||B.

2.5. Deriving dense linear algebra algorithms. In various papers, we have
shown that for a broad class of linear algebra operations it is possible to systematically
derive algorithms for computing them [9]. The primary vehicle in the derivation of
algorithms is a worksheet to be filled in a prescribed order [3]. We do not discuss
the derivation worksheet in this paper in order to keep the focus on the derivation
of error analyses. However, we encourage the reader to compare the error-worksheet,
introduced next, to the worksheet for deriving algorithms, as the order in which the
error-worksheet is filled mirrors that of the derivation worksheet.

3. Stability of the dot product operation and introduction to the error-
worksheet. We give an algorithm for x := 27y and the related error results. We also
introduce the error-worksheet as a framework for presenting analyses side-by-side with
the algorithm.
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3.1. An algorithm for computing DoT. We consider the algorithm given in
Figure 3.1(left). It uses the FLAME notation [9, 3] to express the computation

(31) K= (((X(ﬂ?o + Xlwl) + - ) + Xn—an—Q) + Xn—1¢n—1

in the indicated order.

Algorithm Lrrsv: Compute x such that Lz = b
L b
Partition L —>( rr] O )7 T _>(3U_T>7 b_>(_T)
LpriLBr B bp
Algorithm DoT: k :=z Ty where L7, 7, and by are empty
=0 Whil d
Partltlon T — (I—T) Y — (y_T) ile m(zr) <m(x) do
YB Repartition
where zp and yr are empty Lol 0] 0
While m(zr) < m(z) do Lre] O T 1 10 |
Let|Ler 10 ™M1
Repartition Lao | l21 | L22
0 Yo 0o bo
x — — TT — bT —
(2) (2) (). (2 (_wB)ﬁ@)(_bB)ﬁ ﬁ>
B 2 yB Y2 x2 b2
where x1 and 1 are scalars where A11, x1, and (1 are scalars
K=K+ X191 x1 = (B1 — Ty@o)/A11
Continue with Continue with
Zo Yo Loo| 01 0
— - L 0
(z_T><—<x1> 7(y_T><—<w1> (LTL - )<—(l1TO A O >7
B T2 yB Y2 BL BR L20 l21 Taa
endwhile o bo
T — br -
(55) < x ) (75) (2
B T2 B b2
endwhile

F1G. 3.1. Left: Algorithm for computing k := xT'y. Right: An algorithm for solving Lx = b.

3.2. Preparation. Under the SCM model

n—1

(3.2) k= Xiti( 1—|—el) H 1—|—e ,
i=0 j=i
where 63?) =0 and |e£f))|7 |65ﬂj)|7 |e$)| <ufor j =1,...,n — 1. Clearly, a notation to

keep expressions from becoming unreadable is desirable.
LEMMA 3.1 (see [10, Lemma 31}) Lete; e R, 0 <i<n-—1,nu<1, and
lei] <u. Then 3 6, € R such that []]_ (1 + €)= 140, with |0,,| < nu/(1 —nu).
The quantity 6, is not intended to be a specific number. It is an order of magnitude
identified by the subscript n, which indicates the number of error factors of the form
(1+¢;) and/or (1 + ¢;)~! that are grouped together to form (1 + 6,,).
‘ Two instances of the symbol 6; typically do not represent the same number. ‘

Since the bound on |6,,| occurs often, we assign it a symbol:

DEFINITION 3.2. For alln > 1 and nu < 1, define v, := nu/(1 — nu).
Equality (3.2) simplifies to & = xoto(14+6,) +x1U1 (14+6n) 4+ -+ Xn—1Vn-1(1+62),
where |0;] <7, =2,...,n

The following relations will be useful to bound how error accumulates:

LEMMA 3.3. If n,b > 1, then vn < Ynip and Y + Yo + VYo < Yntb-
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3.3. Target result. It is of interest to accumulate the roundoff error encoun-
tered during computation as a perturbation of input and/or output parameters:

Di=(e+&)"y; 2)k=a"(y+&): 3)k=ay+d

The first two are backward error results (error is accumulated onto input parameters)
while the last one is a forward error result (error is accumulated onto the answer).
We will see that under different circumstances, different error results may be needed
by analyses of operations that require a dot product.

Let us focus on the second result. Ideally one would show that each of the entries
of y is slightly perturbed relative to that entry:

ootho oo -+ 0 Yo
y = : =1 : . : =Xy,
On—1Vn—1 0 - on Pn—1
where each o, is “small” and ¥ = diag(og, ...,0,-1). The following special structure

of ¥ will be used in the remainder of the paper:

0 x 0 matrix ifn=0
(3.3) s =g if n=1
diag(0,,,0,,0,_1,...,02) otherwise.
Recall that 6; with |6;] < ;.
LEMMA 3.4. Let k > 0 and assume that |e1],|e2| < u with e =0 if k = 0. Then

I+3W] 0
0 |(I+e

€) = (k"'l).
))(1+ 2) (I"_E )

We now state a theorem that captures how error is accumulated by the algorithm.
THEOREM 3.5. Let x,y € R™ and let k := xTy be computed by executing the
algorithm in Figure 3.1(left). Then k = [zTy] = 2T (I + n)yy.

3.4. A proof in traditional format. We purposely pick notation so that the
proof can be related to the alternative framework presented in section 3.5.

Proof. By mathematical induction on n, the length of vectors = and .
Base case. m(z) = m(y) = 0. Trivial.
Inductive Step. Inductive hypothesis (I.H.): Assume that if 27,y € R¥, k& > 0,
then

[m%yT] = a:%([ + X7)yr, where Xp = »k),

Let xp,yr € RF+1and partition zp — (%) and yr — (ﬂ) Then
1

Y1
T
[(%) (%)1 — [[+3o] + Daval] (definition)
=[5 (I + Z0)yo + Datnl] (LH. with 27 = o,
YT = Yo, and o = E(k))
(CCO I+ Y0)yo+x1t1(1+ 6*)) (I+eq) (SCM, twice)

_ %) < (I —|—020) I a _Ee*) ) (1+¢€,) (%) (rearrangement)

wp(I+37)yr (renaming),
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where [e.],|es| < u, ex = 0 if k = 0, and (I + Xp) = <(”020)|(lfe )> (1+e))

so that B = D+, O

3.5. The error-worksheet. In Figure 3.2 we present a framework, which we
call the error-worksheet, for presenting the inductive proof of Theorem 3.5 side-by-side
with the algorithm for DoT. This framework, in a slightly different form, was first
introduced in [2]. The expressions enclosed by { } (in the grey boxes) are predicates
that describe the state of the variables used in the algorithms and their analysis. We
use superscripts to indicate the iteration number; thus, the symbols v* and v**! do
not, denote two different variables, but two different states of variable v.

Error side  Step
k:=0 {¥=0} la

Partition 2z — (z—T)y — (y_T>, N (ZT 0 ) .
TB YB 0 |XB

where x7 and yp are empty, and X7 is 0 X 0
{r-e =aL(I + Sr)yr ASr = 50 Am(zr) =k } 2a
While m(zr) < m(z) do 3

{k = 2L(I + Sr)yr A Sr = 50 Am(zr) =k } 2b
Zo Yo spJo]o
— — P 0
B-Fe-E  E-ER) |-
5 x5 B Yz 5 00 =
where x1, ¥1, and cri are scalars

{mzxgu+2@mA2@:ﬂ@Am@@=k } 6

Repartition

R = (B 4 x191 (1 + ex)) (1 + e4) SCM, twice
(ex =0if k=0)
_ (xg“(l + E(()k))yo + x1¢1(1 + e*))(l -+ e+) Step 6: I.H.
— T (k) 8
K=K+ X191 _ (%) <I+OE) 1—1(—)6*> (1+4e€4) (%) Rearrange
T
= (%) (I +x+1) (%) Lemma 3.4
1 1
T i1
givl — (20} (p(Z | O Yo
" (X1) ( +( 0 [offT 1 -
nitl| g .
A 0 — n(k+1) A (_0) = (k+1
< o ) m(2) = k+D)

Continue with

it1
o Yo b 0 0
—_— == b 0 Q 5b
(z—T><—<X1 >, (y—T)<—<w1 >, ( OT = )<— 0 o7 0
B T2 yB Y2 B 0 0 3o

{fi =zX(I+ S7)yr A Sr = SR Am(zr) =k } 2c

endwhile

{fq =zZ(I + Z7)yr ASp = S® Amzr) =k Am(zr) = m(z)} 2d
{k:xT(I—i—E("))y/\m(x) =n } 1b

Fia. 3.2. Error-worksheet completed to establish the backward error result for the given algo-
rithm that computes the DOT operation.
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The proof presented in Figure 3.2 goes hand-in-hand with the algorithm, as it
shows that before and after each iteration of the loop that computes s := 27y, the
variables &, zr,yr, X7 are such that the predicate

(3.4) {/-; — 2L + Sr)yr Ak = m(zr) A Sy = 2<’€>}

holds true. This relation is satisfied at each iteration of the loop, so it is also satisfied
when the loop completes. Upon completion, the loop-guard is m(xr) = m(x) = n,
which implies that & = 2T (I + E("))y, i.e., the thesis of the theorem, is satisfied too.

The inductive proof of Theorem 3.5 is captured by the error-worksheet as follows.

Base case. In Step 2a, i.e., before the execution of the loop, predicate (3.4) is
satisfied, as k = m(zr) = 0.

Inductive step. Assume that the predicate (3.4) holds true at Step 2b, i.e., at
the top of the loop. Then Steps 6, 7, and 8 in Figure 3.2 prove that the predicate is
satisfied again at Step 2c, i.e., the bottom of the loop.

e Step 6 holds true by virtue of the equalities 19 = 27,90 = y7, and Xf = Sr.
e The update in Step 8-left introduces the error indicated in Step 8-right (SCM,
twice), yielding the results for X and 0", leaving the variables in the state
indicated in Step 7.
e Finally, the redefinition of ¥ in Step 5(b) transforms the predicate in Step 7
into that of Step 2c¢, completing the inductive step.
By the principle of mathematical induction, the predicate (3.4) holds for all iterations.
In particular, when the loop terminates, the predicate becomes

k=2l (I+3M)y An =m(zr).

This completes the discussion of the proof as captured by Figure 3.2.

In the derivation of algorithms, the concept of loop-invariant plays a central role.
Let £ be a loop and P a predicate. If P is true before the execution of L, at the
beginning and at the end of each iteration of £, and after the completion of £, then
predicate P is a loop-invariant with respect to £. Similarly, we give the definition of
error-invariant.

DEFINITION 3.6. We call the predicate involving the operands and error-operands

in Steps 2a—d the error-invariant for the analysis. This predicate is true before and
after each iteration of the loop.
For any algorithm, the loop-invariant and the error-invariant are related in that the
former describes the status of the computation at the beginning and the end of each
iteration, while the latter captures an error result for the computation indicated by
the loop-invariant.

The reader will likely think that the error-worksheet is overkill when proving the
error result for the dot product. We agree. We use the dot product merely as a vehicle
to introduce the reader to the methodology. As the operations being analyzed become
more complex, the benefits of the structure that the error-worksheet provides will
become more obvious.

3.6. Results. An inventory of consequences of Theorem 3.5 follow. We will draw
from this list when analyzing algorithms that utilize DoOT.
COROLLARY 3.7. Under the assumptions of Theorem 3.5 the following hold:
R1-B: (Backward analysis) i = (x + &)Ty, where |dr| < v,|x|;
R2-B: (Backward analysis) & = zT (y + &), where || < vyalyl;
R1-F: (Forward analysis) k = xTy + &, where |%| < y,|z|T|yl.
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Proof. For R1-F, let & = 27Xy, where X(") is as in Theorem 3.5. Then

&< = [2TE™y| < |x0]|0n|[¢0] + [x1]10nll1] + -+ + [Xn—1]|02][¢n—1]
< Ynlxol[Yol + Yalxalln] + - - - + Yalxn-1l[¥n—1] < Yalz|T|yl.

We leave the proofs of R1-B and R2-B as an exercise to the reader. O
LEMMA 3.8. Given scalars «, 8, and X\, consider o := (a+ 8)/\. Then the fol-
lowing equalities hold.
R1-B: & = ((a+ &) + (B + &)/, where |da| < yala| and |B] < 124
R1-F: \6 = a+ B+ & with || < y2(|al +|B]).
R2-B: 5 = (a+ B)/(A+ &), where |A\| < ya|A|.
R2-F: \d = a+ S+ & with || < va|5||A|-
R3-B: & = ((a+ &) + (8 + 8))/(A+ &), where [da] < vlal, [B] < 7|8, and
|| < mlAl-
R3-F: Ao = a+ B+ & with |&] < yi(lal + 8] + |5]|A])-
Also, if A =1, results R1-B, R2-B, and R2-F hold with ~; in place of 72, and R3-B
holds with either )\ = 0 or both @ =0 and 8 = 0.
Proof. R1-B follows directly from the definition of SCM. R2-B is obtained by
applying the definition of ACM (twice) and Lemma 3.1:

V:[[O‘Hﬂ]: ots _ ofB _0F0 ere = A,
A AMl+ep)(l4e€) A140602) X+ '
R3-B is derived similarly, and R2-F is an immediate consequence of R2-B. O

Relations R1-B, R2-B, and R3-B state that the computed result & equals the exact
result of the assignment (a + )/\ with slightly perturbed inputs. These relations
indicate how the error generated in performing such an assignment can be “thrown
back” in different ways at the «, 8, and/or A input variables; in other words, they
establish that the computation of [(a + )/ is backward stable.

The following theorem prepares us for the analyses of algorithms that use DoT
as a suboperation.

THEOREM 3.9. Let n > 1, a, A\, u, v € R, and x,y € R™. Assume that X # 0 and
consider the assignments p:= o — (z'y) and v:= (a — (27y)) /A; the parentheses
identify the evaluation order. Then the following equalities hold.

R1-B: i=a+ & — (z+ &)y, where || < yi|a| and |&| < vpi1|z].
R1-F: fi= o —a"y + qu, where |0 < yniaz]"|y| +vilal < nsr (1217 y] + |al).
Afl%2-F-' fr = o —aly+qu, where | < yolz|" |yl +yila] < va (2" lyl + [a]).-
s0,
R3-B: \v = a + & — (z + &) Ty, where |&| < ye|al and |&| < vpiz|z|.
R3-F: \v = a— 2Ty + &, where |&] < yolal + ynra|zT |yl < yns2 (lo] + |2|Tlyl).
RA-B: A+ )0 =a— (z+ &) Ty, where |3\ < 42|\ and |dr| < yy|z].
R4-F: \v = o — 2Ty + &, where
|&/] < yulalTlyl + 72 IA]17] < max(ye, ) (2] ly] + [A][7]).
R5-B: A+ )7 =a+ & — (z + &) Ty, where
0| < yifel, |de] < ynialzl, and (BN < 7 [A].
R5-F: \v = o — 2Ty + &, where
|8/ < mlol + a1l Tyl + AP < v (Jaf + 2l 7]yl + [AZ]) -

Proof. R1 follows Theorem 3.5 and SCM: fi = (o — 2T (I +3S™)y) (1 + €),
algebraic manipulation, and bounding. R2-F follows Theorem 3.5 and ACM: g =
(a— 2T (I +2)y) /(1 + e2), algebraic manipulation, and bounding. Results R3,
R4, and R5 are obtained similarly, invoking Theorem 3.5 and Lemma 3.8. a
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4. Analysis of triangular linear systems and introduction to goal-
oriented error analysis. We discuss a goal-oriented methodology for analyzing
the error generated by an algorithm hand-in-hand with the analysis of an algorithm
for the solution of a triangular linear system.

4.1. Solving a lower triangular linear system (LTRSV). Consider Lz = b,
where L € R™*"™ is a nonsingular lower triangular matrix, L and b are input operands,
and z is the output operand.? In Figure 3.1(right) we show one specific algorithm for
computing x. During the execution of this algorithm the variables satisfy the predicate
(loop-invariant) {Lprxr = br} at the beginning and the end of each loop iteration.

4.2. Analysis. The analysis of the algorithm in Figure 3.1(right) is in Figure 4.1:
in the following we explain how the worksheet is constructively filled out to generate
the analysis. Pretend that all the grey-shaded boxes in Figure 4.1 are initially empty
and that only Step 8-left (the computational update) is already complete, having been
copied over from Figure 4.1. The empty boxes will be filled out in the order indicated
in the “Steps” column.

Step 1: Error-precondition and error-postcondition. We show that the
computed solution, Z, satisfies the backward error result (L + AL)Z = b with |AL| <
max(y2, Yn—1)|L|; i.e., |AL| < 4p—1]|L| when n > 2.

The reasoning for the factor v,_; is as follows. We would expect the maximal
error to be incurred during the final iteration when computing x; = (81 — l{520)/\.
This assignment involves a dot product with vectors of length n — 1. Thus, results R4
from Theorem 3.9 suggest that it is reasonable to expect the indicated factor.

In practice, the analysis proceeds in two stages. In the first stage one proves,
constructively, the existence of a matrix AL, the error-operand, such that (L+ AL)Z =
b. In this stage error bounds are not considered, as the only concern is to push the
error generated by the computational updates onto the error-operands. This process
involves error results regarding the suboperations that appear in the updates. These
error results then allow one to make an educated guess of the bounds that can be
established for the error-operands. In the second stage the bounds on AL are verified.
For space considerations, in this paper we incorporate the proof of the bounds on the
error-operands into the proof of existence.

We call the predicate that describes the state of the error-operands (in this case
the matrix AL) before the algorithm is executed the error-precondition, and the pred-
icate that describes the target error result the error-postcondition. In Figure 4.1
these predicates are placed in Step la and 1b, respectively. The error-precondition
is {AL = 0} (no error has yet accumulated), and the error-postcondition is

{(L+ AL)E = b A |AL| < max(ve, Yn—1)|L| Am(z) =n}.

Step 2: Error-invariant. Recall that the error-invariant for the algorithm is
the predicate that describes the state of the error-operands in Steps 2a—d. The loop-
invariant is the predicate that describes the computation performed when the algo-
rithm reaches Steps 2a—d. The error-invariant should equal the subexpression of the
error-postcondition that corresponds to the state described by the loop-invariant. The
algorithm in Figure 3.1(right) has the property that before and after each iteration
the contents of zp are such that {Lprxr = by}, the loop-invariant. Thus, we expect

2In this section we make no assumption on the diagonal entries of matrix L. In the next section
we will use the symbol L to indicate a unit lower triangular matrix.
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Error side Step
{AL=01} la

" Lrr| 0O ) (SUT> (bT> (ALTL 0 )
Partition L— e el N e N, —
(LBL Lpr B bp ALBL|ALBR 4

where Ly, zp, by, and ALy, are empty

{(LTL + Alrp)dr = br A |Al7r| < max(y2, vk—1)|Lrr| Am(zr) =k } 2a
While m(zr) < m(z) do 3
{(LTL + Alrp)ir = br A |Alrp| < max(v2,vk—1)|Lrr| Am(zr) =k } 2b
Repartition
L 00 AL 0 0
Lro| 0 00 Al 0 00
Tollan = ol 0 ) T =\ gy [0, O
Lao|l21 |Lo2 Ao | d21 |Alo2 5a
, Zo bo
T _ br —_—
(—) = x1 | (—) = B
ip = bp —_—
T2 () where Aj1, 11, x1, and 81 are scalars
{(Loo + ALoo)Zo = bo A |Algo| < max(v2, Vk—1)|Loo| A m(zo) =k } 6
bo = (L ALoo)E
0 = (Loo + Aloo)Zo Step 6 LH.
T A|ALoo| < max(vy2,vk—1)|Lool
X1 = B1 1020 8
. A1l = (1 +a%y) #0 + (M1 + 1) X
Bl ( 10 . 10) Zo ( 11 ll)Xl . Th. 3.9 R4-B
A !(&10 |‘9‘11 )| < max(v2,Vk) !(l10|>‘ll )!
() G) () -3
o |A LAY X1 P 7
ANogo| O Loo| O Zo
)| < —t — ) = 1
N (T )| < maxemw ()| A (5 =+
Continue with N
0 0
AL %0 b
L,z and b as in Fig. 3.1, and (ALTL ALO ) — ( d?o ANq] O ) >
B bR AlLgg | d21 | Alaz
{(LTL + ALrp)dr = br A |A7r| < max(y2, vk—1)|Lrr| Am(zr) =k } 2c
endwhile
(Lrr + Agp)Er = br A |Alrr| < max(y2, Y—1)|Lri| 2
A m(zr) =m(z) Am(zr) =k
{(L+AL)z:b/\|AL| < max(v2, Yn—1)|L| A m(z) = n } 1b

F1G. 4.1. Error-worksheet for deriving the backward stability error result for the algorithm in
Figure 3.1(right).

the accumulated error to satisty (Lyr, + ALpp )@ = br. Adding also bounds on ALy,
the error-invariant, which is entered in Steps 2a—d, becomes

{(Lrr + AL7pp)Zr = by A |ALpr| < max(y2, Ye—1)|Lrr| Am(zr) = k}.

Step 3: Loop-guard. The loop-guard is part of the algorithm to be analyzed.

Step 4: Initialization. In this step the error-operands are partitioned confor-
mally to the operands in the algorithm with respect to the error-postcondition. In the
example, AL is partitioned so that the dimensions of the variables in the expression
(L+ AL)Z = b, with the operands partitioned as in Figure 3.1(right), are conformal.
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Step 5: Moving through the error-operand. In Steps 5a and 5b, the error-
operand is repartitioned conformally to those in the algorithm.

Step 6: State of the variables before the update in step 8. Step ba consists
of the following relabelling statements: Lp; — Log, 7 — %o, br — by, and
ALpp — ALgg. Thus, given the state of the variables in Step 2b, the contents of the
submatrices and subvectors exposed in Step Ha are described by

(4.1) (LOO + ALOO)Q?O = bo A\ |AL00| S HlaX(’Yz,’}/k_l)|L00| A m($0) =k

at Step 6. This predicate expresses the state of the error-operands before the execution
of the computational statements listed in Step 8-left.

Step 7: State of the variables after the update in step 8. At the bottom
of the loop, the variables must again be in a state where the loop-invariant holds, as
indicated by Step 2c. In Step 5b, the different quadrants of L and AL, and the subvec-

L 0
tors of x and b, are redefined so that Lrr <+ ( })O >, TT — (ﬂ), by (b_‘)),
li0 [A11 X1 b1

AL 0 . . . . .
and ALpp, + ( &790 x ) Thus, given the state in which the variables must be in
10 11

Step 2c, the contents of the submatrices and subvectors before Step 5b must, at Step
7, become

) (Fe) ()= () ()
+ — )= A — ) =k+1
<( l{o |/\11 51{0 |5>\11 X1 b1 " X1
‘(ALOO 0 (Loo 0 )‘
l?o A '

Tty )| < mastonn
Step 8: Inductive step. When the computation reaches this step, the predi-
cate (4.1), described in Step 6, is satisfied. The question is whether the computational
update x1 := (81 — [{yz0)/A11, with m(zo) = k, generates errors for which one can
find assignments to the error variables A, &?0, and 17 so that the predicate (4.2),
described in Step 7, is also satisfied. Manipulating (4.2), we find that after the com-
putational update completes, the error variables must satisfy

(4.2)

bo = (Loo + ALoo)Zo N |ALgo| < max(y2,v&)|Lool,
Br = (I + aTy) @0 + (M1 + ax) xa A (AT M )| < max(yz, ) [(1Ho| M1 )]-

Since Lgg, =g, and by are not modified by the assignment in Step 8-left, the top
constraint is satisfied by virtue of (4.1) and vx—1 < 7. In the language of an inductive
proof, this constraint is ¢rue by the I.LH. For the second constraint, we consult our
inventory of error results and find Theorem 3.9 result R4-B, which is chosen because
it matches the requirement of how error is propogated. The analysis is also given in
Step 8-right of Figure 4.1.

4.3. Results for triangular systems (TRSV). Figure 4.1 provides the proof
for R1-B of the next theorem.

THEOREM 4.1. Let L € R™™™ be a nonsingular lower triangular matriz and x,b €
R™. If the solution = of the linear system Lx = b is computed via the algorithm in
Figure 4.1(left), then & satisfies the following.

R1-B: (L + AL)Z = b, where |AL| < max(yz2, Yn—1)|L|.
R1-F: Li =b+ & where |®] < max(y2, yn—1)|L]|Z|.
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4.4. Other algorithmic variants. Theorems for other algorithmic variants can
be derived in a similar manner [2].

5. Analysis of an unblocked algorithm for LU factorization. We now
move on to a more difficult operation, the LU factorization of a square matrix. Given
a nonsingular square matrix A, we seek matrices L and U such that LU = A, where
L is a lower triangular with unit diagonal and U is upper triangular.

5.1. An algorithm for computing the LU factorization. We analyze the
variant that is often called the Crout variant [7], which allows the reader to compare
and contrast our exposition with the one in [10]. The algorithm is given in Figure 5.1.
This variant computes L and U so that before and after each iteration Lry, Urp,
Lpy, and Urgr satisfy3

Algorithm LU = A

o e ATL ATR LTL 0 UTL UTR
Partition 4 — (A_BLI?R> L= (LBL LBR> U (TIE)
where Arp, Lrr,Urr, are 0 X 0
While m(Arr) < m(A) do

Repartition

A A L 0 0

( A | Arr )_) 30 ao1 ;2 Lel 0 . l;o —
_|-A ) Q10 11| %12 |\ L 10 ’
priasn Azo | az1 | A2z prlonpnr Lag |l21 | Loz

Uoo Juo1 |Uo2

U U
( gL U;i)_> 0 Jviy “Tz
0 0 |Uaz

where 11,1, v11 are scalars

._ T
V11 1= Q11 — lgUo1
T . T T
uqg = a1y — lipUo2
lo1 == (a21 — Laguo1)/v11

Continue with

Aoo | ao1 | Aoz Loo| 0] O
( Arr | Arr ) T T ( Lrr ] © ) T
< a [e% a $— 1 1 0 ce
_I_A iy wlonlas |\ T 10 s
sL | ABR v v BL | LBr T ™

az1

endwhile

Fic. 5.1. The unblocked Crout variant for computing the LU factorization of a matriz.

(51) < TLYTL TLI TLYTR TR).

LprLUrr = App| —

5.2. Preparation. The next theorem provides error analyses for matrix-vector
multiplications.

THEOREM 5.1. Error results for matrix-vector multiplication. Let A €
R™*" € R™, y,v,w € R™, X € R, and consider the assignments v := y — Ax
and w := (y — Ax)/\. Assume that v and w are computed one element at a time by
subtracting from y the result of an inner product, and then dividing it by A\ for the
second operation. These equalities hold:

3In (5.1) and following, the dash indicates that no relation is specified for the contents of this
portion of the matrix.
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R1-F: o =y — Az + &, where |®] < ynq1|All2] + nlyl < e (Allz] + |yl).
R2-F: v =y — Ax + &, where |®| < vu|Al|lx] + 70| < v (|Allz] + |0]).
Also,
R3-F: M =y — Ax + dv, where
|0 < 2lyl| + Ynr2lAllz] < Ynr2(lyl + |All2]).
RA-F: M =y — Ax + dw, where
|| < yn|Al|2| + Y2 A [0] < max(v2, yn)(|Allz] + [A]]@)]).
R5-F: \b =y — Ax + &, where
|aw] < y1lyl 4+ Ynsal Allz] + 7 IA@] < ynaa(lyl + [Allz] + [Al]d]).
Proof. All these results follow from Theorem 3.9. O

5.3. Analysis. In practice the approach starts with a formulation of the analysis
that does not take bounds into account. Our methodology then makes it easy to
experiment with loose analyses to gain insights that lead to a tighter formulation.
For space considerations, we start the analysis already with tight bounds. We will
show that LU = A + AA with |AA| < ~,|L||U|. This error-postcondition is entered in
Step 1b of Figure 5.2.

In Figure 5.2, we show both the algorithm, on the left, and the error side of the
error-worksheet, on the right. The latter is filled out in the order indicated by the Step
column, as we discussed in section 4. We have already established the expressions for
the error-precondition and error-postcondition (Step 1), in which the matrix M acts
as the error-operand. In Step 2 one has to select a feasible error-invariant, i.e., an error
result for the computations performed up to this stage. To this end, we restrict the
error-postcondition to the computation described by the loop-invariant (5.1), yielding
the error-invariant

LryUr = App + Mo | LrUrg = Arg + Mg
m(ATL) =k A - -
LBLUTRZABL—FAABLl —

N <|AATL| < | Lo ||Urp || |Mrg| < '7k|LTL||UTR|>

|Apr| < ve|LpL||Upy| I 7

which appears in Step 2.* Given the error-invariant, Steps 4-7 only require symbolic
manipulation. In particular, the predicates indicated in Steps 6 and 7 follow immedi-
ately from the error-invariant by substituting the submatrices from Steps 5a and 5b,
respectively. Step 6 becomes

m(Ag) =k A
LooUno = Aoo+ Moo | Lootior = ao1 +8ao1 | LooUz = Ag2+ Moz
I1,Ugo = aty+dafy — — A
(5.2) LagUyy = Ago+ Moo — —
Moo | d101 | Aoz | Loo|[Too! || Zool liio1 ||| Loo| [T
oo | — ] — <Yk |l?o||U00| — -
Mao] — | — |Lool[Ugol | — —

Step 2 tells us that this predicate is true before the execution of the computational
statements in the left box of Step 8. In other words, Step 6 represents our [.LH. Alge-
braic manipulation of Step 7 yields

4In the error-worksheet of Figure 4.1, the error-invariant appears in four different places. In order
to save space, here we list it only before the loop.
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Error side  Step
{M=0} la
Partition
A A L 0 U U M M
A—>( TL| TR)L_)( L ),U—>( TL| TR>’ AA—>( L TR) 4
ABL|ABR Lpr|LBr 0 |Usr Mpr|Mer
where Arp,Lrr,Upp and M7y are empty
LrpUrp = A M LrpUrp=A M
m(Apy) =k A (—EEUTL 77, + Mrp | LrpUrr TR + MR
LprUrr = Agp + MpL — .
A ‘(MTL |AATR) g |Lro Uzl || Erpl|Urrl
AABL - - |LBL||UTL| —
While m(Arr) < m(A) do 3
Repartition
Moo | dao1 | Moz
. - Mrp | MR = L = 5
A, L,U partitioned as in Fig. 5.1, and —| & o] &a a
Mpr | Man 10 11] 999
Mg | daz1 | Moo
where i1 is a scalars
m(Apo) =k
LooUoo = Aogo+2Moo | Lootior = ao1+dao1|LooUo2 = A2+ Moz
A flToUoo = afy+daf, —
LoogUyy = A20+2Mo2 — 6
Moo | &01 | Mo |Lool|Uoo! || Lool |01 [ Loo|Toz|
A &g — <k |§1T0||UV00| — —
AA20 - |L20||UOO| — —
011 + &1 = a11 — Fjuor
o T Alders| <vpsr (1ol luor | +[011]) Th. 3.9 R2-F
v11 = a11 — l{guo1 ) . .
ul, = aT, — 1T Upa Uyg +dvyy = ajy —ljpUo2 8
12 12 7 ‘1o A&t <1 ([ Uoz| +|ad5)) Th. 5.1 R2-F
l21 := (a21 — Laouo1)/v11 | -
( )/ l21v11 + dv21 = a21 — Laouol
A @21 | <yk41(|Laolldor|+]l21|[vi1]) Th. 5.1 R4-F
A
(Y
‘}10 V°‘11 ) o
LooUoo = Aoo+Moo|  Looto1 = ao1 +dio1 _LooUo2 = Ap2 +Mo2
N _HoUoo = afp+afy | Houor + 011 = antdy, [0 + afy = afy +af, 7
LaoUoo = A20+2aq | Laotior + l21011 = a21+duy;
Moo | do1 | Moz [Lool|Uoo| _|Lool| o] __[Lool|Uoz|
A @l &g, | &y )| <y ol1000] [0 [+15, | |11 To2] + 1035
Moo | dig1 | — | L20||Uoo| || L20o||@o1 |+ |l21||Dy, | —
Continue with
Ao | dapr | Moz
M M 5b
A,L and U as in Fig. 5.1, and (AA_TLIAA_TR><_ sty {say, | %7,
BL bR Mg | dazy | Moz
endwhile
{m(A) =n ALU = (A+ M)A |M| < 'yn|L||U|} 1b

Fic. 5.2. LU = A. Error-worksheet for proving the backward stability of the Crout variant for

the LU factorization.
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(5.3)
m(“‘—go’ﬂ) —k+1A

1o | %11

LooUoo = Ago+ Moo Lootior = ap1 +&o1 LooUpa = Ag2+ Moo

ST T LT | T S i T T T
ligUoo = ajpt+a&yy | lglion + 011 = aa1+dy; |lipUo2 + @yp = ajs+d1y5 | A

LaoUgo = Ao+ Mag | Lagtioy + lo1011 = g1 +dg —

Moo | &g | Moo | Zoo| |Uno| | Lool |0 | | Lool|Uo2|
&ty (oo, | &l )| <yega| [HollUool | Holldor |+ 1050 | |l Uo2]+ais) |,
Mao | dagr | — | L2o|Uoo| || L2o |01 |+ {21 |14 | —

which is the predicate that must be true after the execution of the statements.

The goal is to show that the computation in Step 8, when executed in a state
that satisfies predicate (5.2), generates errors that satisfy the relations in (5.3). For
simplicity, in the latter predicate we have highlighted the submatrices that are affected
by the computation. The relations in the other submatrices are satisfied “by the I.H.,”
in the terminology of an inductive proof, since vy < ~vg+1. Thus it remains to show
that there exist &viy, &ly, and dip; that satisfy the constraints in the grey-shaded
boxes. To this end, we examine the error introduced by the computational updates
to determine how error is contributed to each of these variables:

Determining &vq1: The assignment vy := @17 — l{oum is executed in a state where
m(Agp) = k. Theorem 3.9 R2-F states that there exists dv1y such that

ITouor + 011 = aq1 + dvorr,  where [do11| < vk (|1 ]|uot| + |911])

< A1 ([ Juor | + [011]);

therefore we choose &y := dvqg.
Determining &?,: The assignment ul, := af, — 17,Up2, executed in a state where
m(Aoo) = k, together with Theorem 5.1 R2-F, implies that there exists du12 such that

< Yt (|lfo] 1Uo2| + |aia]) 5

thus @l := &’ is the desired update.

Determining &usp: The assignment lo; := (a21 — Loopug1)/v11, executed in a state
where m(Agg) = k, together with Theorem 5.1 R4-F, implies that there exists ooy
such that

Loouo1 + v11lo1 = a1 + da1,  where |da1| < ypq1 (|L20| luo1| + |Z21‘ |U11|) ;

therefore the desired update is dugq := dlo1.
This completes the proof of the inductive step. The proof is also summarized in
Step 8 of Figure 5.2.

5.4. Results. The above discussion and Figure 5.2 prove the following theorem.

THEOREM 5.2. Let A € R"*". Then L and U, computed by the algorithm in
Figure 5.1, satisfy LU = A + M, where | M| < v,|L||U|.

The backward stability result in this theorem agrees with the one in [10].
The attentive reader will have noticed that none of the bounds used to determine
&1, &ty gy were tight. As a result, it can be shown that the bound for A4 can be
improved, replacing 7, by max(vya, Yn—1)-
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5.5. Other algorithmic variants. The approach can be similarly applied to
the other four variants for computing the LU factorization. In [2] it is shown how to
use the error-worksheet to derive an error result for the so-called bordered variant.

5.6. Solution of a linear system. The following theorem summarizes how the
computed solution, &, is the exact solution of a perturbed linear system (A+AA)z = y:

THEOREM 5.3. Let A € R™" be a nonsingular matriz with n > 2. Let L and
U be the LU factorization computed by the algorithm in Figure 5.1. Let % be the
solution to Lz = y computed with the algorithm in Figure 3.1(right). Let & be the
solution to Uz = % computed with an algorithm for solving an upper triangular system
similar to the algorithm in Figure 3.1(right). Then % satisfies (A + M)E = b with
|MA[ < (3, + ;)| LI[U].

Proof. From previous sections we have learned that

LU = A+ By with |Ey| < v,|L||U] (Theorem 5.2),
(L+FEy)z =0 with |Ea| < y.|L]| (Theorem 4.1),
(U+ E3)i = # with |E3| < 7,|U| (Theorem 4.1).

Therefore

b= (L + Ex)(U + E3)i = (LU + ExU + E3L + By E3)E
= (A+ E1+ EsU + EsL + EsEs )i = (A+ M)E, where
AV
|M| = |Ey + EoU + EsL + Ey B3| < |Ey| + |E||U| + |Es||L| + | B | Es|
<Al LN+l LU + 40 [LIO| + 2 LU | = By +42)|LIIT]. O

5.7. Partial pivoting. The analysis of LU factorization without partial pivoting
is related to that of LU factorization with partial pivoting. Invariably, it is argued
that LU with partial pivoting is equivalent to the LU factorization without partial
pivoting on a prepermuted matrix PA = LU, where P is a permutation matrix.
The permutation doesn’t involve any floating point operations and therefore does not
generate error. It is then argued that, as a result, the error that is accumulated is
equivalent with or without partial pivoting.

6. Analysis of a blocked algorithm for LU factorization. In order to attain
high performance, dense matrix operations are formulated as blocked algorithms so
that the bulk of the computation is performed by the highly efficient matrix-matrix
multiplication kernel [1, 6]. The numerical properties of the resulting algorithms are
rarely analyzed. Rather, an informal argument is given that the computations occur
in a similar order on similar data and that therefore the numerical properties are
similar. A traditional analysis of this algorithm, yielding a less tight bound than the
one we derive, can be found in [5, 10].

In this section we apply the methodology to an algorithm that is very close to the
one used in practice, the so-called right-looking variant. How the analysis extends to
the practical algorithm is briefly discussed at the end of the section.

6.1. A blocked algorithm for computing the LU factorization. A right-
looking algorithm for computing the LU factorization of a square matrix A is given
on the left side of Figure 6.1. While in practice A is overwritten, for the analysis we
assume that new matrices L and U are computed. The computation performed by
this algorithm is such that the predicate
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Error side  Step
{M=0} la

.. Xrp |XTR> . Mrp | Mrr
Partition X — with X € {A, L, U}, M —
(XBL XBR { } Mpr|Mpr 4

where X7 and My are empty
m(ATL) =k A
( LopUrp = App, + Mpyp | Ly Urg = Arg + Mrp ) A

LerUrr = Apr + Mpr |Ayp = Agp — LprUrr + Mpr 2a
My | MR |[Arp| + | Lo ||UrL| | |Arg| + | L] |Urr|
— - > E ~ =2 ~ ~
Mpp | Mgg s PP\ JAr |+ 1L2llUrcl [1ABR| + | LBL||UTR]
‘While m(ATL) S m(A) do 3
Repartition
Moo M1 |AA
Xr | Xrn Xoo]Xo1]Xo2 Mo |Mrr 00]~01| 02 5
<o lXon = X10]X11[X12 | T IV —| Mio|AMi11|Mio a
Xo0]|X21|X22 BL BR Moo| A1 | Moo
where X € {A,L,U}, and X11 and M1 are b X b
{ See Fig. 6.2 } 6
[L11,U11] = LU(A11)
Uiz = Ll_l Aiz .
= See Fig. 6.2 8
Loy := A21U111 &
Ao := Aga — L21U12
{ See Fig. 6.2 } 7

Continue with

Xoo|Xo1 | Xo2 Moo | Mo [ Moz
XX M JAV.Y
(X—TL|X—TR><_<X10 X1t X12>, (MTL MTR><_ Mo | My, [ Mo 5b
BLIZBR Xoo|Xa21 | X22 BL BR Moo | Mo | Adas
with X € {A, L, U}

endwhile

{m(4) =nn L0 = (A+ M) A 18] <vp (A1 +1EIOD ) | 1

Fia. 6.1. LU = A. Error-worksheet for proving the backward stability of the blocked LU factor-
ization computed via the right-looking variant.

<LTLUTL = Aryp | _ LriUrp = Arg )
LpLUrr = App|Ar = Apr — LLUrg

is satisfied at the beginning and at the end of each iteration. Superscripts denote the

iteration number. For simplicity, in our analysis, we assume that n is a multiple of
the block size b.

6.2. Preparation. The computation in Figure 6.1(left) is cast in terms of an
unblocked LU factorization, LU (A11), two triangular solves with multiple right-hand
sides, L11U12 = A1 and Lo U1 = Aoy, and one matrix-matrix multiplication, Asgy —
L21U12. An error result for the unblocked LU factorization, if the Crout variant is
used, is given in Theorem 5.2. Here we present theorems related to triangular solve
with multiple right-hand sides and matrix-matrix multiplication.

COROLLARY 6.1. Error results for matrix-matrix multiplication (GEMM). Let
C e R A c R™F* gnd B € R¥*". Assume that Z = C — AB is computed
one column at a time by the matrixz-vector multiplication discussed in Theorem 5.1.
Partition Z,C, and B by columns as Z — (z0|---|zn_1) ,B — (b0|---|bn_1), and
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C— (Co|' . '|Cn71) so that Z = (Co — Abo|-' -|Cn,1 — Ab, 1 ) = C — AB. Then the
following is true.

R1-F: AB+ Z = C + N, where || < v, A||B| + 11|Z].

R2-F: AB+ Z = C + XC, where |XC| < vi11|A||B| + 11|C.

The following result follows immediately from Theorem 4.1:

COROLLARY 6.2. Error results for triangular solve with multiple right-hand sides
(TRSM). Let L € R™*™ be nonsingular lower triangular matriz and X, B € R™*™,
Assume that the solution X to LX = B is computed one column at a time via the
algorithm in Figure 4.1(left). Then X satisfies LX = B+AB, where |AB| < v,,,|L|| X].

6.3. Analysis. As for the unblocked algorithm discussed in the previous sec-
tion, the right-looking LU factorization algorithm, in the presence of round-off error,
computes factors L and U. This section provides the proof to the following theorem.

THEOREM 6.3. Given A € R™ " assume that the blocked right-looking algorithm
in Figure 6.1 completes. Then the computed factors L and U are such that

LU = A+ M, where |M]< ’Y%+b(|A| +|L||U)).

The worksheet containing the proof of Theorem 6.3 is shown in Figures 6.1(right)
and 6.2. In the remainder of the section we prove that the error bounds indicated in
the worksheet hold. Consider the error-invariant

m(ATL) =k A
LrUrp = Arp + Mrp | LepUrg = Arg + Moy A
(6.1) j;BL[jTL:ABL+MBL|AiBR:ABR_EBLl?TR_FMiBR

Mrp | Mrg <~ |Ar| + |Lrol|Urp || |Arg| + | Lo ||Urg|
. XVE > . - -
My | MR v\ JArc| + [ Leol|Urel|||[Aggl + |L5Ll|Urs]

which results from restricting the target error result to the state of the variables at the
top of each iteration. The base case of the proof requires this predicate to be satisfied
right after the initialization of Step 4. The initialization sets Ary to be an empty
matrix; therefore predicate (6.1) reduces to Apr = App + Mppr with |MpRr| <
YWw|Apr|, which is true (and pessimistic) as no computation has been performed yet.
Thus Apgr equals Agg, and Mpggr = 0.

The predicate in Step 6 of the worksheet represents the I.H. This predicate follows
immediately by substituting the submatrices from Steps 5a into the error-invariant.
Algebraic manipulation yields

(6.2)
m(Aoo) =kA
LooUoo = Ago+Moo|  LooUo1 = Aoi +Mos LooUna = Aga+Mos

LyoUpo = Ao+ M)Al = Ay — LigUp1 + MY ALy = A1y — LigUpe + Mi, | A
LagUgo = Agg+ Moo Al = Ay, — LogUpr + A, [Aby = Ago — LogUpe +AAh,

Moo | Mo1| Mo [ Aoo|+|Loo||Too| || Aot |+ Loo||Uo1 ||| Aoz |+ | Loo || Uoz|
Mo | ML [Mis || <ye gy | JAsol+[Lro][Uoo||[Ari[+[Lao||Tor|||Ara|+|Lio| | Use |
Moo | M5, | AAY, | Ao |41 L20|Uool|| A21 |+ Lao]| [Tt ||| A2z |+ L2o || Uos|

Similarly, the predicate in Step 7 represents the relations that have to be satisfied
at the end of each iteration. The predicate is obtained by substituting the submatrices
from Steps 5b into the error-invariant. Algebraic manipulation yields
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m(Arr) =k A A

LrpUrp = Arp + My

LprLUrr = Ag, + Mpr

Hﬂhwﬂmﬂmﬂm+kﬂm
Ay = Apr — LprLUrr + My,

A 7A My, Eﬂmv < A |[A7r| + _wﬁh__m\ﬂh_ |[Arr| + _\wﬂh__@ﬂm_ v -
Mpr | M55 )|~ 28\ |AL, | + |Lee||Urcl | |ABr| + |LBL]|Urr|
* * *
m(Aoo) =k A | x JAL, = Ay — LioUor + M8, |AS, = Arp — LaoUoz + M8,
* |AY = Ay — LaoUor + MY, [Ay = Az — LogUo2 + M5, 5
o1 % | « * * *
A |24, |, MQW.IU * JlAy |+ |L1o] [Uox ||| Are| + | L1o] ||
* |Ad5 |AA5, * JIAy; | + |L2o]| |Uou| || A22] + | L20] | Toz]
[L11,U11] := LU(A11) L1Un = Af, + Emwdv A Emmwc: < | La1||U11] Theorem 5.2
Uyg := hﬂWbE L1102 = A%, + kmww.miv A Ebmwwm?c_ < wl|L11||U12| Corollary 6.2 g
Loy := x—EQH\W LoyUyy = Nywﬂ + Ewﬂw.miv A ikmw‘mv\c_ < Qw_HmH__Q:_ Corollary 6.2
A2z i= A2z — L21Un2 Nymmi + Lo1Urg = xwwm + EMMMEZV A ikmmmizﬁ < Qw‘zgxwwi + |L21]|U12]) Corollary 6.1
* * *
m AM\MM‘M‘WV =k+bA | *|LuUn = Ay — LiolUor + Eﬁ: . LioUse + Inliz = A1z & M3 .
* |L2oUo1 + Lo1Uny = Aoy + METHASEY = Ay, — LaoUoz — Lo1 Uiz + MES? -

*

*

*

7+1
Al * |AATT

71
AV 6P

1+1
* |MA57

141
JAVIES

* *

*

<7k YA+ | Erol [Uoa| + | Laa| [Una

r+b+1

|A1a2| + |L1o| [Uoz| + | L11| |Un2]

* || Agy | + | Loo| [Uoa| + [ Lo | [T

|A22| + |L20| [Uoz| + |L21| |Ur2]

F1a. 6.2. LU = A. Details for Steps 6-8 in the proof of Theorem 6.3.
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(6.3)
Ago A01)
=k+bA
" <A10 A
* * *
A LwoUoi +LinUni = Ay + M LiolUoe+LinUis = A+ M3 A
K| LaoUo1 +La1Uny = Agy +MGTH AR = Azo— LogUnz — L1 Usz + M3E!

* * * * * *
AT AT | A1 H L10]1T01 [+ L1 || Ura || A2 [H Lol Tz H L1 || Tsz |
*Mzﬂ_l M;_gl |A21|+|L20||[701|+|L21||Uu| |A22|+|E20||[702|+|L21||[712|

3t

3

SVeEipy

*

where the x indicates that the expression is identical to that in the corresponding
result in (6.2) above.

The goal is to prove that the updates in Step 8-left, when executed in a state
that satisfies predicate (6.2), generate errors that satisfy the predicate (6.3). The
constraints in (6.3) that are not highlighted are already satisfied in Step 6, and since
the computation only affects submatrices Li1, Lo1, U1, Uiz, and Asg, they are also
satisfied in Step 7, as v 1, < Vr 44

It remains to show that there exist AAiT!, AATET AAETL and AALE! that satisfy
the constraints in the grey-shaded boxes. We examine the error introduced by the
computational updates to establish how error is contributed to each of these variables:
Determining AAiJ{l: The update is [Lq1,Uy1] := LU(A1;) with A;; € R??. Theo-
rem 5.2 states that there exists a matrix AA%U) such that

(6.4) L1101y = Ay 4+ MY with |AMED] <y Ly |01

From Step 6 (predicate (6.2)), we know thatv/lu = Ay — LU + MY, with AAY, <
"y%+b(|A11| + |L10||U01|), and substituting Ay into (64), it results

LUy = Ay — LigUoy + MY + M%U)-

Therefore, rearranging and setting AAzlJlrl = li1 —|—AA§IIU), we obtain L1oUo; +L11U11
= Ay + MY which is the expression we were looking for, as shown in (6.3). Next,
we prove that [AMT] < vi 1 (|41 |+ |Liol|Uon | +[ Laa |01 ]):

1M = M+ MED] < |ME |+ | L1 ||Unn|  Definition, Triangular
Inequality, Theorem 5.2
< vep([Aul + | Liol|Uo|) + | Lui|[Un|  LH.
<Yy (A ]+ Lol |[Uot | + [Lua||[Ona]). O
Determining A{}' and AA5T!': We first analyze the update Uys := Li;' A1z with
L1 € RP*?. The same analysis is directly applicable to L1 := Aoy Uﬁl too, by trans-

posing the operands. Corollary 6.2 states that there exists an error matrix AAgRSM)

such that
(6.5) LllUlg = Alz + MggRSM) with |M§gRSM)| < ’yb|L11||Ulg|.

From Step (} (Qredicate (62)), A12v: A12 — LlOUOQ + Mllg with JAAj2| S
"y%+b(|A12| + |L10||U02|). Substituting Ai» into (65) we obtain L1 Ujp =
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A1z —L10U02+AA12+AA£RSM) Rearranglng, and setting AA}H! = Ad, +AA(TRSM),
yields L1oUga + L11U1s = Aja+ AA12 , which is the expression we were look}ng for, as
shown in (6.3). Next, we prove that A} < Vi pr1 ([ Ar2| + [ Lao| [Uo2| + [L1a[|Urz]):

MY = | M, + MW < | M| 4 4| L14||TU1s]  Definition, Triangular
Inequality, Corollary 6.2
+o([Arz| + [Liol|Uo2|) + 5| Laa||Unz| LH.

< Ve
< ¥y ([Arz] + [ Lol |[Uo2| + |Lua||Usz)). o

Determining AA?;: The update Aé;rl = Aby — Ly Uya, where m(Uss) = n(Lay) =
b. Corollary 6.1 states that there exists an error matrix AASEMM) such that

(6.6) Abit= AL, — Loy Uio+ 845" with |AA55 ™™ | <y | Lot [ U] +71] Aby -

Predicate (6.2) from Step 6 tells us that Aég = Ag —LgoUog—i—AA Lo with |AA ol <
7k+b(|A22|+|L20||U02|) and substituting A%, into (6.6) yields A22 = Aoy — LogUps +

JAY LN — Loy Uyg + AAQSEMM) Rearrangmg, and setting AAZH AL, + AA(GEMM),
we obtaln A;ﬂgl Agg — LoogUps — LoyUps + AAQerl, which is the expression we were
seeking as shown in (6.3). Next, we prove that |ALH | < Vi pp1 ([ A2z + | Lao||Uo2| +

| Lo ||Usa]):

|AME = | M, + AAQSEMM ‘ < |AAL,| + ‘AA GEMM)‘ Definition, Triangular
< DAY |+ Ypi1|Loa ||Ura| + 71| Abs| Inequality, Corollary 6.1
< [ My | + Yor1] Lo [|Un2 L.H., Triangular Inequality,
+71(| Az + | Lao| [Uoa| + | My )
= (14 7)|845,| + voq1|Lar||Uno]
+ 71 (|A22| + |L20||Uo2])
< (L4 71) 78 45 (| A22] + | L2ol | Unz2|)+
Vo1|Lat||Ur2] + 71 (|Aza| + |Lao||Uo2]) LH.
S+ 7546 + 178 40) ([A22] + | Lao| [Uo2l)
+ 7b+1|L21||U12|
< Vg pi ([A22] + [Lool[Uo2]) + 1| La1|[Ur2]  Lemma 3.3
< Vi p1 ([A22] + [Loo||[Uo2| + [ Lax ||Ur2]). O

This concludes the proof of the inductive step of Theorem 6.3. The proof is also
summarized in Figure 6.2.
Finally, the next theorem establishes slightly tighter bounds for AA. The proofis in
every respect analogous to that of Theorem 6.3 and requires only minor modifications.
THEOREM 6.4. Given A € R"*" assume that the blocked right-looking algorithm
in Figure 6.1 completes. Then the computed factors L and U are such that

LU = A+ M, where |M|< vz | Al —|—’y%+b|li||ly|.

6.4. A comment about practical implementations. In practice, the fac-
torization of Aj; and subsequent updating of As; is accomplished by computing an

LU factorization with partial pivoting of the panel of columns <§11 ), after which
21

the row exchanges are applied to the remainder of the matrix. As we argued for the
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unblocked algorithm, pivoting does not introduce error and therefore does not change
the analysis. Once pivoting is taken out of the equation, the factorization of the panel
of columns can be thought of as a simultaneous factorization of A7 and subsequent
update of Asy. Thus, the analyses of these separate operations are equivalent to the
analysis of the factorization of the panel and the error result established for the blocked
algorithm holds.

7. Conclusion. In this paper, we described a systematic approach to deriv-
ing numerical stability results for linear algebra algorithms. It extends the FLAME
methodology for deriving algorithms so that numerical stability results are established
in a goal-oriented and modular fashion. In addition, it has yielded a new bound for
the backward stability of blocked LU factorization.

While the paper was written so that later results build on earlier ones, the method-
ology is best applied by starting from the target algorithm to be analyzed and working
backwards. For example, we could have started with the blocked LU factorization. As
part of the analysis, it would have become clear that stability results were needed
for unblocked LU factorization, triangular solve with multiple right-hand sides, and
matrix-matrix multiplication. In turn, each of these operations would have exposed
other suboperations and so forth. Eventually, the analysis would have reached the
fundamental operations to which the SCM and ACM can be directly applied. The
results would have then slowly built back up to the analysis of the blocked algorithm

Just as it has been shown that systematic derivation of algorithms can be made
mechanical [2], we believe the proposed approach can also be made mechanical by a
system that understands the rules of linear algebra. Automation and the application of
the proposed techniques to more complex operations are the topic of future research.
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ments as we pursued this research. We also thank Enrique Quintana-Orti and Maggie
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REFERENCES

(1] E. ANDERSON, Z. Bal, J. DEMMEL, J. E. DONGARRA, J. DUCROZ, A. GREENBAUM, S. HAM-
MARLING, A. E. MCKENNEY, S. OSTROUCHOV, AND D. SORENSEN, LAPACK Users’ Guide,
STAM, Philadelphia, PA, 1992.

(2] P. BIENTINESI, Mechanical Derivation and Systematic Analysis of Correct Linear Algebra Algo-
rithms, Ph.D. thesis, Department of Computer Sciences, The University of Texas, Austin,
TX, 2006. Technical report TR-06-46, 2006.

[3] P. BIENTINESI, J. A. GUNNELS, M. E. MYERS, E. S. QUINTANA-ORTI, AND R. A. VAN DE GELIN,
The science of deriving dense linear algebra algorithms, ACM Trans. Math. Software, 31
(2005), pp. 1-26.

[4] P. BIENTINESI AND R. A. VAN DE GELIN, The Science of Deriving Stability Analyses. FLAME
Working Note #3833, Technical report AICES-2008-2, Aachen Institute for Computational
Engineering Sciences, RWTH Aachen, 2008.

(5] J. W. DEMMEL AND N. J. HIGHAM, Stability of block algorithms with fast level-3 blas, ACM
Trans. Math. Software, 18 (1992), pp. 274-291.

6] J. J. DONGARRA, J. DU CrOz, S. HAMMARLING, AND I. DUFF, A set of level 8 basic linear
algebra subprograms, ACM Trans. Math. Software, 16 (1990), pp. 1-17.

[7] J. J. DONGARRA, I. S. Durr, D. C. SORENSEN, AND H. A. VAN DER VORST, Solving Linear
Systems on Vector and Shared Memory Computers, STAM, Philadelphia, PA, 1991.

[8] G. H. GoLuB AND C. F. VAN LoAN, Matriz Computations, 3rd ed., The Johns Hopkins Uni-
versity Press, Baltimore, MD, 1996.

[9] J. A. GuNNELS, F. G. GusTAVSON, G. M. HENRY, AND R. A. VAN DE GELN, FLAME: Formal
linear algebra methods environment, ACM Trans. Math. Software, 27 (2001), pp. 422-455.



308 PAOLO BIENTINESI AND ROBERT A. VAN DE GEIJN

[10] N. J. HicHAM, Accuracy and Stability of Numerical Algorithms, 2nd ed., SIAM, Philadelphia,
PA, 2002.

[11] G. W. STEWART, Matriz Algorithms. Volume I: Basic Decompositions, SIAM, Philadelphia,
PA, 1998.

[12] G. W. STEWART AND J.-G. SUN, Matriz Perturbation Theory (Computer Science and Scientific
Computing), Academic Press, New York, 1990.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


