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Abstract

In a recent paper it was shown how memory traffic can be diminished by reformulating the classic
algorithm for reducing a matrix to bidiagonal form, a preprocess when computing the singular values of a
dense matrix. The key is a reordering of the computation so that the most memory-intensive operations
can be “fused”. In this paper, we show that other operations that reduce matrices to condensed form
(reduction to upper Hessenberg form and reduction to tridiagonal form) can be similarly reorganized,
yielding different sets of operations that can be fused. By developing the algorithms with a common
framework and notation, we facilitate the comparing and contrasting of the different algorithms and
opportunities for optimization on sequential architectures. We discuss the algorithms, develop a simple
model to estimate the speedup potential from fusing, and showcase performance improvements consistent
with the what the model predicts.

1 Introduction

For many dense linear algebra operations, such as Cholesky, LU, and QR factorizations, there exist algorithms
that cast most of the computation in terms of matrix-matrix operations that can overcome the memory
bandwidth bottleneck common to most modern processors [12, 11, 9, 1]. Reduction to condensed form
operations—specifically, reduction to upper Hessenberg, tridiagonal, and bidiagonal form—are important
exceptions. For these operations, reducing the number of times data must be brought in from memory is the
key to optimizing performance since inherently O(n?) reads to and writes from memory are incurred while
O(n?) floating-point operations are performed on an n x n matrix.

It should be noted that there are algorithms for reduction to condensed form based on successive band
reduction that cast most computation in terms of cache-efficient matrix-matrix operations [5, 17, 7, 3]. Such
algorithms are much faster than those presented in the present paper. However, reduction to condensed form
is typically not a useful operation in isolation. While successive band reduction yields a faster reduction to
condensed form, it adversely affects the performance of other parts of eigensolvers and /or SVD computations.
The present paper does not compare against successive band reduction precisely because the authors believe
that such a comparison is only meaningful in the context of a complete eigensolver or SVD solver. Thus, we
only give a comprehensive treatment of direct algorithms for reduction to condensed form.

The Basic Linear Algebra Subprograms (BLAS) [19, 10, 9] provide an interface to commonly used compu-
tational kernels in terms of which linear algebra routine can be written. The idea is that if these kernels are
optimized, then implementations of algorithms for computing more complex operations benefit in a portable
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fashion. As we will see, the problem is that the interface itself is limiting and can stand in the way of mini-
mizing memory traffic. In response, as part of the BLAST Forum [8], additional, more complex, operations
were suggested for inclusion in the BLAS. Unfortunately, the extensions proposed by the BLAST forum are
not as well-supported as the original BLAS. In [15], it was shown how one of the reduction to condensed
form operations, reduction to bidiagonal form, benefits from this new functionality in the BLAS.

This paper presents algorithms for all three major reduction to condensed form operations (reduction
to upper Hessenberg, tridiagonal, and bidiagonal form) with the FLAME notation [13]. This facilitates
comparing and contrasting different algorithms for the same operation and similar algorithms for different
operations [22, 13, 2, 27]. The paper shows how the techniques used to reduce memory traffic in the reduction
to bidiagonal form algorithm, already reported in [15], can be applied to similarly reduce such traffic when
computing a reduction to upper Hessenberg or tridiagonal form (although each has different potential for
improvement). It identifies sequences of operations within the algorithms for reduction to condensed form
that can be “fused.” (A sequence of operations is eligible for fusing when the operations share one or
more operands in common, allowing the computations to be merged in an effort to reduce the cost due to
memory traffic.) Such compound operations have been referred to as “Level-2.5 BLAS.” It demonstrates
the relative merits of different algorithms and optimizations that combine algorithms on a recent sequential
architecture. Additionally, the paper illustrates the difference between two styles of fusing, “cache-level”
fusing and “register-level” fusing, and in doing so exposes why the latter yields superior performance. All
the presented algorithms are implemented as part of the 1ibflame library [28, 29]. Thus the paper also
provides documentation for that library’s support of the target operations. The family of implementations
and related benchmarking codes are available as part of libflame so that others can experiment with
optimizations of the fused operations and the effect on performance. And finally, we include an electronic
appendix that (1) redefines Householder transformations in the complex domain, and (2) gives examples of
how the algorithms would change to accomodate complex matrices.

2 Householder transformations (Reflectors)

We start by reviewing a few basic properties of Householder transformations. For simplicity, we focus only
on computation over real matrices. However, the algorithms and results presented in this paper generalize
to the complex domain, and a related technical report [30] gives examples of how to express the computation
accordingly.

2.1 Computing Householder vectors and transformations

Definition 1 Let u € R", 7 € R. Then H = H(u) = I — uu” /7, where 7 = 3u”u, is said to be a reflector
or Householder transformation.

We observe:

e Let z be any vector that is perpendicular to u. Applying a Householder transform H(u) to z leaves
the vector unchanged: H(u)z = z.

e Let any vector = be written as x = z +u” zu, where z is perpendicular to v and u” zu is the component
T

of z in the direction of u. Then H(u)x = z — u' zu.
This can be interpreted as follows: The space perpendicular to u acts as a “mirror”: any vector in that
space (along the mirror) is not reflected, while any other vector has the component that is orthogonal to the
space (the component outside and orthogonal to the mirror) reversed in direction. Notice that a reflection
preserves the length of the vector. Also, it is easy to verify that:

1. HH = I (reflecting the reflection of a vector results in the original vector);

2. H=HT andso H'H = HHT = I (areflection is an orthogonal matrix and thus preserves the norm);
and



3. if Hy,--- , Hy_; are Householder transformations and Q = HoHy --- Hy_1, then Q7Q = QQT = I (an
accumulation of reflectors is an orthogonal matrix).

As part of the reduction to condensed form operations, given a vector x we will wish to find a Householder
transformation, H (u), such that H(u)x equals a vector with zeros below the first element: H (u)x = F||x||2€0
where eg equals the first column of the identity matrix. It can be easily checked that choosing u = % ||z||2€0
yields the desired H(u). Notice that any nonzero scaling of u has the same property, and the convention is
to scale u so that the first element equals one. Let us define [u, 7, h] = HOUSEV(x) to be the function that

returns v with first element equal to one, 7 = %uTu, and h = H (u)z.

2.2 Computing Au from Ax

Later, we will see that given a matrix A, we will need to form Au where u is computed by HOUSEV(z), but
we will do so by first computing Az. Let

xr — , UV — , U — y
) V2 (5

v =1z — aey, and u = v/vy, with & = —sign(x1)||z||2 (and thus v; = 1). Then
X1 X1—
5 = 5 = - 5 1
bt = | (), e = |, e = et =) 1)
ST R 1 o)
2 2 2(x1 — a)?

Ax — —aA
w = Az and Au= (z = aeo) = (w=a 60). (3)

(x1—a) (x1—a)

We note that Aep simply equals the first column of A. We will assume that various results in Eq. (1)—-(2)
are computed by the function HOUSES(z) where [x1 — a, 7,a] = HOUSES(z).! Then, the desired vector Au
can be computed via Eq. (3).

2.3 Accumulating transformations

Consider the transformation formed by multiplying b Householder transformations (I — uju;f / Tj), for 0 <
j<b-—1. IfU:( Ug ‘ Uy ‘ ‘ Up_1 ),then

(I — uoug/m) (I — uluf/n) (I — ub_lugll/rb_l) =(I- ur—tu?).

Here T = %D—&—S where D and S equal the diagonal and strictly upper triangular parts of UTU = ST+ D+S.
Later we will use the fact that if

U= (U |w ) and T:(TOO tm)

0 T11

then

T 1 1 .
U u Too | T T —To to1/T
tor = Ul uy, 711 = 12 L ( 80 01 ) _ ( oo. | —Too 7011/ 11 )
= 0 | 11

For further details, see [16, 21, 26, 32]. Alternative ways for accumulating transformations are the WY-
transform [6] and compact WY-transform [24].

1Here, HoUsES stands for “Householder scalars”, in contrast to the function HOUSEV which provides the Householder vector
U.



3 Reduction to upper Hessenberg form

In the first step towards computing the Schur decomposition of a matrix A, the matrix is reduced to upper
Hessenberg form: A — QBQT where B is an upper Hessenberg matrix (zeros below the first subdiagonal)
and @ is orthogonal.

3.1 Unblocked algorithm

The basic algorithm for reducing the matrix to upper Hessenberg form, overwriting the original matrix with
the result, can be explained as follows.

T
e Partition A — Q11 | g .
as | Az

o Let [Ugl,T, CL21] = HOUSEV(agl).2

e Update
aor | Ao2 1100 aor | Aoz 110 ao1 Ao H
o1 | ag = 0110 an | al, ( 0T H > = o1 aloH
asy | Az 010 H as | Aa Haoy | HA»H

where H = H(uo1). Note that as; := Has; need not be executed since this update was performed by
the instance of HOUSEV above.3

e Continue this process with the updated Ass.

This is captured in the algorithm in Figure 1 (top), in which it is recognized that as the algorithm proceeds
beyond the first iteration, the submatrix Asg must also be updated. As formulated, the submatrix Ao has
to be read and written in the first highlighted operation and submatrices Agsg, afg, and Ajs must be read
and written in the second highlighted operation in Figure 1 (top) assuming the operations in the highlighted
bozed are fused. Thus, the bulk of memory operations then lie with Ao being read and written twice and
Agp being read and written once.

Let us look at the update of Ags in Figure 1 (top) in more detail:

A22 = HA22H = (I— u21ugl/T)A22(I — UQlugl/T)
= Ao —u AL Tir—( Asu wl /7 + (uly Agou o uly /72
22 — U1 ( Agpuz )7 /7 — ( Asguor Juoy /T + (uzy Asgusr Juziug/
V21 W21 w21
= Agg—Uglval/T—wgluQTl/T—F uglwgl uzlugl/rz
~—
25
= Ay —uz ((var — Pugr/7)/7)T — ((war — Pug1 /7)/7) ug,

Y21 221

= Az — (u21ys; + z21ud).
This motivates the algorithm in Figure 1 (left). The problem with this algorithm is that, when implemented

using traditional level-2 BLAS, it requires Aoy to be read four times and written twice. If the operations in
the highlighted boxes are instead fused, then Ass needs only be read twice and written once.

2Note that the semantics here indicate that a1 is overwritten by Hasi.
3In practice, the zeros below the first element of Haz; are not actually written. Instead, the implementation overwrites

these elements with the corresponding elements of the vector usai.



Algorithm: [A] := HESSRED_UNB(b, A)

.l A A
Partition AH(L&) u ( ur ) ,yﬂ< T ) ,,H( oT )
Apr | ABR up yB 2B
where Arp is 0 x 0 and ur, yr, and zp have 0 rows

while m(Ar.) <b do
Repartition

(zsf oy ( Cm KT )
10 2 |
Asr | Asr Ao | a21 | A2z
wp U1 yr Yo1 27 201
< — ) — | v , (y—B) — | Y , ( pp ) — | ¢u
u21 Y21 221
where a1, v11, Y11, (11 are scalars

Basic unblocked 1:

[u21, T, a21] := HOUSEV(asg;)

A22 = (I e ’U,Qlugl/’T)AQQ = AQQ e UgluglAQQ/T

Aga Apa Ags — Agpuoiull /7
aty = aiy (I — ugiu3, /7) = iy — ajpU1Uy, /T
Az Az Ay — A22U21U£1 /7'
Basic unblocked 2: Rearranged unblocked:
11 = a1 — v — Q1uy (%)
afy = afy —viy3) — Qud, (%)
a21 = @21 — U21Y1 — 2211 (*)
[’ILQl, T, CL21] = HOUSEV(agl) [1’21, T, agl} = HOUSEV(agl)
Agy = Agy —usiydy — z1udy (%)
Y21 = AgQUQl V21 = Ag2$21
21 := Agaug; wa 1= Aoy
U21 = 215 Y21 ‘= V21
221 = W21
B i=udiz01/2 B = udl201/2
Yo1 = (Y21 — Buo1/7)/T yo1 := (y21 — Buar /T)/T
291 := (201 — Buoy /T)/T 291 := (201 — Bua1 /T)/T
Agg 1= Agp — u21y2T1 - 221u2Tl
a1T2 = a1T2 - a{2u21u51/7 a?z = a?z - alT2U21U2Tl/T
Agy = Agz — A02U21U2Tl/T Agz := Ag2 — A02u21ug1/7'

Continue with
Aoo Aoz

ao1
A A
TL S Y e e RS B
Asr | ABr
Azo | a1 | A2z

wr uo1 ur Yo1 o z01
( ) — | v , (—) — | Y , < ) — | ¢
D U5 —_ll Z5 —-—

u21 Y21

endwhile

Figure 1: Unblocked algorithms for reduction to upper Hessenberg form. The first and second fused op-
erations in the “Basic unblocked 2” algorithm correspond to the BLAS 2.5 operations GEMVT and GER2,
respectively [8]. Operations marked with (%) are not executed during the first iteration.



What we will show next is that by delaying the update Ay := Ags — (u21y2; + z21ul;) until the next
iteration, we can reformulate the algorithm so that Ass needs only be read and written once per iteration.
Let us focus on the update Agy := Agy — (ug1y3; + z21ud;). Partition

+ +T + + +

Aoy — (211 | P12 Y1 L (G
22 A , U2t =\ —=x— |, Y21 =7 | —F |, %21 —F |

o1 22 Ugy Y21 %21

where + indicates the partitioning in the next iteration. Then Asg := Aoy — (uzlygl + leugl) translates to

T T
() - (-G G- (5) ()
agy | Azg a21 ‘AQQ Ugy Y21 521 Ugy
_ (0‘11 (0 + G0 | afy — (o) +¢rug)) )

T T
a;’ (Uzﬂpl +321U1) ‘ AQZ (U;y;l ‘*‘321“;1)

which shows what computation would need to be performed if the update of Ass is delayed until the next
iteration. Now, before vo; = Al ug1 and zg; = Agoug; can be computed in the next iteration, HOUSEV(ag;)
has to be computed, which requires as; to be updated. But what is important is that Ass can be updated
by the two rank-1 updates from the previous iterations just before vo; = A52u21 and wg; = Agoug are
computed, which allows them to be “fused” into one operation that reads and writes Aoy to and from
memory only once. The algorithm in Figure 1 (right) takes advantage of these insights. To our knowledge
it has not been previously published.

3.2 Lazy algorithm

We now show how the reduction to upper Hessenberg form can be restructured so that the update Asg :=
Ago — (u21yd} + 291ul;) during each step can be avoided. This algorithm by itself is not practical, since
(1) it requires too much temporary space, and (2) intermediate matrix-vector multiplications, which incur
additional memory reads, eventually begin to dominate the operation. But it will become an integral part
of the blocked algorithm discussed in Section 3.4. This algorithm was first reported in [12].

The rather curious choice of subscripts for us;, and yo1, and z9; now becomes apparent: By passing
matrices U, Y, and Z into the algorithm in Figure 1, and partitioning them just like we do A in that
algorithm, we can accumulate the subvectors us1, y21 and zo; into those matrices. Now, let us assume that
at the top of the loop Agr has not yet been updated. Then a1y, as1, aly and A have not yet been updated,
which means we cannot perform many of the computations in the current iteration. However, if we let &1,
as1, &fz, and /122 denote the original values in A in those locations, then the desired a1, as1, and aTQ are
given by

A T T

Q11 = Q11 — UgY10 — #1pU10
— 4o —UT _ g7

a1 = Q21 20Y10 20U10
T _ AT T~ T T 11T
ajp = Qi —ujgYsy — 210Uz

T T

Agy = Agg — UsgYah — ZooUl.

Thus, we start the iteration by updating in this fashion these parts of A.
Next, we observe that the updated Aoy itself is not actually needed in updated form: We need to be able
to compute A%uzl and Assusi. But this can be done via the alternative computations

Y21 = AQTQU21 = Aggum - Y20(U2T0U21) - U20(ZQT0U21)
Zo1 = Aogusr = Agousy — Uso(Yantar) — Zoo(Usguar)

which requires only matrix-vector multiplications. This inspires the algorithm in Figure 2.



Algorithm: [A,U,Y, Z] := HESSRED_LAZY_UNB(b, A,U,Y, Z)
Xt | Xrr )
XBL | XBr

Partition X — (

for X € {A,U,Y, Z}
where Xy is0x 0

while n(Urr) <b do
Repartition

Xoo | zo1 | Xoz
( Xrr | Xrr )H P RS
X5 | Xon 10 12

Xoo | w21 | Xo2
for (X7 17 X) e {(A’ a’? a)? (U7 u7 U)7 (Y’ y7 w)’ (Z7 Z7 C)}
where Y11 is a scalar

Q1 = Q11 — U1Toy1o - Z%um
asy := az1 — UzpY10 — Z20U10
a?z = a?z - U1T0Y2% - Z1T0U275
[Ugl, T, 0,21] = HOUSEV(Q21>

yo1 := Ayuo

Zo1 1= Agguny

Y21 ‘= Y21 — Y20(U2T0U21) - Uzo(ZgToUm)
221 ‘= Z21 — U20(Y27(;U21) - Z20(U27£)U21)

ﬁ = ’11,%12’21/2

yo1 := (y21 — Buar /7)/T
221 = (221 - ﬂuzl/T)/T
a1T2 = a1T2 - a?zu21ug1/7
Agg = A2 — A02U21U51/T

Continue with
Xrr | XTRr quo oL qu~2
XBr | XBr - o (X1 o
Xoo | z21 | Xo2
for (X,z,x) € {(4,a,0), (U,u,v),(Y,y,%),(Z,2,()}
endwhile

Figure 2: Lazy unblocked algorithm for reduction to upper Hessenberg form. The first fused operation
corresponds to the BLAS 2.5 operation GEMVT [8].

3.3 GQvdG unblocked algorithm

The lazy algorithm discussed above requires at each step a matrix-vector and a transposed matrix-vector
multiply which can be fused so that the matrix only needs to be brought into memory once. In this section,
we show how the bulk of computation (and associated memory traffic) can be cast in terms of a single matrix
multiplication per iteration with a much simpler algorithm that does not require fusing and thus no special
implementation of the fused operation. This algorithm was first proposed by G. Quintana and van de Geijn
in [23], which is why we call it the GQvdG unblocked algorithm. It is summarized in Figure 3.

The underlying idea builds upon how Householder transformations can be accumulated: The first b
updates can be accumulated into a lower trapezoidal matrix U and upper triangular matrix 7" so that

(I - uoug/ro) (I - uluf/ﬁ) (1= ub_lug_l/rb_l) = -UTU").



Algorithm: [A, U, Z,T]:

Partition X — (

XBL
for X € {A,U,Z,T}

while n(Urr) <b do
Repartition

for (X,z,x) € {(4,a

XrL

where Xy is0x 0

Xoo | zo1 | Xoz

( Xrr | Xrr )H ol ST
X X

BL BR Xoo | w21 | Xo2

where Y11 is a scalar

:= HESSRED_GQVDG _UNB(b, A, U, Z,T)
XTR

XBR )

,Oé), (U7u7 U)’ (Z’ Z7 C)7 (T7t’ T)}

for (X, z,x) € {(
endwhile

ao1 aop1 Z0o
= T -1
a1l - i1 - 210 TOO Uu1o0
a1 as1 Z20
N T
ao1 Uno Ugo ao1
—1
11 =|1- Y10 TOO Uio o1
a21 Usg Usg as
[u21, T11,a21] := HOUSEV(as;)
201 A()Q
C11 =1 aip |un
221 A22
77T
t01 = U20U21
Continue with . .
00 | To1 02
Xrr | Xrr T 2
Xpor | Xor )~ | =i L2
Xog | w21 | Xo2

A a, ), (U u,v),(Z,2,¢),(T,t, 1)}

Figure 3: GQvdG unblocked algorithm for the reduction to upper Hessenberg form.

After b iterations the basic unblocked algorithm overwrites matrix A with

A®)

(I - ub_lugll/rb_l) e

where A denotes the original contents of A.

(I -UT'UNTAI -UT Uy = (1 - UT'UT)T (A -

H(up_1) - H(uo)AH (ug) - - H(up_1)

(I — uouOT/To) A (I — uoug/ro) o H(up—1)

AU T7UT)
~~

VA

(I -UT'UNT(A-zT7'U"T),

Let us assume that this process has proceeded for k iterations. Partition

Xry,
XBr

o

XTR
XBr

) for X € {A,A, U, Z,T},



where X7 is k x k. Then

k k
o ( AY) | A% ) :
k k
A Al

™7 . R T
7 (Y N p-1 (U Ary | Arr \  (_Zrs =1 ( Yz
UsrL TL \ Ugy Agr | Agr ZBL TL \ Ugy ’

Now, assume that after the first & iterations our algorithm leaves our variables in the following states:

Arr | Arr AW | Arg
o A = ( ) contains E‘% - . In other words, the first £ columns have been
Apr | ABr Agr | Asr

updated and the rest of the columns are untouched.

Z
), Try, and ( ZTR ) have been updated.

e Only ( ZTL
BR BR

The question is how to advance the computation. Now, at the top of the loop, we expose

e b Xoo | wo1 | Xo2
TL TR - -
XBr | XBr g - ST
Xoo | w21 | Xa22

for (X,z,x) € {(4,q,a), (/Al,d,o?), (U,u,v),(Z,2,¢),(T,t,7). In order to compute the next Householder
transformation, the next column of A must be updated according to prior computation:

T T
ag1 Uoo Uoo ag1 Zoo
— . 1 —_— T —1
a1 = I— Uig Tho Uig a1 - 210 T w10 )
as1 Uso Uso a1 Zag
column k of Zleleg
which means first updating
ao1 ap1 — ZooW1o
Y B
aq1 = Q11 — 219W10 s
a1 a1 — Zaowig

where wyg = TO_Olum. Next, we need to perform the update

T T
ao1 Uoo Uoo ao1
n )\ -1 [T
11 = I'—1| wujg | Too Uio a11
ao1 Uso Uzo a2y
T
ao1 Uoo Uoo ao1 ao1 — Ugoy1o
— 7 —-T T o —_—
= air | — | wip | Too Ui ai; | = | o —uigyo |
an Uso Uso a1 az1 — Usoy10

where y19 = TO_OT(UgE)am +uigaa1 +U276a21). After these computations we can compute the next Householder
transform from ao, updating as;:

o ['LL21,T, azﬂ = HOUSEV(GQl).



The next column of Z is computed by

201 Ago | 01 | Ao 0 Agatin
i | = ajp | oan | afs 0 = | ajyux
291 Agg | Go1 | Aao U21 Agouiag
As in Section 2.3, we finish by computing the next column of 7"
Too | o1 | Too Too | Ukyusr | Too
0 | #:1|th = 0 %ule ugy | 1
0 0 T22 0 0 T22

Note that %uglugl is equal to the 7 computed by HOUSEV(a91), and thus it need not be recomputed to
update 7q1.

3.4 Blocked algorithms

We now discuss how much of the computation can be cast in terms of matrix-matrix multiplication. The first
such blocked algorithm was reported in [12]. That algorithm corresponds roughly to our blocked Algorithm
1.

In Figure 4 we give four blocked algorithms which differ by how computation is accumulated in the body
of the loop:

e Two correspond to using the unblocked algorithms in Figure 1.

e A third results from using the lazy algorithm in Figure 2. For this variant, we introduce matrices U,
Y, and Z of width b in which vectors computed by the lazy unblocked algorithm are accumulated. We
are not aware of this algorithm having been reported before.

e The fourth results from using the algorithm in Figure 3. It returns matrices U, Z, and T'. It was first
reported in [23] and we will call it the GQvdG blocked algorithm.

Let us consider having progressed through the matrix so that it is in the state
Y7

() ) () - ()

where Aty is b x b. Assume that the factorization has completed with Ay, and Apy (meaning that App,
is upper Hessenberg and Apy, is zero except for its top-right most element), and Arg and Aggr have been
updated so that only an upper Hessenberg factorization of Agg has to be completed, updating the Arg
submatrix correspondingly. In the next iteration of the blocked algorithm, we perform the following steps:

Arr,
Apr

Ur
Up

Zr
Zp

Arr

ABr

e Perform the first b iterations of the lazy algorithm with matrix Agg, accumulating the appropriate
vectors in Upg, Yg, and Zp.

e Apply the resulting Householder transformations from the right to Arg. In Section 2.3 we discussed
that this requires the computation of UTU = ST + D + S, where D and S equal the diagonal and
strictly upper triangular part of UTU, after which Arg := Arr(I —UTUT) = Arp — AprUT~*UT
with T = 1D + S.

e Repartition

Aoo | Aoi | Aoz Uy

A A U. —
( ATL ATR > - Ao | Aur | Aio y < UT > - U, ,

BL BR Ao | A21 | Az B Us

10




Algorithm: [A] := HESSRED_BLK(A,T)

Aty
ABL

Partition A — (

ATRr
ABR

B

X
XB

)

for X € {T\U,Y, Z}

where Ary is 0 X 0 and T, Up, Y7, and Zp have 0 rows
while m(Arr) < m(A) do

Determine block size b

Repartition

Aoo | Ao1 | Aoz Xo
A A X —
( ATL ATR ) = | Ao | A1 | A2 |, ( XT ) - Xi
BL bR Ago | A21 | A22 B X2

for X € {T,U,Y, Z}
where Aj; is b x b and T1, Uy, Y1, and Z1 have b rows

Algorithm 1, 2: (blocked + basic unblocked, blocked + rearranged unblocked)
[ABRr,Ug] := HESSRED_UNB(b, AgR)

Ty %D—f—SWhereUgUB:ST-&—D-‘rS

Arg = Arp(I — UT; 'UE)

Algorithm 3: (blocked + lazy unblocked)

[ABr,UB,YB, Zp| := HESSRED_LAZY _UNB(b, ApRr,Up, YR, ZRB)
Ty = 3D+ S where ULUg = ST + D+ S

Arg = Arr(I — UgTy 'UE)

Agg 1= Agy — UnY] — ZoUS

Algorithm 4: (GQvdG blocked + GQvdG unblocked)
[ABR, Ug, ZB,Tl] = HESSRED,GQVDG,UNB((), Apr,Up,ZpB, Tl)

o)~ (r (i () () ¢

A22 U2 1
Continue with

U1
Uz

A1z
Aza

Z1
Za

)TflUZT)

Ago | Ao | Aoz Xo
( :TL 2TR ) — | Ao [ A | A2 ], ( §T ) !
BL BR Az0 | A21 | A22 B X2

for X € {T,U,Y, Z}
endwhile

Figure 4: Blocked reduction to Hessenberg form based on original or rearranged algorithm. The call to

In

HESSRED_UNB performs the first b iterations of one of the unblocked algorithms in Figures 1 or 2.
the case of the algorithms in Figure 1, Up accumulates and returns the vectors wg; encountered in the

computation and Yz and Zp are not used.

[ ] Update AQQ = A22 — UQYYQT — ZQUQT

e Move the thick line (which denotes how far the factorization has proceeded) forward by the block size:

Ao | Aor | Aoz Uy
( A | A ) A A A |, ( L ) — (T ),
BL BR Asg | Agr | A2 B U,

Proceeding like this block-by-block computes the reduction to upper Hessenberg form while reducing the
size of the matrices U, Y, and Z, casting some of the computation in terms of matrix-matrix multiplications

that are known to achieve high performance.

When one of the unblocked algorithms in Figure 1 is used instead, Ass is already updated upon return

from HESSRED_UNB and thus only the update of Arg can be accelerated by calls to level-3 BLAS operations.

The GQvdG blocked algorithm, which uses the GQvdG unblocked algorithm, was incorporated into
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recent releases of LAPACK, modulo a small change that accumulates 7! instead of T. Prior to this, an
algorithm that used the lazy unblocked algorithm but also updated Arg as part of that unblocked algorithm



(and thus cast less computation in terms of level-3 BLAS) was part of LAPACK [12]. A comparison between
the GQvdG blocked algorithm and this previously used algorithm can be found in [23].

3.5 Fusing operations

We now discuss how the eligible sets of operations encountered in the various algorithms can be fused to
reduce memory traffic.

In the rearranged algorithm, delaying the update of A3, yields the following three operations that can
be fused (here we drop the subscripts):

A=A — (uyT + zuT)
vi=ATz 4)

Note that the first operation may be implemented as two calls to the level-2 BLAS routine GER, while the

remaining two operations are instances of the GEMV operation.
By inspecting the three operations, we notice that only one column of A needs to be read and updated
at a time. So, let us partition

Vo Vo X0 Yo
A= (a0l |an-1), u— : , v— : , T — : , Y= :
Un—1 Vn—1 Xn—1 Vn—1

Then the following steps, for 0 < j < n, compute the desired result (provided that initially w = 0):

aj = a; —Yju— vz (2X AXPY)
vj = asz (poT)
w = w+ X0 (AXPY)

However, if we implement this fused operation by looping over the level-1 BLAS operations (parenthesized
above), each element of A is still accessed six times—mno fewer than if we had simply called GER and GEMV in
sequence (twice each). We would only benefit (hopefully) from the current column of A, a;, residing in the
cache after the first call to AXPY, thus allowing the second AXPY, the DOT, and third AXPY routine invocations
to more readily access the elements of a;. We refer to this as “cache-level” fusing, as it promotes increased
temporal locality of subparts of matrix A within the cache hierarchy and thus allows these memory-limited
operations to complete in less time. The authors of [15] demonstrate the benefits of cache-level fusing, except
they express the computation as a sequence of level-2 BLAS subproblems rather than in terms of level-1
operations.* But the purpose and effect is similar.

But on many architectures, accessing cached data—even data in the highest levels of the cache hierarchy—
still incurs some cost. So ideally, we would want to avoid these redundant memory operations altogether.
In order to do this, we need to further partition the level-1 subproblems to allow fusing of individual scalar
arithmetic operations.

If we coded the operations at a very low level, controlling individual load and store instructions, we could
implement the algorithm in Figure 5 (right). We consider this algorithm to be fused at the register-level
because certain memory operations are avoided by reusing data when they are still loaded in the processor
core’s registers. We provide an unfused algorithm on the left-hand side of the figure and a cache-level fusing
in the middle for contrast. Note that the cache-level algorithm fuses only the outer loops (over n) while the
register-level algorithm goes a step further and also fuses the inner loops (over m). It is easy to see that
register-level fusing reduces the number of memory accesses to each element of matrix A to the absolute
minimum: one load and one store.

The other fusable operations present in Figures 1 and 2, and throughout the remainder of this paper,
can be fused in a similar manner.

4The blocking employed by authors’ cache-level technique uses the same algorithmic blocksize specified in the top-level
blocked algorithm.
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for j=0:n—-1
LOAD y; — 3
fori=0:m-—1
LOAD A;; — an
LOAD u; — v1
apy = oy — Pug
STORE Aij — 11
endfor
endfor
for j=0:n—-1
LOAD uj — 7y
fori=0:m-—1
LOAD A” — 11
LOAD z; — Cl
a1 = a1 — G
STORE A;j < 11
endfor
endfor
for j=0:n—-1
p:=0
fori=0:m-—1
LOAD Aij — Q11
LOAD x; — X1

pi=p+o11x1
endfor
STORE vj « p
endfor

SETTOZERO( w )
for j=0:n—-1
LOAD Tj — K
fori=0:m-—1
LOAD Aij — 11
LOAD w; — w1
w1 = wi + Ko
STORE w; «— w1
endfor
endfor

SETTOZERO( w )
for j=0:n-1
LOAD y; — 3
fori=0:m—-1
LOAD A’L] — 11
LOAD u; — v1
aqq = aip — fur
STORE A;j < 11
endfor
LOAD Uj — 7y
fori=0:m-—1
LOAD Aij — 11
LOAD z; — (1
oy = a1 — (1
STORE Aij — (11
endfor
p:=0
fori=0:m-—1
LOAD Aij — Q11
LOAD x; — X1
pi=p+o11x1
endfor
STORE Vj < p
LOAD Z; — K
fori=0:m-—1
LOAD A” — 11
LOAD w; — w1
w1 = w1 + kK11
STORE w; < wq
endfor
endfor

4 Reduction to tridiagonal form
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SETTOZERO( w )
for j=0:n—-1
LOAD y; — 3
LOAD u; — 7y
LOAD Tj — K
p:=0
fori=0:m-—1
LOAD A;j — an
LOAD u; — g
LOAD z; — Cl
LOAD x; — X1
LOAD w; — w1
aqp = oy — By
o1 = a1 — Y1
p=p+aixi
w1 = w1 + K1
STORE Aij “— o1
STORE w; <+ w1
endfor
STORE vj <= p
endfor

Figure 5: Algorithms for computing the fusable set of operations present in Eq. 4 using no fusing (left),
cache-level fusing (middle), and register-level fusing (right). Whereas the unfused and cache-level fused
algorithms access each element of matrix A six times, the register-level fused algorithm avoids redundant
memory instructions and thus touches each element only twice.

The first step towards computing the eigenvalue decomposition of a symmetric matrix is to reduce the matrix
to tridiagonal form.

Let A € R™*" be symmetric. If A — QBQT where B is upper Hessenberg and @ is orthogonal, then B is
symmetric and therefore tridiagonal. In this section we show how to take advantage of symmetry, assuming
that matrix A is stored in only the lower triangular part of A and only the lower triangular part of that
matrix is overwritten with B.

When matrix A is symmetric, and only the lower triangular part is stored and updated, the unblocked



Algorithm: [A] := TRIRED_UNB(A)

Partition 4 — (iﬂ) Lz ( LT )
Apr | ABr zB

for z € {u,y}

where Arp is 0 x 0 and ur, yr have 0 rows
while m(Arr) <m(A) do

Repartition

Aoo ap1 | Aoz Zo1
( Arp | Arr )H -1 —r N
A A 10 11 12 i 11
BL BR A0 | a21 | A2z vB z21
for (z,x) € {(u,v), (y,¥)}
where o371, v11, and 11 are scalars

Basic unblocked: Rearranged unblocked:
o1 = app — 2011911 (%)
ag := ag1 — (u21911 + yo1v11) (%)
[UQl, T, 1121] = HOUSEV(QQl) [fﬂgl, T, agl} = HOUSEV(CLQl)
Agg = Ay —un1yay — yoruz; (%)
Y21 = AU va1 = ATy
U21 = T21; Y21 ‘= V21
B = ugy21 /2 B = ug Y21 /2
Y21 = (y21 - 51621/7’)/7' Y21 = (ym - ﬂu21/7')/7'
Agp 1= Agp — U21y2T1 - y21U§1

Continue with

A A Ago | ao1 | Ao2 . Zo1
( ATL ATR ) — | ady [an | oF |, ( ZT ><— X11
BL BR Ao | a21 | A2z B
for (z,x) € {(w,v), (y,¥)}
endwhile

Figure 6: Unblocked algorithms for reduction to tridiagonal form. Left: basic algorithm. Right: rearranged
to allow fusing of operations. Operations marked with (%) are not executed during the first iteration.

algorithms for reducing A to upper Hessenberg form can be changed by noting that ve; = wse; and yo1 = 291.
This motivates the algorithms in Figures 6-8, which correspond respectively to Figures 1 (left and right), 2,
and 4 when taking advantage of symmetry. The blocked algorithm and associated unblocked algorithm was
first reported in [12].

In the rearranged algorithm, delaying the update of Ass allows the highlighted operations in Fig-
ure 6 (right) to be fused. We leave it as an exercise to the reader to fuse the highlighted operations in
Figure 7.

5 Reduction to bidiagonal form

The previous sections were inspired by the paper [15] that discusses how fused operations can benefit algo-
rithms for the reduction of a matrix to bidiagonal form. The purpose of this section is to present the basic
and rearranged unblocked algorithms for this operation with our notation to facilitate the comparing and
contrasting of the reduction to upper Hessenberg and tridiagonal form algorithms to those for the reduction
to bidiagonal form.

The first step towards computing the Singular Value Decomposition (SVD) of A € R™*™ is to reduce
the matrix to bidiagonal form: A — QBQ% where B is a bidiagonal matrix (nonzero diagonal and super-
diagonal) and Qr, and Qg are again square and orthogonal.
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Algorithm: [A,U,Y] := TRIRED_LAZY_UNB(b, A,U,Y)

XrL

Partition X — (
XBL

XTR )
XBR

for X € {A,U,Y}
where Xy is0x 0
while n(Urr) <b do

Repartition
X T Xo2
(R e ) (ST
10 12
XBL | XBR Xo0 | w21 | X22

for (X7 z, X) € {(A’ a, a): (U: u, U)v (Ya Y, TZJ)}
where Y11 is a scalar

11 = Q11 — U1Toy1o - y%Um

ag := az1 — Uspy10 — Yaou10

[Ugl, T, agl] = HOUSEV(agl)

Y21 1= Aogug

Y21 ‘= Y21 — Y20(U2T0U21) - U20(Y2T0U21)
B = udyz /2

Yo1 := (Y21 — Bua1/7)/T

Continue with

Xt | XTr quo oL qu~2
( XBrL | XBR ) . T
Xoo | z21 | Xo2
for (X7 x? X) e {(A7 a? a)? (U7 u7 U)) (Y7 y7 ,(/J)}
endwhile

Figure 7: Lazy unblocked reduction to tridiagonal form.

For simplicity, we explain the algorithms for the case where A is square.

5.1 Basic algorithm

The basic algorithm for this operation, overwriting A with the result B, can be explained as follows:

T
e Partition A — Q11 | g .
as1 | Az

()

11 )} := HOUSEV ((all
0 as1

e Update
(pl) = (- () (3) ) (k)
as1 | Az U21 U21 a1 | Az

T T
aiy — Y51 /7L

( o — /7L ‘
0

| Azo —unyd /7L

).

where 11 = a1 + uglagl and ygl = an + u2TlA22. Note that a11 := a — 11 /71 does not need to be
executed since this update was performed by the instance of HOUSEV above.

e Let [vo1, TR, a12] := HOUSEV (a12).

5Note that the semantics here indicate that o1 is overwritten by the first element of (
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Algorithm: [A,U,Y] := TRIRED_BLK(A4,U,Y)

oy Arp ATR Xr
Partition A — (A_BLA_BR , X — X5

for X € {U,Y}

where Ary is 0 x 0 and Ur, Yr have 0 rows
while m(Arp) <m(A) do

Determine block size b

Repartition

Arp | Arn Aoo | Ao1 | Ao2 Xr Xo
( Apr | ABr )—> Ao f An | Az, ( XB )_> X1
Ao | A21 | A22 Xo
for X € {U,Y}
where Ai; is b x b and Uy, and Y7 have b rows

[Agr,Up,Ys] := TRIRED_LAZY _UNB(b, Agr,Up, YB)
Agg i= Agy — UpYy —YoUS

Continue with A A "
00 o1 02
( jTL ﬁTR ) — | Ao [ A | A2 |, ( ))gT )H X1
BL BR Az | A21 | A2z B X2
for X € {U,Y}
endwhile

Figure 8: Blocked reduction to tridiagonal form based on original or rearranged algorithm. TRIRED_UNB
performs the first b iterations of the lazy unblocked algorithm in Figure 7.

L J Update A22 = AQQ(I — Uglvgl/TR) = A22 — ZQ1U§1/TR, where Z91 = A22U21.
e Continue this process with the updated Ass.

The resulting algorithm, slightly rearranged, is given in Figure 9 (left).

5.2 Rearranged algorithm

We now show how, again, the loop can be restructured so that multiple updates of, and multiplications with,
Ags can be fused. Focus on the update Agy := Aoy — (u21yd; + 20101 ). Partition

Ay (of1 el _(vh L (vh L (sh L (vh
22 7 y U21 ur ) Y21 —F | 221 ) v21 )
A1 22 21 Y21 21 21

where + indicates the partitioning in the next iteration. Then

+ | 3T + | 3T + +\7 + + \7T
( all a12 > - ( O{lFl ‘ ali ) - ( U}‘rl ) ( w}‘rl > - ( C}i} ) ( V}‘rl >
as | Az Qg1 ‘ A3y Uy Y21 221 V21
+ + 4 + .+ +T + 4T + 4T
< ar — ¥ — G ‘ Q12 — VY21 — 611V >
- b

= + + T + T + + T + T
A9y — U P11 — 29114 ‘ A3y —U31Y21 — 2313
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Algorithm: [A] := BIRED_UNB(A)

Partition A — (ﬂALR) n— ( o7 )
Apr | ABr B

for z € {u,v,y, z}
where Arp is 0 x 0, up, vy, yr, zr have 0 elements
while m(Arp) <m(A) do
Repartition
A a A T
o) () (2 - (2
A A 10 11 12 ’ 11
BL bR Azo | az21 | A2z B 21

for (z,x) € {(v,v), (v,v), (y,¢), (2,0)}

where «;1, v11, Y11, Y11, and (77 are scalars

Basic unblocked: Rearranged unblocked:

*

A/;\A
— — —

*

a11 = a1 — o111 — Civi

G21 = a1 — U111 — 22111
T ._ T T T

aig 1= a5 — V11Yz1 — C11Va;

@)~ | ()

Housev < (%) ) HOUSEV < (0‘11) )
a1 as

ajy = a1z —a12/7L

— T T
Agg = Agp — U21Y31 — 221V (*)
._ T e AT, +
Yo1 1= a12 + Asquo1 Y21 := Ajougy
T ._ T T + ._ +
ajp i= a9 — Y21 /7L afy 1= ajy — Y21/71

e aF
w21 = A22012
Y21 1= Y21 + Q12

Ugl,TR,alg] := HOUSEV (alg) [¢11 — 0[1277'3,0[12] = HOUSES(GTQ)
Vg1 1= (a3y — cze0)/(1h11 — c2)
CLI{Q = algeg
U1 = u;’l

B = ygvn B = y3 02

Yo1 1= Yo1/TL Y21 = y21/TL

21 1= (Agov21 — Bua1/7TL) /TR 221 := (w21 — a12As2€0) /(Y11 — @12)

221 ‘= %21 — ﬂuzl/TL
221 ‘= 221/TR

— T T
Agz 1= Agy — un1y3y — 22109

Continue with
Aoo | ao1 | Aoz

A7, Argr ) T T ( T ) (-7701)
- 10 | @11 aio s — X11
( ABL ABR ( Asz0 Aazo ) B 21
for (z,x) € {(u,v), (v,v), (y,%), (2,0}
endwhile

Figure 9: Unblocked algorithms for reduction to bidiagonal form. Left: basic algorithm. Right: rearranged
to allow fusing of operations (this is essentially Algorithm I from [15]). The fused operation in the “Basic
unblocked” algorithm corresponds to the BLAS 2.5 operation GER2 while the fused operation in the “Re-
arranged unblocked” algorithm corresponds to GEMVER [8]. Operations marked with (x) are not executed
during the first iteration.
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which shows how the update of Ass can be delayed until the next iteration. If ug; = yo1 = 201 = v91 = 0
during the first iteration, the body of the loop may be changed to

o1 = a1 — v — Cuivin
a1 = G21 — U111 — 221V11
T ._ T T T
ajs = a3y — V11Ya; — (11035

() e (5 = mowse ((525)

Agg = Aoy — usmyd; — 20103,

Y21 := a1z + AByug,

CllT2 = CllT2 - Z/%/TL

[v21, TR, a12] := HOUSEV (a12)
B = szlvzl

Yo1 1= Y21/TL

291 1= (Agguo1 — Bugy /7L)/ TR

Now, the goal becomes to bring the three highlighted updates together. The problem is that the last update,
which requires v21, cannot commence until after the second call to HOUSEV completes. This dependency
can be circumvented by observing that one can perform a matrix-vector multiply of Ass with the vector
al, = al, — yl, /71 instead of with vy, after which the result can be updated as if the multiplication
had used the output of the HOUSEV, as indicated by Eq. (3) in Section 2. These observations justify the
rearrangement of the computations as indicated in Figure 9 (right).

5.3 Lazy algorithms

A lazy algorithm can be derived by not updating Ass at all, and instead accumulating the updates in matrix
U, V,Y, and Z, much like was done for the other reduction to condensed form operations.
We start with the rearranged algorithm to make sure that

e AT, +
y%rl = A£2“21
ajy = ajy — Y21 /7L

— aF
W21 = A22a12

can still be fused. Next, the key is to realize that what was previously a multiplication by Ass must now be
replaced by a multiplication by Ay — UsgYah — ZaoVsh. This yields the algorithm in Figure 10 (right) which
was first proposed by Howell et al. [15].

For completeness, we include in Figure 10 (left) a basic algorithm which does not rearrange operations
for fusing, but still has the “lazy” property whereby Ass is never updated.

5.4 Blocked algorithms

Finally, a blocked algorithm is given in Figure 11. The basic lazy unblocked algorithm in conjunction with
the blocked algorithm was first published in [12] and is part of LAPACK. The rearranged lazy unblocked
algorithm in conjunction with the blocked algorithm was proposed as Algorithm IIT in [15].

5.5 Fusing operations

Once again, we leave it as an exercise to the reader to construct loop-based fusings of the operations high-
lighted in Figures 9 and 10.

6 Accumulating Householder transformations

In Section 2.3, we briefly discussed how to accumulate the triangular factors T' of the block Householder
transformations. The need for computing and storing T is clear in the unblocked and blocked GQvdG
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Algorithm: [A,U,V,Y, Z] := BIRED_LAZY_UNB(b, A, U, V)Y, Z)

ers Xt | XTr
Partition X — (——
XBrL XBR

for X € {A,U,V,Y, Z}
where X7 is 0 x 0
while n(Urr) <b do

Repartition
X00 X02

Z01
( SSU IV )_’ ziy | x11 | @15
XBL | XBr

Xoo | w21 | Xo2
for (X7 x? X) G {(A7 a’7 a)’ (U7 u’ U)7 (V7 U7 V)7 (Y7 y7 w)’ (Z’ Z7 C)}
where Y11 is a scalar

Lazy basic unblocked: Lazy rearranged unblocked:
— T T — T T
Q11 := Q11 — UgY10 — Z19V10 Q1 = Q11 — UpY10 — 21010
as1 = az1 — Uaoy10 — Zagv10 as1 = az1 — Usoy10 — Z20v10
T . T T v T T1,T T ._ T T+ T T T
ajp 1= Ay — UigYa — 210 Voo ajy 1= ajp — ujpYan — 219Vap
1 o1 1 a1
. TI —_— = T =
Uoy ) ) 0 u2¥1 s I'Ly 0
11 Q1]
Housev | | —— Housev | [ ——
a1 a21
— T + .
Y21 1= a12 + Azouni ajy = a1z —a12/7L
T T ._ T, + T, +
—YooUsquo1 — VagZaguar Y1 = —YooUsguzy — VagZyous,
— T, +
Y21 = Ya1 + AUz,
T ._ T T + .+
ajy i= Gig — Y21 /7L aly 1= afy — Y21/7L

w1 = AQQGB

way = wa1 — UzoYspaly — ZaoVaaty
azor = Asseg — UsoYaheo — ZaoVapeo
Yo1 i= a12 + Yo1

[vo1, TR, a12] := HOUSEV (a;2) [¥11 — 12, TR, a12] := HOUSES(aj,)

V21 = (afg - a12€0)/(1/)11 - a12);
arﬁ = alge(:f

U1 = u;
B = y2T11121 B = yngzl
Y21 = yzl/TL Y21 = y21/TL
221 ‘= (A22U21 221 = (w21 - Ck1261221)/(¢11 - Ol12)
—UsYahva1 — ZagVahva1 291 i= 221 — PBug1 /7L
—ﬂuzl/TL)/TR 221 = 221/7'R

Continue with

Xy | on | (<o oo | X
( XsL | XBR ) — 10 | X11 L2
Xo0 | z21 | Xo2
for (X,CL‘, X) € {(Ava’ a)a (U7 uav)a (V, v, V>7 (K Y, ¢)7 (Z7 ZaC)}
endwhile

Figure 10: Lazy unblocked versions of the algorithms in Figure 9. Left: lazy basic algorithm. Right: lazy
rearranged algorithm (this is essentially Algorithm IIT from [15]). The first fused operation in the “Lazy
rearranged unblocked” algorithm, modulo a slight reordering of the computation vis-a-vis ys1, corresponds
to the BLAS 2.5 operation GEMVER [8]. Note that upon entry to both algorithms, matrix A is n x n and
matrices U, V, Y, and Z are n x b. Also note that the multiplications Asseg, Yaheg, and Udjeq do not require
computation: they simply extract the first column or row of the given matrix.
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Algorithm: [A] := BIRED_BLK(A,U, V.Y, Z)

oy Arp ATR Xr
Partition A — (A_BLA_BR , X — X5

for X € {U,V,Y, Z}

where Ary is 0 x 0 and Ur, Vp, Yr, Z7 have 0 rows
while m(Arr) <m(A) do

Determine block size b

Repartition

A | Arn Aoo | Ao1 | Ao2 Xr Xo
( Apr | ABr )—> Ao f Au | Az, ( XB )_> X1
Ao | A21 | A2 X2
for X € {U,V,Y, Z}
where Ay is b x b and Uy, V4, Y7, and Z; have b rows

[ABR, UB, VB, YB, ZB] = BIRED,LAZY,UNB((), ABRy UB, VB, YB, ZB)
Agg = Agp — UQYQT - ZQVQT

Continue with A A "
00 o1 02
( jTL ﬁTR ) — | Ao [ A | A2 |, ( ))gT )H X1
BL BR Az | A21 | A2z B X2
for X € {U,V,Y, Z}
endwhile

Figure 11: Blocked algorithm for reduction to bidiagonal form. For simplicity, it is assumed that A is n x n
where n is an integer multiple of b. Matrices U, V', Y, and Z are all n x b.

algorithms for reducing a matrix to upper Hessenberg form, shown in Figures 3 and 4. However, none of the
other algorithms (blocked or unblocked) for reduction to condensed form use the triangular factors, because
none of the other algorithms apply block Householder transforms. So at first glance, computing and storing
T within these algorithms may seem unnecessary.

But typically reduction to condensed form is not a terminal operation. The triangular factors will be
needed when forming (or applying) the orthogonal matrix @ after a reduction to upper Hessenberg or
tridiagonal form, or the matrices Q7 and Qg subsequent to a reduction to bidiagonal form. So for most
applications, it is not a matter of if these factors will be computed, but when.

Note that we would normally compute T by columns, via ty; = U%uzh as shown in the GQvdG
algorithm in Figure 3, and the scalar 717 is computed as part of the HOUSEV function. Upon careful
inspection, we find that each lazy unblocked algorithm (shown in Figures 2, 7, and 10) computes UL uz; as
an intermediate product in the course of its normal computation. Indeed, for reduction to upper Hessenberg
and tridiagonal forms, this intermediate product is computed within fusable sets of operations. And for
reduction to bidiagonal form, if the intermediate product Vihaf, is saved from the second set of fusable
operations (see Figure 10), then the ¢y, vectors associated with the right-hand orthogonal matrix Qg may
easily be computed in a manner similar to that used to compute vo1. This technique saves approximately ian
floating-point operations every time @ (or Qp, or Qr) is formed or applied. Thus, given that the triangular
factors can fit within a relatively small b X n matrix (or two such matrices for bidiagonal reduction), it is
easy to make the case that these values should be stored for later use.

Notwithstanding the obvious advantage to storing 7" within the lazy unblocked algorithms, we have chosen
to omit these statements from the algorithm figures (except in the case of the GQvdG algorithm) since they
relate more to subsequent computations outside the scope of our discussion than the reduction to condensed
form operations themselves.
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. BLAST dependent memory operations
Fused operation name algorithms flops unfused fused
AT
vi=Aw GEMVT | Hessenberg 4n? 2n? n?
w = Ax
Am A —aTh— T GER2 Hessenberg, 4n?, 4n?, 2n?,
'* a ¢ bidiagonal dmn dmn 2mn
A=A—-ad"b—c"d
vi= ATy N/A Hessenberg 8n? 612 2n?
w = Ax
y=y—-YUTu—-UZTu
— o UYTu— 2UTu N/A Hessenberg | 14mn Tmn s5mn
— A 0Ty _ T
A=A—uly—yu N/A tridiagonal 4n? 5n? 2n2
v:= Azx
y=y—YUTu-UYTuy N/A tridiagonal 8mn dmn 3mn
A=A—-aTb—cTd
b= ATy GEMVER bidiagonal 8mn 6mn 2mn
a:=a+ Bb &
w = Aa
b:=b+aATu
a:=a+ (b GEMVT bidiagonal dmn 2mn mn
w = Aa
w:=w—-UYTa—-ZVTa -
t = Aeg— UYTeq — ZVTeq N/A bidiagonal 6mn 6mn 4mn

Figure 12: A summary of the fused operations one could potentially use within various reduction to con-
densed form algorithms and their floating-point and memory operation costs. The highlighted sets of fused
operations are those present in the algorithms which exhibited the highest performance.

7 Estimating the impact of fusing

Before presenting performance results of actual implementations, we will first estimate the impact of fusing
on performance.

The table in Figure 12 summarizes all of the fused operations used by all algorithms presented in this
paper and lists the corresponding routine names given by the BLAST Forum [8]. The table also includes
the approximations for the floating-point and memory operation counts, which may be used to derive the
total number of memory and floating-point operations incurred within a given unfused or fused unblocked
algorithm implementation. These totals are summarized in Figure 13. Similarly, the table in Figure 14 shows
the number of floating-point operations (flops) required by unblocked and blocked components of various
algorithms. The table also quantifies the number of flops executed by fusable sets of operations within a
given unblocked algorithm.

Combining the analyses summarized in Figure 13 and Figure 14 allows us to estimate an upper bound for
the asymptotic speedup one would observe from fusing operations within a given algorithm. We need only
make a few mild assumptions concerning the computation to construct a model to predict actual performance
improvement:

e The level-3 computation in a blocked algorithm executes s times faster than the level-1 and level-2
computation in the corresponding unblocked algorithm.5

6Note that this assumption typically does not hold for small problem sizes due to data caching, which is why we only attempt

21



Algorithm memory operations

(unblocked only) unfused fused 7 = unfused—fused
unfused

Reduction to upper Hessenberg form

Basic 2 2n3+%bn2 n3+%bn2 ~ 50%

Rearranged 2n®+1bn? 234 Lpn? ~ 66%

Lazy 2n3 4 15pn? Ind418pn? ~ 50%

Reduction to tridiagonal form

Rearranged in3 1p3 ~ 33%

Lazy én3+%bn2 %n?’—o—%bnz ~ 1%

Reduction to bidiagonal form

Basic 3(mn2—%n3) 2(mn2—%n3) ~ 33%

Rearranged 3(mn27%n3) (mn27%n3) ~ 66%
(mn?—in3)4+ 1 2_1p8

Lazy rearranged R z(mn”—gn)+ ~ 50%
4b(mn—zn”) 3bmn

. (mn?—1in3)4+ (mn?—in3)4+

Howell’s Algorithm III S t 0%"

4b(mn—3n*) 4b(mn—3n*)

Figure 13: A summary of the number of memory operations required by unfused and fused implementations
of various unblocked algorithms for reducing a matrix to condensed form.

e An unblocked algorithm’s execution is limited by memory accesses rather than its floating-point oper-
ations. This allows us to assume that reducing a fraction n of memory operations within an unblocked
algorithm will result in the a corresponding speedup of ﬁ, or a ﬁ speedup contribution to the
overall algorithm if it is part of a blocked algorithm.

Thus, the expected asymptotic speedup « due to fusing is given by

_ Execution time without fusing gunfused =+ thlocked _ su+ (1—u)
Execution time with fusing thused i Flblocked  Su(l—rf)+ (1 —u)

where r is the fraction of unblocked memory operations that are avoided via fusing, f is the fraction of
unblocked floating-point computation that is associated with fusable operations, and u is the fraction of
total floating-point operations performed within the unblocked algorithm. Note that approximations for r
are given in the right-hand column of Figure 13 while f and u are estimated in the two right-most columns
of Figure 14.

Figure 15 summarizes the expected asymptotic speedups due to fusing for all condensed form algorithms
that contain fusable sets of operations.

The most obvious takeaway from Figures 13-15 is that while reduction to upper Hessenberg form and
reduction to bidiagonal form appear well-suited for speedup, reduction to tridiagonal form presents fewer
opportunities for fusing. In fact, the blocked lazy algorithm is only benefited through a lower-order term.
Thus, we would not expect to see much improvement, if any, for this particular algorithm.

8 Performance results

We now report performance for implementations of various algorithms that is attained in practice.

to estimate performance improvement for relatively large problem sizes.

"Howell et al. implement fused operations as a sequence of level-2 BLAS operations. Rather than achieving speedup by
reducing memory operations, this type of fusing uses blocking to interleave smaller fusable subproblems in an effort to promote
increased data cache reuse.
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floating-point operations

Algorithm = ocked | fusable | blocked | f — bl |, — ublockad

Reduction to upper Hessenberg form

Basic 2 83 4bn? L 2p3 ~ 99% ~ 80%

Rearranged | 4n®+120n? 4n+Zbn? 2n? ~ 99% ~ 80%

Lazy dnd 4 Lopy? 434 Ibn? 2n3 ~ 99% ~ 40%

Reduction to tridiagonal form

Rearranged in3 in3 N/A ~ 100% ~ 100%

Lazy 213 4 3bn? 2bn? 23 ~ 1% ~ 51%

Reduction to bidiagonal form

Basic A(mn2—1n3) | 4(mn?—1n3) N/A ~ 100% ~ 100%

Rearranged | 4(mn?—1n3) | 4(mn>—1in?) N/A ~ 100% =~ 100%
2 13 2 13

reranged | oty | raony | 200 | = 00% | o1

Figure 14: A summary of the number of floating-point operations required by various algorithms for reducing
a matrix to condensed form. The two right-most columns, combined with the right-hand column in Figure 13,
may be used to estimate upper bounds for the speedup one would observe from fusing eligible subproblems
within an operation’s unblocked algorithm. These upper bounds are estimated in Figure 15.

Algorithm memoryfopjrz;tiodns floating-point operations speedup «
r = e | = e | u= et | s=4|s=5

Reduction to upper Hessenberg form

Basic 2 ~ 50% ~ 99% ~ 80% 1.87 1.89

Rearranged ~ 66% ~ 99% ~ 80% 2.60 | 2.65

Lazy ~ 50% ~ 99% ~ 40% 1.56 | 1.61

Reduction to tridiagonal form

Rearranged ~ 33% ~ 100% ~ 100% 1.49 | 1.49

Lazy ~ 1% ~ 1% ~ 51% 1.00 1.00

Reduction to bidiagonal form

Basic ~ 33% ~ 100% ~ 100% 1.49 | 1.49

Rearranged ~ 66% ~ 100% ~ 100% 294 | 2.94

rL;zange 1 ~ 50% ~ 99% ~ 51% 1.66 | 1.71

Figure 15: Estimated asymptotic speedup from fusing using a simple model that assumes: (1) that the
level-3 computation in the blocked algorithm executes s times as fast as the level-1 and level-2 computation
found in the corresponding unblocked algorithm; and (2) that memory operations (rather than floating-point
operations) are the limiting factor to performance in the unblocked algorithm. We estimate speedup for s = 4
and s = 5.

8.1 Platform details

All experiments reported in this paper were performed on a single core of a Dell PowerEdge R900 server
consisting of four Intel “Dunnington” six-core processors. Each core provides a peak performance of 10.64
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GFLOPS. Performance experiments were gathered under the GNU/Linux 2.6.18 operating system. Source
code was compiled by the GNU C compiler, version 4.1.2. All experiments were performed in double-precision
real floating-point arithmetic.

All reduction to condensed form implementations were linked to the BLAS provided by GotoBLAS2 1.10.
All LAPACK implementations were obtained via the netlib distribution of LAPACK version 3.3.1. For the
reduction to bidiagonal form we also compare against an implementation by Howell et al. (Algorithm IIT),
reported on in [15] and available from [14]. (This code was compiled by the GNU Fortran compiler, version
4.1.2)

8.2 Fused operation implementations

Experiments were performed with both cache-level and register-level fused implementations. All imple-
mentations were coded in C. Operations fused at the cache-level were expressed in terms of level-1 BLAS.
By contrast, operations fused at the register-level were coded using SSE2 and SSE3 vector intrinsics. The
corresponding assembly code of each register-level fused kernel was carefully inspected to ensure that (1)
the correct vector arithmetic instructions were emitted by the compiler and (2) the number of load/store
instructions were kept to a minimum. We believe that the resulting fused implementations are, for the most
part, comparable to what one would arrive at if the operation were assembly-coded by hand.

Some readers may wonder why we chose to implement our cache-level fused operations in terms of level-1
operations rather than the level-2 approach taken by [15]. It is true that if a cache-level fused implementation
is based on level-2 operations, it can automatically benefit from certain optimizations that may be employed
within the level-2 BLAS that are not available to level-1 operations. For example, one such optimization
involves unrolling the outer loop of the GEMV operation L times (provided there are enough registers available
to support the unrolling). This allows the implementation to reduce the number of memory accesses on either
the input or output vector by a factor of L. However, the implementation is not required to do so, and the
specific details concerning a BLAS library’s implementation are oftentimes not available. Without knowing
exactly how the level-2 operations are implemented, we cannot precisely quantify the number of memory
operations avoided by using register-level fusing. Therefore, we implement cache-level fusing in terms of
level-1 operations not because we think it yields the best possible performance, but because we can model
its performance without making overly-specific assumptions about the implementation.

8.3 Implementations of the reduction algorithms

The blocked algorithms were implemented using the FLAME/C APT [28, 4] which allows the implementations
to closely mirror the algorithms presented in this paper. Since this API carries considerable overhead that
affects performance, the unblocked algorithms were translated into lower-level implementations that use the
BLAS-like Interface Subprograms (BLIS) interface [31]. This is a C interface that (1) resembles the BLAS
interface but is more natural for C, and (2) fixes certain problems for the routines that compute with (single-
and double-precision) complex datatypes. All these implementations are part of the standard libflame
distribution so that others can experiment with further optimizations.

8.4 Tuning of block size

We performed experiments to determine the optimal block size for the blocked algorithms. A block size of
32, the default block size for the LAPACK implementation, appeared to be near-optimal and was used for
all experiments.

8.5 Reduction to upper Hessenberg form

The table in Figure 15 indicates that there is considerable potential for speedup from fusing for all three
fusable algorithms, particularly an algorithm based on the rearranged unblocked algorithm. Performance
of the various implementations of reduction to upper Hessenberg form are given in Figure 16, with raw
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Figure 16: Performance of various implementations of reduction to upper Hessenberg form for problem
sizes up to 3000 for double-precision real (top) and speedup of fusable algorithms relative to their unfused
counterparts using cache-level and register-level fusing (bottom). Implementations of blocked algorithms use
a block size of 32. Note that in the top graph, the performance curve for “netlib dgehrd” coincides mostly
with the curve for “GQvdG blocked with GQvdG unblocked.”
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performance results in the top graph and speedup of fusable algorithms, using both cache-level and register-
level fusing, shown in the bottom graph.

Not surprisingly, register-level fusing provides a significant improvement in performance over cache-level
fusing. Remarkably, the speedups predicted by the model, as summarized in Figure 15, provide good
estimates of the performance of algorithm implementations that use register-level fusing.

For larger matrices (n > 300), the blocked implementation that uses a lazy unblocked algorithm with
register-level fusing (labeled “blocked with lazy unblocked with register-level fusing”) outperforms all other
implementations, even the netlib dgehrd and “GQvdG blocked with GQvdG unblocked” implementations.
Note that netlib dgehrd uses the “GQvdG blocked with GQvdG unblocked” algorithm, with the minor
modification that the algorithm switches to what is essentially our pure basic unblocked algorithm for the
final 128 x 128 subproblem (when Appg is 128 x 128).

8.6 Reduction to tridiagonal form

In contrast to reduction to upper Hessenberg form, Figure 15 suggests that there is much less room for
improvement via fusing in the reduction to tridiagonal form algorithms, particularly for the lazy algorithm.

The reason for the negligible potential for speedup in the lazy algorithm can be traced back to the
memory and flop count analysis in Figures 13 and 14. The reduction in memory operations that may
be achieved via fusing within the unblocked lazy algorithm constitutes a lower-order term. Likewise, the
floating-point operations in the fusable portions of this algorithm amount to a similar lower-order term.
Thus, we would expect very little performance benefit from fusing for this algorithmic variant. By contrast,
a simple rearranged unblocked algorithm should stand to benefit noticeably from fusing. However, with none
of its computation expressible in terms of level-3 operations, such an algorithm is bound to asymptotically
underperform its lazy counterpart.

Figure 17 (top) reports performance for various implementations of reduction to tridiagonal form, with
corresponding speedups for the two fusable algorithms displayed in Figure 17 (bottom). The fused imple-
mentations perform mostly as expected.

8.7 Reduction to bidiagonal form

According to Figure 15, reduction to bidiagonal form should receive significant benefit from fusing.

Figure 18 (top) reports performance for various implementations of reduction to bidiagonal form while
Figure 18 (bottom) shows speedups for fusable algorithms. For this operation there is a clear advantage
gained from rearranging the computations and fusing operations, particularly when register-level fusing is
employed. With the exception of small problem sizes, the “blocked with lazy rearranged with register-level
fusing” outperforms all others, including the implementation of Algorithm III reported on in [15]. Once
again, our simple model provides good estimates of the asymptotic speedup for each fusable algorithm.

The performance results for “blocked with lazy rearranged unblocked with cache-level fusing”, along with
Howell’s Algorithm III, clearly show that considerable improvement can be gained from cache-level fusing.
However, as one might expect, accessing an element of data from cache is still more costly than avoiding
the memory operation altogether, as the “blocked with lazy rearranged unblocked with register-level fusing”
exhibits the highest performance, except for the smallest problem sizes.

Note that in Figure 18 (bottom) Howell’s Algorithm IIT outperforms the “blocked with lazy rearranged
unblocked with cache-level fusing” algorithm by a small margin. The two algorithm implementations are
similar except that the former (1) fuses in terms of level-2 BLAS instead of level-1 BLAS, and (2) is coded
entirely in Fortran-77 rather than C with higher-level FLAME abstractions. Given that both styles of
cache-level fusing incur the same number of memory operations, we suspect the outperformance can be
explained almost entirely by the latter point, as modern compilers tend to be able to more highly optimize
pure Fortran-77 over C that contains some calls to the FLAME/C APIs. Thus, it may be possible to
achieve marginal improvements in performance of all register-level fused implementations by removing all
programming abstractions and coding entirely at low levels.

26



T T
O- - - basic unblocked
8 o rearranged unblocked 75% of peak
—+8— rearranged unblocked with register—level fusing
A~ blocked with lazy unblocked
7 —2— blocked with lazy unblocked with register—level fusing -
netlib dsytrd

6 i

5l
7]
o
o
z 4
O]

3 L

2 L

1 L

0 1 1 1 1 1

0 500 1000 1500 2000 2500 3000
problem size
3.5 T T T
x - - rearranged unblocked with cache-level fusing
—— rearranged unblocked with register—level fusing
O- - blocked with lazy unblocked with cache-level fusing
3 —+&— blocked with lazy unblocked with register-level fusing

25 B

speedup relative to unfused implementation
n
T
|

05 I I I I I
0 500 1000 1500 2000 2500 3000

problem size

Figure 17: Performance of various implementations of reduction to tridiagonal form for problem sizes up to
3000 for double-precision real (top) and speedup of fusable algorithms relative to their unfused counterparts
using cache-level and register-level fusing (bottom). Implementations of blocked algorithms use a block size
of 32. Note that in the top graph, the performance curve for “netlib dsytrd” coincides mostly with the curve
for “blocked with lazy unblocked with register-level fusing.”
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8.8 Hybrid algorithms

In Figure 18 (top) it can be observed that, for smaller problem sizes (n < 500), the “rearranged unblocked
with register-level fusing” algorithm yields the best performance. This suggests that a library routine should
switch algorithms as a function of problem size. Note that the netlib LAPACK implementations of all three
condensed form operations tested in this paper employ hybrid approaches, albeit with different crossover
points. The netlib routines for reduction to upper Hessenberg form (dgehrd) and reduction to bidiagonal
form (dgebrd) switch to basic unblocked algorithms for the final 128 x 128 submatrix, while the routine for
reduction to tridiagonal form (dsytrd) switches for the final 32 x 32 submatrix.

Hybrid algorithms for all three reduction to condensed form operations can be constructed in a straight-
forward manner, and thus we omit results for such implementations from this paper.

9 Conclusion

This paper presents what we believe to be the most complete analysis to date of algorithms for reducing

matrices to condensed form. Numerous algorithms are summarized and opportunities for rearranging and

fusing of operations are exposed. The benefit of cache-level fusing is confirmed, while more highly-optimized

register-level fusing is shown, in theory and practice, to offer superior gain. These performance improvements

based on register-level fused kernels conform reasonably well to the speedups predicted by a simple model.
Future work in this area will investigate the impact of fusing in multicore environments.
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A Computing in the complex domain

For simplicity and clarity, the algorithms given thus far have assumed computation on real matrices. In this
appendix, we briefly discuss how to formulate a few of these algorithms for complex matrices.

In order to capture more generalized algorithms which work in both the real and complex domains, we
must first introduce a complex Householder transform.
Definition 2 Let w € C", 7 € R. Then H = H(u) = I — 7~ uu®, where 7 = %uHu, is a complex
Householder transformation.

The complex Householder transform has properties similar to those of the real instantiation, namely:
(1) HH =1I; (2) H = H¥  and so HYH = HH® = I; and (3) if Hy,--- , Hy_1 are complex Householder
transformations and Q = HoH, --- Hy_1, then Q7Q = QQY =1I.

Let z,v,u € C™,
rT—|(—]|, v—=|—],u— ,
T2 V2 U2

v =1z — aey, and u = v/v;. We can re-express the complex Householder transform H as:

- (6

It can be shown that the application of H(u) to a vector z,
X1 - (>
i3 - () 0

lallox:
N . 6
al (6)

is satisfied for

Notice that for z,v,u € R™, this definition of « is equivalent to the definition given for real Householder
transformations in Section 2.2, since x1/|x1| = sign(x1). By re-defining « this way, we allow 7 to remain
real, which allows the complex Householder transform to retain the property of being a reflector.

There is one drawback to this approach, however. Applying H(u) to x results in « being a complex
value. This causes problems for some applications. For example, in the case of reduction to tridiagonal form,
the values of « generated by each transformation form the off-diagonal elements of the tridiagonal matrix.
Typically, one wishes these off-diagonal elements to be real because it simplifies the arithmetic in subsequent
computations. But it turns out there is a straightforward solution to this problem.

First, we leverage the fact that a complex off-diagonal element «; from the ith row (or column) of a
tridiagonal matrix T' can be rotated into the real domain by computing a complex scalar p; = @;/|a;| and
then scaling the ith row of T' by p; and the ith column of T" by p;. Notice that this has no effect on the
ith diagonal element T;; since p;p; = 1. Also, this guarantees that p;«; is positive. Thus, one can easily
compute and apply a diagonal matrix R that transforms a tridiagonal matrix 7" with complex off-diagonals
to a real tridiagonal matrix Tx. In this case, the overall reduction to real tridiagonal form becomes:

A = QTQH
= QRYRTRYRQHY
= QR"TrRQY
QRYTR(QR)H
And so the total cost of defining complex Householder transforms as reflectors amounts to: (1) computing
R; (2) applying R to T from the left and R from the right; and (3) applying R¥ to Q from the right.

These operations are O(n), O(n), and O(n?), respectively, and are typically lower-order terms within larger
O(n?) computations. This process is similar to the one described by Stewart in [25].
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Other instances of the Householder transform, such as those found in LAPACK, restrict « to the real
domain [18, 20]. In these situations, Eq. (5) is satisfiable only if 7 € C, which results in HH # I. This
definition has the benefit of giving real a values without any additional scaling, but results in mathematics
and implementation code that are somewhat more complicated (ie: one must keep track of whether it is
appropriate to apply H or HH).

Ultimately, we prefer our Householder transforms to remain reflectors in both the real and complex
domains, and so we choose to define « as in Eq. (6).

Recall that Figures 1-11 illustrate algorithms for computing on real matrices. We will now review a few
of the algorithms, as expressed in terms of the complex Householder transform.

A.1 Reduction to upper Hessenberg form

Since the complex Householder transform H is a reflector, the basic unblocked algorithm for reducing a
complex matrix to upper Hessenberg is, at a high level, identical to the algorithm for real matrices:

T
e Partition A — Qi1 | %o .
as | Az

o Let [’U,Ql,’]', (121] = HOUSEV(GQl).

e Update
ao1 | Aoz I10]0 a1 | Aoz 110 ao1 Ao H
11 CL{Q = 0 1 0 11 afz <T‘7> = 11 CL{QH
as1 | Az 0 H a1 | Az Hao | HA»H

where H = H(us21). Note that as; := Hasy need not be executed since this update was performed by
the instance of HOUSEV above.

e Continue this process with the updated Ass.

As before, Haoq is computed by HOUSEV.
The real and complex algorithms begin to differ with the updates of al, and Ag,:

A
aiy = ajoH

_ T T H

= ajy — GpU21Uy /T
App = AnH

H
= Agy — Appugiug /T

Specifically, we can see that us; is conjugate-transposed instead of simply transposed.
The remaining differences can be seen by inspecting the update of Ass:

A22 = HAQQH
= (I —upull /1) Ase (I — upull /7)
= Ago —upi( ARuoy V)7 — ( Aspugy Yubl /7 + (ub Asousy Yugiudl /72
99 o1( Asyugy )7/ ( Axgugy )ug/ (us ﬁ/ﬁl,) 21Uz /
V21 w21 w21

H H H H, 2
= Agg —u91v3y /T — WUy [T+ Uz w1 U2iUsy /T
—

26
= Agy —ug(v3) — Busy /7)/7 — (w21 — Buay /7)/7)udy
= Ay —uy ((021 - Buzl/T)/T)H - ((w21 - ﬂuzl/T)/T) Ug
Y21 221

H H
= Ags — (u21ys) + 221u57)

This leads towards the basic and rearranged unblocked algorithms in Figure 19.
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Algorithm: [A] := CoMPLEXHESSRED_UNB(b, A)

Partition A — (iﬂ) U — ( s ) Ly — ( YT ) ,z—>< ZT )
Apr | ABr up yB ZB
where Arp is 0 x 0 and ur, yr, and zp have 0 rows

while m(Arp) <b do
Repartition

( Arr | Arr )H ( 27(;0 ZEII 127(;2 )
b
Ase | Asr Zoo | azr | Ass
ur U1 yr Yo1 27 201
( o )—> v11 , (y—B) — | Y1 , ( p >—> C11
u21 Y21 Z21
where «q1, v11, ¥11, (11 are scalars

Basic unblocked 1:

[Ug1, T, az] := HOUSEV(as1)

A22 = (I — ’u,gl’ug]l/T)AgQ = A22 — U21U§1A22/7’

Ag Ap2 Ay — A02U21U511/T
aty = ajy (I - u21u5{/7') = a1y — GipU1Uz) /T
Az Az Aoy — Agpunufl /7
Basic unblocked 2: Rearranged unblocked:
a1 = a — vt — Q101 (%)
afy = aly —viysh — Gul (%)
a1 1= ag1 — U211 — 22101 (%)
[UQl, T, agl] = HOUSEV(QQl) [Igl, T, agﬂ = HOUSEV(agl)
Agg i= Agp — u21y21{ - zﬂuéﬁ (*)
Yo1 = A£{2UQ1 V21 = Agm?l
291 := Agaun; wa 1= Agoway
U21 = T21; Y21 ‘= V21
221 ‘= W21
Bi=ukz01/2 Bi=ubz01/2
Y1 := (Y21 — Bua1/7)/T Yo1 := (Y21 — Buaa /T)/T
Zo1 1= (221 — Pua1 /T)/T 291 := (221 — Pugy /7)/T
Aoy 1= Aoy — un1yfl — 201l
afy := ajy — afruzudy /7 afy := afy — afsunudy /7
Agg := Aga — A021L21U§1/T Agg := Agz — A02u21uﬁ/7'

Continue with

Ago | ao1 | Aoz
Arr | ATr T T
— Qig | @11 ) 99 )

Apr | ABR

A0 | a1 | A2z

) (3) ) (8) ) (&)

u21 Y21 Z21
endwhile

Figure 19: Unblocked reduction to upper Hessenberg form using a complex Householder transform. Left:
basic algorithm. Right: rearranged algorithm so that operations can be fused. Operations marked with (x)
are not executed during the first iteration.
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Algorithm: [A] := COMPLEXTRIRED_UNB(A)

Partition 4 — (iﬂ) Lz ( LT )
Apr | ABr zB

for z € {u,y}

where Arp is 0 x 0 and ur, yr have 0 rows
while m(Arr) <m(A) do

Repartition

Aoo ap1 | Aoz Zo1
( Arp | Arr )H -1 —r N
A A 10 11 12 i 11
BL BR A0 | a21 | A2z vB z21
for (z,x) € {(u,v), (y,¥)}
where o371, v11, and 11 are scalars

Basic unblocked: Rearranged unblocked:

a1y = Q11 — U111@11 —ontn (%)
a1 = az1 — (u21911 + y21011) (%)

[UQl, T, 1121] = HOUSEV(QQl) [fﬂgl, T, agl} = HOUSEV(CLQl)
Agg = Aoy —un1yst —ymrudl (%)
Y21 = AU va1 = ATy
U21 = T21; Y21 ‘= V21
B = ushya1/2 B = ubya1/2
Yyo1 = (y21 — Bua1 /7)/7 Y21 = (Y21 — Bu2n /7)/T

—— H H
Ago = Agp — U21Y21 — Y21Uzy

Continue with

A A Ago | ao1 | Ao2 . Zo1
( ATL ATR ) — | ady [an | oF |, ( ZT ><— X11
BL BR Ao | a21 | A2z B
for (z,x) € {(w,v), (y,¥)}
endwhile

Figure 20: Unblocked reduction to tridiagonal form using a complex Householder transformation. Left: basic
algorithm. Right: rearranged to allow fusing of operations. Operations marked with (x) are not executed
during the first iteration.

A.2 Reduction to tridiagonal form

Let A € C"*" be Hermitian. If A — QBQ where B is upper Hessenberg and () is unitary, then B is
Hermitian and therefore tridiagonal. We may take advantage of the Hermitian structure of A just as we did
with symmetry in Section 4. Let us assume that only the lower triangular part of A is stored and read, and
that only the lower triangular part is overwritten by B.

When matrix A is Hermitian, and only the lower triangular part is referenced, the unblocked algorithms
for reducing A to upper Hessenberg form can be changed by noting that ve; = wil and yo1 = 2Z1. This
results in the basic and rearranged unblocked algorithms shown in Figure 20.

A.3 Reduction to bidiagonal form

The basic algorithm for reducing a complex matrix to bidiagonal form can be explained as follows:

T
e Partition A — (ﬁ‘&).
as | Aa
o Let [<1> 7TL,< it )} = HOUSEV((Cm)).
Uu21 0 a21
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Algorithm: [A] := COMPLEXBIRED_UNB(A)

oy A A
Partition 4 — (#ﬂ) x> ( Ir )
Apr | ABR B

for z € {u,v,y, 2z}
where Ar; is 0 x 0, up, vy, yr, 2z have 0 elements
while m(Arr) <m(A) do

Repartition
A a A T
( Arp | Arg )_} ( a;o am a;)} o\ X01
A A 10 11 12 ’ 11
BL BR Azo | a21 | A2z vB T21
for (z,x) € {(v,v), (v,v), (y,9), (2,0}
where «q1, v11, Y11, Y11, and (11 are scalars
Basic unblocked: Rearranged unblocked:
a1 := a1 — v — (ubn ()
ao1 = G21 — U21YP11 — Z21P11 (%)
T ._ T H H
ajs = ajy — V11Y1 — (1103 (*)
LY o (en)| _ LY o (ou)|
U1 y 1Ly 0 . ?2? s TLy 0 -
« «
Housev | [ —- Housev | | —2
a21 a21
aig ‘= a12 — a12/7L
Agp = Agp — U21y§1 - 221’021{ (*)
Yo1 := a2 + Afbugy yo1 = AfLud;
T ._ T H + .+ =
ajp i= a9 — Y51 /7L ajy = afy — Yo1 /7L

— —
Wwa1 = A22012
Yo1 '= Y21 + Q12

V21, TR, alg] := HOUSEV (a12) [’(/Jll — a12,TR, Ozlg] = I‘IOUSES(GTQ)
Va1 1= (G, — Guzeo)/(1h11 — da2)
a1T2 = (12€
U1 = u2+1

B = ysiva B = ysiva

Y21 1= Ya21/7TL Y21 1= y21/7T1 B

291 = (Agavo1 — Pu21/7L) /TR 21 = (wa1 — d12Az2€0) /(Y11 — 12)

221 ‘= %21 — ﬁuzl/TL
221 ‘= 221/7'1?,

._ H H
Agg 1= Agg — U21Ya1 — 221V321

Continue with

Arp | Arg Aoo | ao1 | Aoz o 01
( AB ABR ) — a”{o 11 0/’{2 ) ( zB ) - &
= Ao | a21 | A2z

for (z,x) € {(u,v), (v,v), (y,¥), (2,0}
endwhile

Figure 21: Unblocked reduction to bidiagonal form using a complex Householder transformation. Left: basic
algorithm. Right: rearranged to allow fusing of operations. Operations marked with (x) are not executed
during the first iteration.
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e Update

(k) = (- () () ) ()
a1 | Az U21 U21 a1 | Az
_ < a—yu/mp | oy —yd /T >

0 | Asg —ug1y3, /71

where 917 = a11 + ugagl and yQTl = a1T2 + uﬁAgg. Note that a11 := a — 111 /71, need not be executed
since this update was performed by the instance of HOUSEV above.

o Let [1)21, TR, alg] := HOUSEV ((Zlg).
° Update AQQ = AQQ(I — ’1)211);1/7'}3) = AQQ — ZQﬂ)%l/T]% Where Z21 = A221)21.
e Continue this process with the so updated Ass.

The resulting unblocked algorithm and a rearranged variant that allows fusing are given in Figure 21.

A.4 Blocked algorithms

Blocked algorithms may be constructed for reduction to upper Hessenberg form by making the following
minor changes to the algorithms shown in Figure 4:

e For Algorithms 1-4, update Arg by applying the complex block Householder transform, (I-UgT'UH),
instead of (I — UgT~'UL).

e For Algorithm 3, update Ags as Agg = Agy — UsYoT — ZoULL.
e Compute T as T = %D—l—S where UgUB =SH 1 D+S.

Blocked algorithms for reduction to tridiagonal form and bidiagonal form can be constructed in a similar
fashion.
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