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Abstract

We presentvork-preservingemulationswith small slovdown between_ogP andtwo otherparallel
models:BSPandQSM. In conjunctionwith earlierwork-preservingemulationdbetweerQSMandBSP
theseresultsestablisha closecorrespondencieetweerthesethreegeneral-purposparallelmodels.Our
resultsalso correctand improve on resultsreportedearlier on emulationsbetweenBSP and LogP In
particularwe shednew light ontherelative power of stallingandnonstallingLogP models.

The QSM is a shared-memorynodelwith only two parameters- p, the numberof processorsand
g, abandwidthparameterThesefeaturesf the QSM make it a corvenientmodelfor parallelalgorithm
design,and the simple work-preservingemulationsof QSM on BSP and LogP shaw that algorithms
designedn the QSM will mapwell on to theseothermodels.This presents strongcasefor the useof
QSM asthemodelof choicefor parallelalgorithmdesign.

We presentQSM algorithmsfor threebasicproblems- prefixsums samplesortandlist ranking.Us-
ing appropriatecostmeasuresye analyzethe performancef thesealgorithmsanddescribesimulation
results.Theseresultssuggesthat QSM analysiswill predictalgorithmperformancejuite accuratelyfor
problemsizesthatarisein practice.

1 Intr oduction

Thereis a vastamountof literatureon parallelalgorithmsfor variousproblems.However, algorithmsde-
velopedusing traditional approachesn PRAM and fixed-interconnechetworks do not mapwell to real
machines.In recentyearsseveral generl-purposeparallel modelshave beenproposed- BSP[24], LogP
[6], QSM ands-QSMJ[10]. Thesemodelsattemptto capturethe key featuresof realmachineswhile retain-
ing areasonablhigh-level programmingabstractionOf thesemodels the QSM ands-QSMmodelsarethe
simplestbecauseachhasonly 2 parameterandbecausehey areshared-memoryhich is generallymore
corvenientthanmessag@assingor developingparallelalgorithms.

In this paperwe first provide two strongjustificationsfor utilizing the QSM modelsfor developing
general-purposparallelalgorithms:
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1. We presentwork-preservingemulationswith only modest(polylog) slovdown betweenthe LogP
model andthe other 3 models. Theseresultsindicatethat the four modelsare more or lessinter-
changeabldor the purposeof algorithmdesign. An emulationis work-preservingf the processor
time boundon the emulatingmachineis the sameasthat on the machinebeingemulatedo within
a constantfactor The slowdown of the emulationis the ratio of the numberof processoron the
emulatedmachineto the numberon the emulatingmachine. Typically, the emulatingmachinehasa
somavhatsmallernumberof processorandtakesproportionatelylongerto execute.For mary situa-
tions of practicalinterest,boththe original algorithmandthe emulationwould be mappedo aneven
smallernumberof physicalprocessorandthuswould run within the sametime boundto within a
constanfactor

Theonly mis-matchwe have is betweerthe ‘stalling’ and‘nonstalling’ LogP models.Herewe shav
that an earlierresultclaimedin [4] is erroneoudy giving a counter@gampleto their claim. Work-
preservingemulationsbetweerBSP QSM ands-QSMwerepresenteaarlierin [10, 20].

2. Theemulationf s-QSMandQSM ontheothermodelsarequitesimple.Corversely thereverseem-
ulations— of BSPandLogP on shared-memory aremoreinvolved. Thedifferenceis mainly dueto
the‘message-passingersusshared-memoryimodesof accessingnemory Althoughmessaggass-
ing caneasilyemulatesharednemory the knowvn work-preservingemulationgor thereverserequire
sortingaswell as‘multiple compaction. Hence althoughsuchemulationsareefficient sincethey are
work-preservingvith only logarithmicslowdown, thealgorithmsthusderived arefairly complicated.

Sinceboth message-passirand shared-memorare widely-usedin practice,we suggesthat a high-
level general-purposeodelshouldbe onethatmapson to bothin a simpleandefficientway. The QSM
ands-QSM have this feature. Additionally, thesetwo modelshave a smallernumberof parametershan
LogP or BSR, andthey do not have to keeptrack of thedistributedmemorylayout.

To facilitate using QSM or s-QSM for designinggeneral-purpose@arallel algorithms,we develop a
suitablecostmetricfor suchalgorithmsandevaluateseveralalgorithmsbothanalyticallyandexperimentally
againsthis metric. The metricasksalgorithmsto (1) minimize work, (2) minimizethe numberof ‘phases’
(definedin the next section),and(3) maximizeparallelism,subjectto the abore requirementsin the rest
of the paperwe presentQSM algorithmsfor prefix sums,samplesort, andlist ranking, and we analyze
themunderthis costmetric. We alsodescribesimulationresultsfor thesealgorithmsthatindicatethatthe
differencebetweenthe BSP and QSM costmetricsis small for thesealgorithmsfor reasonablgroblem
sizes.

Several of thealgorithmswe preseniarerandomizedWe will saythatanalgorithmrunsin timet¢ whp
in n if the probabilitythatthetime exceedg is lessthan1/n¢, for someconstant > 0.

Therestof this paperis organizedasfollows. Section2 providesbackgroundon the modelsexamined
in this paperand Section3 presentour emulationresults. Section4 presentsa costmetric for QSM and
describessomebasicalgorithmsunderthis metric. Section5 describesxperimentalresultsfor the three
algorithmsandSection6 summarize®ur conclusions.

2 General-purposeParallel Models

In this section,we briefly review the BSRP LogR, andQSM models.A summaryof earlieremulationresults
canbefoundin theappendix.

BSP Model. The Bulk-Synchronougarallel (BSP)model[24] consistsof p processor/memorgompo-
nentsthat communicatéy sendingpoint-to-pointmessagesThe interconnectiometwork supportingthis
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communications characterizethy abandwidthparametep andalateny parametei.. A BSPcomputation
consistof asequencef “superstepsseparatethy bulk synchronizationsin eachsuperstepheprocessors
canperformlocal computationsandsendandreceve a setof messagesMessagesresentin a pipelined
fashionandmessagesentin onesuperstepvill arrive prior to the startof the next supersteplt is assumed
thatin eachsuperstepnessagearesentby a processobasedonits stateat the startof the superstepThe
time chagedfor a supersteps calculatedasfollows. Let w; be the amountof local work performedby
processot in agiven superste@ndlet s; (r;) bethe numberof messagesent(receved) in the superstep
by processoi. Let by = maxl_; s;, h, = max,_; r;, andw = max,_; w;. Let h = max(hs, h,); h iSthe
maximumnumberof messagesentor receved by ary processoin the superstepandthe BSPis saidto
routean h-relationin this superstepThe cost T', of the superstejis definedto beT = max(w, g - h, L).
Thetime taken by a BSPalgorithmis the sumof the costsof theindividual superstep# the algorithm.

LogP Model. The LogP model[6] consistsof p processor/memorgomponentscommunicatingwith
point-to-pointmessagedt hasthefollowing parameters.

Latencyl: Time takenby network to transmita messagérom oneprocessoto anothetlis at mosti.

Gapg: A processocansendor receve amessag@o fasterthanonceevery g unitsof time.

Capacityconstaint: A receving processocanhae nomorethan[l/g] messagem transitto it.

Overheady: To sendor receve amessagea processospends unitsof time to transferthe message
to or from the network interface; during this period of time the processocannotperformary other
operation.

If thenumberof messagem transitto adestinatiorprocessorr is [1/g], thenaprocessothatneedso
sendamessagéo 7 stallsanddoesnot performary operationuntil it canthe message.

QSM ands-QSMmodels. TheQueuingSharedMemory(QSM)model[10] consistof anumberof iden-
tical processorsgachwith its own privatememory thatcommunicatéy readingandwriting sharednem-
ory. Processorgxecutea sequencef synchronizephaseseachconsistingof an arbitraryinterlearing of
sharednemoryreads sharednmemorywrites,andlocal computation QSM implementsa bulk-syn&ironous
programmingabstractiorin that (i) eachprocessorcanexecutesereralinstructionswithin a phasebut the
valuesreturnedby shared-memoryeadsissuedin a phasecannotbe usedin the samephaseand (ii) the
sameshared-memorjocationcannotbe bothreadandwritten in the samephase.

Concurrentreadsor writes (but not both) to the sameshared-memorjocationarepermittedin a phase.
In the caseof multiple writersto alocationz, anarbitrarywrite to x succeeds.

The maximumcontentionof a QSM phaseis the maximum, over all locationsz, of the numberof
processorseadingz or the numberof processorsvriting z. A phasewith no readsor writesis definedto
have maximumcontentionone.

Considera QSM phasewith maximumcontentions. Let m,, bethe maximumnumberof local opera-
tionsperformedby ary processoin this phaseandlet m,.,, bethe maximumnumberof readandwrite re-
questdo sharednemoryissuedby ary processorThenthetimecostfor thephasés max(mep, g - My, k).
Thetime of a QSM algorithmis the sumof the time costsfor its phases.The work of a QSM algorithmis
its processotime product.

Thes-QSM(Symmetri®QSM is a QSMin whichthetime costfor a phases max(mep, g - Myrw, g * £),
i.e.,thegapparameteis appliedto theaccesseat memoryaswell asto memoryrequestsssuedat proces-
sors.



| Slowdown of Work-Pr eserving Emulations (sublogarithmidactorshave beenroundedup for easeof display) |

EmulatedModel EmulatingModel

(p processors) BSP | LogP (stalling) | s-QSM ] QSM
BSP O(log*p + (1/g)log’ p) O([2]) | O([#%L))
LogP (nonstalling) m 1 (det.) O([£1&27) | | | O([£1%2])
s-QSM O((L/g) +logp) O(log"p + (I/9)log” p) 1 (det.)
QsSM O((L/g) + glogp) | |Olog* p+ (I/9)log’p + g -logp) | | O(g) (det.)

Table 1: All resultsare randomizedand hold whp exceptthosemarked as ‘det!, which are deterministic
emulations. Resultsin which the LogP modelis either the emulatedor the emulatingmadine are new
resultsthat appearboxedin thetable andare reportedin this paper (For exactexpressionsincluding sub-
logarithmicterms,pleaseseethetext of the paper) Theremainingresultsarein [10, 20].

1This resultis presentedn [4] butit is statedthereerroneouslythatit holdsfor stalling LogP programsWe provide a countergample.

The particularinstanceof the QSM modelin which the gapparameterg, equalsl is the Queue-Read
Queue-Writ QRQW) PRAM modeldefinedin [7].

3 Emulation Results

Theresultsonwork-preservingemulationdbetweermodelsaretatulatedin Tablel with new resultsprinted
within boxes. In this sectionwe focuson threeaspectof theseemulations.First, we develop new, work-
preservingemulationsof QSM or BSP on LogP; previously knowvn emulations[4] requiredsorting and
increasedothtime andwork by alogarithmicfactor Secondwe provide new analysisof the known em-
ulation of LogP on BSP [4]; we provide a counterexampleto the claim that this emulationholdsfor the
stalling LogP model,andwe obsenre thatthe original non-work-preservingemulationmay be trivially ex-
tendedto be work-preserving. Third, we discussthe fact that knovn emulationsof messageassingon
sharedmemoryrequiresortingand multiple-compactioncomplicatingemulationsof BSP or LogP algo-
rithmson sharednemory

We focusonwork-preservingemulations An emulationis work-preservingf the processoetime bound
on the emulatingmachineis the sameasthat on the machinebeingemulated o within a constanfactor
The ratio of the runningtime on the emulatingmachineto the runningtime on the emulatedmachineis
the slowdownof the emulation. Typically, the emulatingmachinehasa smallernumberof processoraind
takes proportionatelylongerto execute. For instance,considerthe entry in Table 1 for the emulationof
s-QSMon BSR It statesthatthereis a randomizedwork-preservingemulationof s-QSMon BSPwith a
slowvdown of O(L/g + logp). This meansthat, given a p-processos-QSMalgorithmthatrunsin time ¢
(andhencewith work w = p - t), theemulationalgorithmwill mapthe p-processos-QSMalgorithmon to
ap’-processoBSR for ary p’ < p/((L/g) + logp), to runontheBSPin timet = O(t - (p/p’)) whpin
p. Notethatif sufficient parallelismexists, for a machinewith p physicalprocessorspnewould typically
designthe BSPalgorithmon ©((L/g) + log p) - p) or moreprocessorsandthenemulatethe processorin
this BSPalgorithmonthe p physicalprocessorsln sucha casethe performancef the BSPalgorithmon p
processorandthe performancef the QSM emulationon p processorsvould bewithin aconstanfactorof
eachother Sincelarge problemsareoftenthe onesworth parallelizing,we expectthis situationto be quite
commonin practice.



3.1 Work-Presewring Emulations of QSM and BSPon LogP

We now sketchourresultsfor emulatingBSR QSM ands-QSMon LogP. Ouremulationis randomizedand
is work-preservingwith polylog slovdown. In the next subsectionwe describea slightly more complex
randomizedcemulationthat usessorting (with sampling)andwhich reduceghe slovdown by slightly less
thanalogarithmicfactor

Fact 3.1 [17] Thefollowing two problemscan be computedn time O(l[%‘g"(@l%}) on p processos under
the LogP model.

1. Barrier syndironizationonthep LogP processos.

2. Thesumof p values stored oneper processar

We will denotethe above time to computebarrier synchronizatiorandthe sumof p valueson the p-
processotogPby B(p).

Theorem 3.1 Supposave are givenan algorithmto routean h-relation on a p-processor_ogP while sat-
isfying the capacityconstaint in time O(g - (h + H(p)) + ), whenthe value of h is knownin advance
Then,

1. Ther s a work-preservingemulationof a p-processoQSMon LogP with slowdownO(g - log p+log? p+
(H(p) + B(p)) - perks) whpin p.

2. Theeis awork-preservingemulationof a p-processos-QSMandBSPon LogP with slowdownO (log? p+

(H(p) + B(p)) - o2E2) whpin p.

Proof: We first describehe emulationalgorithm,andthenprove thatit hasthe statedperformance.

Algorithmfor Emulationon LogP:

I. FortheQSM emulationwe mapthe QSM (or s-QSM)processorsiniformly amongthe LogP proces-
sors,andwe hashthe QSM (or s-QSM)memoryon the LogP processorsothateachshared-memory
locationis equallylikely to be assignedo ary of the LogP componentsFor the BSPemulationwe
map the BSP processorainiformly amongthe LogP processorand the associategortionsof the
distributedmemoryto the LogP processors.

II. We routethe messageto destinationLogP processor$or eachphaseor superstepvhile satisfying
the capacityconstraintasfollows:

1. Determinea goodupperboundonthevalueof h.
2. Routetheh relationwhile satisfyingthe capacityconstrainin O(g - (h + H(p)) + 1) time.
3. Executea barriersynchronizatioron the LogP processorén O(B(p)) time.

To completehedescriptiorof thealgorithm,we providein Figurel amethodfor performingstepll.1 in
theabove algorithm. To estimatehr, themaximumnumberof messagesentor recevedby ary processqrthe
algorithmmustestimatehe maximumnumberof messageseceved by ary processqrsincethe maximum
sent(maxsend) is known. Thealgorithmdoesthis by selectinga smallrandomsubsebf the message
be sentanddeterminingtheir destinationsThe sizeof this subseis graduallyincreasedintil eithera good
upperboundon the maximumnumberof messaget bereceived by ary processors obtainedor this value
is determinedo belessthanmaxsend.

Claim 3.1 Thealgorithmfor Stepll.1 runsin time O(glog? p + (H(p) + B(p)) - (logp)/ log log p) whp,
andwhpit returnsa valuefor h thatis (z) anupperboundonthecorrectvalueof h, and(i:) within a factor
of 2 of the correctvalueof h.



mazsend := maximumnumberof message® besentby ary LogP processor
m := total numberof message® besentby all LogP processors
qg:=1/m
pi=1
repeat
pfor eachprocessodo
q:=gq-logp;
Selecteachmessageavith probabilityg andsendselectednessageto
destinatiorwith h = p - log p;
w := max.numberof messagerecevedby ary processor;
rofp
until ¢ > (2log p)/mazsendor p > logp
h := max(2yp/q, mazsend)

Figurel: Algorithm for Stepll.1 of thealgorithmfor emulationon LogP

Proof: The correctnes®f the algorithmfollows from the following obserations, which can be derived
usingChernof bounds:

1. If u > logp after someiteration of the repeatloop, thenwhp, the LogP processotthat receves

messagem thatiterationhasatleasty /(2¢) messagebeingsentto it in thatphase/superstepndno LogP
processohasmorethan2u /g messagesentto it in thatphase/superstep.

2. If u < logp attheendof aniterationin whichg > (2log p) /mazsend thenwhp the maximumnumber
of messageseceived by ary LogP processoim this phase/superstép lessthanmaxsend.

3. In eachiteration,whp the total numberof messagesentdoesnot exceedthe value usedfor h in that
iteration,hencethe numberof messagesentor receved by any processoin thatiterationdoesnot exceed
thevalueusedfor h.

For the time taken by the algorithmwe notethatmaxzsend > m/p, hencethe while loop is executed
O(log p/ log log p) times.Eachiterationtakestime O(g(u - logp + H(p)) + I) whpto routethe h-relation,
andtime O(B(p)) to computey and performa barrier synchronization.Henceeachiterationtakestime
O(g-(plogp+ H(p)+ B(p))) sincel < B(p). Sincethewhile loopterminatesvheny > log p, theoverall
time taken by the algorithmis O(g log® p + g - (log p/ log log p)(H (p) + B(p))). O

Finally, to completethe proof of Theorem3.1 we needto shav that the emulationalgorithm is work-
preservingor eachof thethreemodels.Let 7 = log? p + (H(p) + B(p)) - (log p)/ log log p.

If ' < p/7 thenthetime taken by the emulationalgorithmto executestepsll.1 andll.3 is O(g - 7),
andhencethe work performedin executingthesetwo stepsis O(g - 7 - p') = O(g - p). Sinceary phaseor
superstepf theemulatednachinemustperformwork > g - p, stepdl.1 andlIl.3 of theemulationalgorithm
areexecutedin awork-preservingnanneron a LogP with p’ or fewer processors.

For stepll.2, we considereachemulatedmodelin turn. For the BSP we notethat if we mapthe p
BSP processorgvenly amongp’ LogP processorswherep’ < p/r, thena BSPsuperstegihat takestime
¢+ gh + L will beemulatedn time O((p/p’) - (¢ + gh) + 1) onaLogP with p' processorsindhenceis
work-preserving(We assumehat! < L sinceL includesthe costof synchronization.)

Next considera phaseon a p processos-QSMin which A is the maximumof the maximumnumber
of reads/writedy a processoandthe maximumaqueue-lengtlat a memorylocation. If we hashthe shared
memoryof the QSM on the distributed memoryof a p’-processot.ogP andmapthe p s-QSMprocessors
evenly amongthe p’ LogP processorsthenby the probabilisticanalysisin [10], the numberof messages
sentor receved by ary of thep’ LogP processorss O(k - (p/p')) whpin p, if p’ < p/logp. Hencethe
memoryaccessesanbeperformedn timeT = O(g-h-(p/p’)) whpin p, oncethevalueof h is determined.



Computes := maximumnumberof message® be sentby ary processor
g = 1/(logp)
pfor eachprocessodo selecteachmessagevith probability g rofp
Sortthe selectednessageby destinatiorprocessoiD (in O(g - s + llog p) time).
Computethe numberof samples; destinedor the sith LogP processaqrfor eachi,
by computingprefix sumson the sortedarray(in time O(l [TE’(% ).
6. pfor eachprocessoi do
computeanupperboundon the numberof messagew berecevedasr; := (n; + 1) - logp
rofp
7. h:= max(log? p, s, max; r;)

arwhE

Figure2: Fasteralgorithmfor Stepll.1 of algorithmfor emulationon LogP

Thisis work-preservingsinceT - p' = O(g - h - p).

Similarly, we canobtainthedesiredresultfor QSM by usingtheresultin [10] thatthe mappingof QSM
on adistributedmemorymachineresultsin the numberof messagesentor receved by ary of thep’ LogP
processorbeingO(h - (p/p')) whpin p, if p' < p/glogp. O

Corollary 3.1 (to Theoem3.1)
1. Theris awork-preservingemulationof a p-processoQSMon LogP with slowdownO (g -log p+log® p+

l log? ;

Tolifg) * Toeogs) WhPIN p-

2. Theeis awork-preservingemulationof a p-processos-QSMandBSPon LogP with slowdowrnO (log? p+
l log? ;

(i) " Beoss) WAPINp.

Proof: The corollaryfollows from Theorem3.1 usingthe algorithmin [17] for barriersynchronizatioron

p-processot.ogP thatrunsin time O(l[&%} ), andthe algorithmin [1] for routing an h-relationon a

p-processotogPin O(g(h + log® p - loglog p) + 1) whpin p. O

3.1.1 A Faster Emulation of BSPand QSM on LogP

For completenessye describeafastermethodfor Stepll.1 of theemulationalgorithmgivenin the previous
section.Sincethe algorithmgivenin this sectionusessorting, it is not quite assimpleto implementasthe
algorithmfor Stepll.1 givenin Figurel, althoughit is simplerto describeandanalyze.

Claim 3.2 Thealgorithmgivenin Figure 2 for Stepll.1 determinesnupperboundonthevalueof A whpin
timeO(gh + 1 logp). If h > log? p thenthealgorithmdetermineshe correctvalueof h to within a constant
factorwhp.

Proof: Theresultfollows from theO((gr+1) log p) runningtime of the AKS sortingalgorithmontheLogP
[3, 4], whenr - p keysin therange[1..p] aredistributedevenly acrosshep processors(If the keys arenot
evenly distributed acrossthe processorsthey canbe distributed evenly at an additionalcostof O(gh + 1)
time, whereh is the maximumnumberof keys atarny processoy

Thenumberof elementselectedn step3 is m/ log p whp, wherem is thetotal numberof message®
be sent.Hencethe numberof elementdo be sortedis (m/(plogp)) - p, whichis O((s/logp) - p). Hence
the time neededo executestep4 is O(g - s + ! log p) whp. The remainingstepscanbe performedwithin
thistime boundin a straightforvard manner

Let m; bethe numberof messageto bereceved by processo;. In step3 of thealgorithmin Figure
2, for eachprocessoiP; for whichm; = Q(log? p), 8(m;/ log p) messageareselectedvhp (by a Chernof
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bound).Hence(againby a Chernof bound)it follows thattheupperboundcomputedn step6 for processor
P; is equalto m; to within a constantactor andhencetheoverallupperboundcomputedn step? is correct
to within a constanfactor If no processois the destinatiorof morethanlog? p messageshenclearlythe

upperboundcomputedn step? is correct(althoughit maynot betight). O

Theorem 3.2 1. Thek is a work-preservingemulationof a p-processorQSM on LogP with slowdown

O(log® p - loglog p + (g + (1/g)) - log p) whpin p.
2. Ther is a work-preservingemulationof p-processos-QSMand BSPon LogP with slowdownO(log? p -

loglogp + (1/g) log p) whpin P.

3.2 Emulation of LogP on BSP

If aLogP programis non-stallingthenit canbe emulatedn awork-preservingnanneron BSPwith slow-
down O(L/1) by dividing the LogP computationinto blocks of computationsof lengthi, andemulating
eachblockin two BSPsuperstepsf time L each.This emulationis presentedhn [4] asanemulationwhere
both the time andwork increasedy a factorof L/I. We obsere thatthis emulationcan be madework-
preservingby usinga BSP with a smallernumberof processorsand mappingL /! LogP processor®nto
eachBSPprocessor

Theanalysisn [4] erroneouslstateghatthe L /I performancéoundholdsfor stallingLogP computa-
tions. We now shav asimpleexampleof a stalling LogP computationwhoseexecutiontime squaresvhen
emulatedn theabore manneronthe BSP

The LogP computationis shavn in Figure3. Thefollowing Claim shavs thatthis computationcannot
bemappednto the BSPwith constanslovdown.

Claim 3.3 TheLogP computationshownin Figure 3 takestime O(r - I + g - ¢). Whenmappedon to the
BSPthis computatiortakestime Q(r - (L + g - q)).

Proof: We notethefollowing aboutthe computationin Figure3:

(i) Attime (i — 1) - 1 + g, all processor# theith groupsenda messagéo processo;, 1 < ¢ < r. This
is astallingsendif ¢ > [/g. Processo; thenrecevesall messageattimei -l + g - g.

(i) Thecomputatiorterminatesattimer - I + g - ¢ whenP, recevesall messagesentto it.

On aBSPwe notethatthecomputatiorin Figure3 mustbe executedn » phasegor supersteps3incea
processoin groups2 to r cansendits message()nly afterit hasreceved a messagdrom a processoin
group(i — 1). In aBSPcomputatiorary sendbasedon a messageecevedin the currentphasecannotbe
executedin the samephase.Hencethe computatiorrequiresr phasesln eachphasethereareq messages
recevedby someprocesso(by processo®; in phase). Hencethiscomputatiortakestime Q(r-(L+g-q)),
whichisQ(r - L+r- g - q) time.

Hencethe slowdown of this emulationis Q (& Lz}-‘{]q)

If  is ary non-constantunctionwith r - I = o(g - ¢) andl < L, thenthe slowdown of this emulationis
©(r) andis notdependenontheratio L/I. Examplevaluesthatsatisfytheabove constraintarel = log p,

= log?p, g = 1,7 = n'/3, andg = n?3, wherep is the numberof processorandn > p is the sizeof
theinput. In this casethe slowdown of theemulationis Q(n!/3).

Note thatthe parametewn doesnot appearin the costof the LogP computationsincethereis no local
computatiorin this program.C

Theabove claim leadsto thefollowing theorem.




Configuration. LogPwith p = r - (¢ + 1) processorsgroupednto
r groupsof ¢ processorsandonegroupof » processors.
For1 <4 < r, thesth processom theith groupis denotedoy p;, ;.
Theprocessori thegroupwith » processorgrelabeledP;, 1 < j < r.
[l initial step:
pfor 1 < j < r processop:,; executeghefollowing two stepsin sequence:
a. sendamessagéo processops, ;
b. sendamessagé¢o processorP;.
rofp
pfor2<i<r»r
pfor1 < j < gqdo
if processop;,; recevesamessagérom processop(;_i),; thenit executeghe
following two stepsin sequence:
a. sendsamessageo processop ;41),; (if i # r)
b. sendsamessageéo processor;.
rofp
rofp

Figure3: A stallingLogP computatiorwhoseexecutiontime canincreaseéy morethanL /Il whenemulated
onaBSPwith samenumberof processors.

Theorem 3.3 Considerthedeterministicemulationof LogP on BSP
1. A nonstallingLogP program canbe emulateddeterministicallyin a work-preservingmannerwith slow-
downL/I.
2. If theLogP programis allowedto be stalling then
a. Anydeterministicstep-by-stegmulationof LogP on BSPcanhavearbitrarily large slowdown.
b. Thee is no deterministicstep-by-stegmulationof stalling LogP on BSPthatis work-preserving

Proof: We have alreadyshavn 1 and2asowe only needto shav 2b. Supposehereis a work-preserving
emulationof stalling LogP on BSPwith slovdown 7. Thenconsiderthe emulationon BSP of the LogP

computationin Figure3 with » = w(7) andwith 7 - I = o(g - ¢) andl < L. Thenthe work performed
by the LogP computationis ©(g - ¢ - p) while the work performedby the emulatingBSP computations

O(r-g-q-p/7),whichisw(g - ¢ - p). Hencetheemulationis notwork-preservingd

3.3 Emulation of LogP on QSM

In this sectionwe considerthe emulationof LogP on QSM. For this emulationwe assumehatthe inputis
distributedacrosghelocalmemorief the QSM processors orderto conformto theinputdistribution for
the LogP computation.Alternatively onecanaddthetermng/p to thetime boundfor the QSM algorithm
to take into accountthe time neededto distribute the input locatedin global memoryacrossthe private
memoriesof the QSM processors.We prefer the former method,sinceit is meaningfulto evaluatethe
computatiortime on a QSM in which theinputis distributedacrosshe local processoref the QSM — as,
for instancejn anintermediatestageof the large computationwherevaluesalreadyresidewithin thelocal
memoriesof the QSM, andwherethe outputof a programexecutedon thesevalueswill be usedlocally by
theseprocessoraterin the computation.

As in the caseof the emulationsseenearlierwe mapthe LogP processorsiniformly amongthe QSM
processorin the emulatingmachine andwe assignto the local memoryof eachQSM processothe input
valuesthatwereassignedo the LogP processorgmulatedby it. We canthenemulateLogP ona QSM or
s-QSMuwith slowvdown O( (%@]) whp asfollows:



I. Divide theLogP computationinto blocksof sizel

[I. Emulateeachblockin O([%gﬂ) time in two QSM phasessfollows, usingthe sharednemoryof
the QSM (or s-QSM)only to realizethe h-relationrouting performedby the LogP in eachblock of
computation.

EachQSM (or s-QSM) processorcopiesinto its private memorythe messagethatweresentin the
currentsuperstepto the local memoryof the LogP processorsnappedo it usingthe methodof [10]
to emulateBSPon QSM, whichwe summarizebelow.

1. ComputeM, the total numberof messages$o be sentby all processorsn this phase. Use
the sharedmemoryto estimatethe numberof messagedeing sentto eachgroup of log® M
destinatiorprocessorssfollows:

Samplethe messagewith probability1/log® M, sortthe sample therebyobtainingthe counts
of the numberof sampleelementsbeingsentto eachgroupof log® M destinationprocessors;
thenestimateanupperboundonthenumberbeingsentto theith groupasc-max(k;, 1)-log M),
wherek; is the numberof sampleelementsbeing sentto the ith group, and ¢ is a suitable
constant.

2. Processorshat needto senda messagdo a processolin a given group usea queue-ead to
determinethe estimateon the numberof messagebeingsentto the ith groupandthenplace
their messagem anarrayof this sizeusinga multiple compactioralgorithm.

3. Performastablesort(by destinatiorprocessotD) on the elementdeingsentto a givengroup,
therebygroupingtogetheithe elementdeingsentto eachprocessor

4. Finally eachprocessoreadsthe elementsheingsentto it from the groupingperformedin the
above step.

Theorem 3.4 Anon-stallingLogP computatiorcanbeemulatecdbntheQSMor s-QSMin awork-preserving
mannemwhpwith slowdownO( [&lg”} ), assuminghattheinputto theLogP computatioris distributeduni-
formly amongthelocal memorief the QSMprocessas.

3.4 Discussion

We have presentedavork-preservingemulationsbetweerLogP andthe otherthreemodels— QSM, s-QSM
and BSP The one mis-matchwe have is betweenstalling and non-stallingLogP, and herewe shav that
thereis no deterministicstep-by-stegmulationof stalling LogP on BSPthatis work-preservingThisis in
contrasto theinferencemadein [4] thatLogPis essentiallyequivalentto BSP

Thealgorithmsfor emulatinga distributed memorymodel,LogP or BSR on shared-memorarerather
involved dueto the useof sortingandmultiple compaction.On the otherhandthe shared-memorynodels,
QSM ands-QSM,have simpleemulationson BSPandLogP,

Thereasorfor the complicationsin the BSP/LogPemulationon shared-memorys the needto mapa
message-passirigterfaceon to a shared-memorgrnvironment. Sinceboth message-passirand shared-
memoryarewidely-usedn practice we suggesthata high-level general-purposmodelshouldbe onethat
mapson to bothin a simpleway. QSM ands-QSMgive usthis feature. Additionally, they have a smaller
numberof parametersanddo not have to keeptrack of thelayoutof dataacrosssharednemory

For the restof this paperwe will usethe QSM ands-QSM asour basicmodels,andwe analyzethe
algorithmsusingthe s-QSM costmetric. We do this sincethe symmetrybetweenprocessorequestsand
memoryaccesseB the s-QSMmodelleadsto simpleranalysesandalsohelpsachieve a cleanseparation
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betweerthecostfor local computatiorandcostfor communicationSinceary s-QSMalgorithmrunswithin
the sametime andwork boundson the QSM, our upperboundsarevalid on both models. In fact, for the
algorithmswe presenin therestof the paperthe upperboundswe derive aretight on bothmodels.

4 BasicQSM Algorithms

To supportusingQSM or s-QSMfor designinggeneral-purposparallelalgorithms,we develop a suitable
costmetric for suchalgorithms. We then presentsimple QSM algorithmsfor prefix sums,samplesort
andlist ranking; all threealgorithmsare adaptation®f well-knovn PRAM algorithmssuitably modified
to optimizefor our costmeasure.In the next sectionwe presentsomeexperimentalanalysisand dataon
simulationsperformedusingparallelcodewe wrotefor thesealgorithms.

4.1 CostMeasuresfor a QSM Computation
Our costmetricfor a QSM algorithmseekgo
1. minimizethework performedby thealgorithm,
2. minimizethe numberof phasesn thealgorithm,and
3. maximizeparallelism subjectto therequirementgl) and(2).

Thework w(n) of a parallelalgorithmfor a given problemis the processotime productfor inputsof
sizen. Therearetwo generalower boundsfor thework performedoy a QSM algorithm: First, thework is
atleastaslarge asthebestsequentiatunningtime of ary algorithmfor the problem;andsecondif theinput
is in shared-memorgndthe outputis to be written into shared-memorthework is atleastg - n, wheren
is the sizeof theinput[10].

The maximumparallelism of an algorithm performingw(n) work is the smallestrunning time ¢(n)
achievable by the algorithmwhile performingw(n) work. This is a meaningfulmeasurefor a QSM or
s-QSMalgorithm,asfor a PRAM algorithm,sincethesealgorithmscanalwaysbe sloveddown (by usinga
smallernumberof processorsyvhile performingthe samework [10].

Themotivationfor the secondnetricon minimizing numberof phasegwhichis thenew one)is thefol-
lowing. Onemajorsimplificationmadeby the QSM modelsis thatit doesnotincorporateanexplicit chage
for lateny or the synchronizatiorcostat the endof eachphase.Thetotal time spenton synchronizations
is proportionalto the numberof phasesn the QSM algorithm. Henceminimizing the numberof phasesn
ans-QSMalgorithmminimizesthe hiddenoverheaddueto synchronizationln particularit is desirableto
obtainanalgorithmfor which the numberof phasess independenbf theinput sizen asn becomesarge.
All of thealgorithmswe presentave this feature.

Relatedwork onminimizing the numberof phasegor supersteps)singthenotionof roundsis reported
in [12] for sortingandin [5] for graphproblems.Sererallower boundsfor the numberof roundsneededor
basicproblemsonthe QSM andBSParepresentedn [19].

A ‘round’ is a phaseor supersteghat performslinearwork (O(gn/p) time ons-QSM,andO(gn/p +
L) time on BSP).Any linearwork algorithmmustcomputein rounds,hencethis is a useful measurdor
lower boundson the numberof phaseqor superstepsheededor a given problem. On the otherhand,a
computationthat proceedsn roundsneednot leadto a linear work algorithmif the numberof roundsin
thealgorithmis non-constantin fact,all of the algorithmspresentedn [5] performsuperlineamork. The
algorithmin [12] performssuperlineacommunicatiorwhenthe numberof processorss large.

In contrastto the cost metric that usesthe notion of rounds,in this paperwe askfor algorithmsthat
performoptimalwork andcommunicatiorandadditionallycomputein a smallnumberof phases.
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Input. Array A[1..n] to ap-processoQSM.
I/ Preprocesto reducesizeto p:
pfor1 <i<pdo
processop; readstheith block of n/p elementdrom array
A, computedocal prefix sums,andstoresthe sumin B([i].
rofp
/l Main loop

nlog(n/p)

ri= plogn

k:=p
repeat
pfor1 <: < [k/r] do
processog readsthesth block of [r] elementdrom array B,
computedocal prefix sums,andstoreshe sumin B3]
k:=[k/r]
rofp
until k=1
Theprocessorperforma correspondingequencef ‘expansion’stepsin which the correct
prefix sumvalueis computedor eachpositiononcethe correctoffsetis suppliedto it.

Figure4: Prefixsumsalgorithm.

By placingthe maximizationof parallelismasa consideratiorsecondaryo minimizing work andnum-
berof phaseswe areemphasizingur desirefor practicalalgorithms;thusproviding goodperformancdor
tiny problemsizesis not a primary consideratiorin our metric. Our emphasiss on simplealgorithmsthat
canbe usedin practice,hencewe are mainly interestedn algorithmsfor the casewhenthe input sizeis,
say at leastquadraticin the numberof processorssincethe input sizesfor which we would usea paral-
lel machinefor the problemswe studywould normally be at leastaslarge, if not larger The pay-of we
getfor consideringhis moderatdevel of parallelismis that our algorithmsare quite simple. Someof our
algorithmsachieve a higherlevel of parallelism,but our goalin developingthemwasto obtain effective
algorithmsfor moderatdevels of parallelism. Discussionof simulationresultsin the next sectionsupport
our beliefthatwe cansimplify QSM algorithmswithout hurting performancdor practicalproblems.

As notedin the sectiondescribingour emulationof LogP on QSM, it is meaningfulto considercompu-
tationsin which the input and outputremaindistributed uniformly acrossthe local memoriesof the QSM
processorsThiswould correspondfor instancefo asituationwherethecomputatiorunderconsideratioms
partof amorecomplex computationln suchacasea QSM processowould not needto write backthe com-
putedvaluesinto shared-memorif thesevalueswill be usedonly by this processoin later computations.
Our simple prefix sumsalgorithm(givenin Figure5) hasanimproved performanceainderthis assumption
of distributedinputandoutput.In the otheralgorithmswe presentthe savings gainedby this representation
is no morethana constantfactor However, we will comebackto this pointin the next sectionwherewe
presentexperimentalresults. Therewe pin down the constantfactorsfor the runningtime, basedon the
distributedinput ervironmentthatwe usedto run our algorithms.

4.2 Prefix SumsAlgorithm
Theprefix sumsalgorithmis givenin Figure4.

Theorem 4.1 Thealgorithmin Figure 4 computeghe prefix sumsof array A[1..n], andrunsin O(gn/p)

time (andhenceO(gn) work) and 0(10352%) phasesvhenp < n/logn on QSMands-QSM.
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Input. Array A[1..n] to ap-processoQSM,p < /n.

pfor1 <i<pdo
processop; readstheith block of n/p elementdrom array
A, computedocal prefix sums,andstoresthe sumin locations
Sli,jl, i+1<j<p

rofp

pfor1 <i<pdo
processop; readsall entriesin subarrayS[1..i — 1, ¢], computes
thesumof the elementsn the subarrayaddsthis offsetto its
local prefix sums,andstoresthe computedprefix sumsin locations
(i —1) - (n/p) + 1 throughi - n/p in outputarray B

rofp

Figure5: Simpleprefix sumsalgorithmfor p < \/n.

Proof: Lett bethenumberof iterationsof therepeatloop. Thent = O(logp/log ), i.e.,t = O(log p/ log(n/p)).
The algorithm performseachiterationof the repeatloop in onephase hencethe numberof phasesn the
algorithmis 2¢ + 1, whichis O(log p/ log(n/p)).

For the algorithm to terminatewe needr > 1, andthe time taken by eachiteration of the repeat
loop is O(g - r), hencethe overall running time of the repeatloop is O(t - gr), which is O((gn/p) -
(logn/log(n/p)) = O(gn/p). Thefirst pfor loop takesO(gn/p) time,andhencethe overall runningtime
of thealgorithmis O(gn/p), andthework performedby thealgorithmis O(gn). Whenr = O(1), thetime
takenby thealgorithmis O(g log n), hencehealgorithmperformsO(g-n) work aslongasp = O(n/ logn).
O

Thisresultis optimalfor s-QSMsincethereis a correspondindgower boundfor thework [10], time[19]
andthe numberof phase$19]. Notethatthis algorithmrunsin a constannumberof roundsif p = O(n¢),
for someconstant < 1.

Broadcasting We notethatthe above algorithmcanberunin reverseto broadcasa valueto p processors
to obtainthe sameboundsf O(gn/p) timeis allowedperphase.

Finally we notethatthe QSM algorithmfor prefix sumsis extremelysimplewhenp < /n, whichis the
situationthattypically arisesin practice. This algorithmis shavn in Figure5. It is straightforvard to see
thatthis algorithmcomputegheresultin O(g - n/p) time andtwo phasesThe procesf writing andthen
readinglocationsin thearray S|z, j] is asimplemethodof broadcasting valuesto all processors.

Theorem 4.2 Thesimpleprefixsumsalgorithmrunsin O(gn/p) timeandin two phasesvhenp < /n.
If theinputandoutputare to bedistributeduniformlyamongthelocal memorief the processos, then
the simpleprefixsumsalgorithmrunsin O(g - p) timewhenp < /n.

4.3 SampleSort Algorithm

Figure 6 shavs the QSM samplesort algorithm. We assumehatp < in otherwords, thereis a

significantamountof work for eachprocessoto do.

This algorithmis basedon the standardsamplesortalgorithmthatusesoversampling’andthenpicks
pivots evenly from the chosersamplesarrangedn sortedorder[15, 22, 23, 11, 9]. In recentrelatedwork,
we have investigateda modifiedsamplesortalgorithmwith a slightly differentpivot selectionrmethod,and
we have shawvn it to have superiomperformanceDetailsof this methodcanbefoundin [21].

n_ .
logn?’
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Input. Array A[l..n] to ap-processoQSM,p < /n/logn.
1. pfor1 <i<pdo
a. Theith processop; readsthesith block of n/p elementdrom theinputarray;
b. p; selectsclog n randomelementdrom its block of elementsaindwritesp copies
of theseselectecelementsn locationsS([1..c - plog n, i]
rofp
2. pfor 1 < i < p processop; performsthefollowing steps
a. Processop; readsthevaluesof the sampledrom locationsS([:, 5 - clog n + 4],
0<i<(p—-1)
b. p; sortsthecplog n samplesandpicksevery c log nth elementasa pivot;
c. p; groupsits localn/p elementdrom theinput arrayinto groupsdependingnthe
bucket into which they fall with respecto the pivots.
d. Fori1<j<p
write backthe elementsn the jth bucketinto ablock in anarraymeantfor
all elementsn the jth bucket. (This requiresa global prefix sumscalculation
to determinethelocationof the block within thearrayin which to write the
elementsn bucket j from thesth processor
The samecomputatiorgivesthelocationsneededor thewritesin step3.)
rofp
3. pfor1 <i<pdo
Processop; readsthe elementsn theith bucket, sortsthem
andwritesthe sortedvaluesin the correspondingpositionsin the outputarray
rofp

Figure6: Samplesortalgorithm.

Theorem 4.3 Thealgorithmin Figure 6 sortsthe input array while performingoptimalwork (O(g - n +
nlogn)), optimal communicationO(g - n)), in O(1) phaseswhp whenthe numberof processas p =
O(,/2-).

logn

Proof: Thealgorithmselectscp logn randomsampledn stepl. In step2 thesesamplesarereadby each
processqrthensorted,andp — 1 evenly-spacedamplesare chosenmasthe ‘pivots’. The pivots divide the
inputvaluesinto p budkets wheretheith bucket consistof elementahosevalueslie betweerthe (i — 1)st
pivot andtheith pivot in sortedorder(assuminghe Oth pivot hasvalue—oo andthe pth pivot hasvaluecc.
The elementdn theith bucket arelocally sortedby the processop; andthenwritten in sortedorderin the
outputarray Hencethealgorithmcorrectlysortstheinput array

We now analyzethe runningtime of the algorithmwith p processorsp < y/n/logn. Stepslaand
2dtake O(gn/p) time, andstepslb and2atake time O(gplog(n/p)) = O(gn/p), sincep < /n/logn.
Step2btakestime O(plog nlog(plogn)) = O((n/p)log(n/p)), andstep2ctakestime O((n/p) - log p) if
binarysearctonthepivotsis usedto assigneachelemento its bucket. Step3 takestime O(B log B + gB),
whereB is thesizeof thelargestbucket.

We now obtaina boundonthesizeof thelargestbucket B.

Considerthe input elementsarrangedn sortedorderin a sequences. Consideranintenal I of size
s = an/p on S, for asuitableconstanty > 1. In thefollowing we obtaina high probability boundon the
numberof samplesn ary intenal of sizes.
LetY;;, 1 <i <clogn,1 < j <p, bearandomvariablethatis 1if theith sampleof the jth processolies
in I, andis zerootherwise.
PrlY;; = 1] = s;-p/n,for 1 < i < clogn, wheres; is thenumberof elementsn I thatarefrom processor
p;’'sblockof n/p elements.

LetY = Y1F" S°F_, ¥; ;. Notethat is thenumberof samplesn 7.
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Input. SuccessoarrayS[l..n] to ap-processoQSM,p < 4/n/ logn.
1. Eachprocessoreadsablock of n/p of theinputsuccessoarray
2. for clog p iterationsdo
pfor1 <:<pdo
a. Processop; generatearandombit for eachelementn its local sublist.
b. p; ‘eliminates’eachlocal active elementor whichits randombit
is a0 andits successorandombitisal.
c. p; compactsts local sublistby removing the eliminatedelementsusing
an‘indirection’ array
rofp
rof
3. All processorsendtheir currentsublistto processof, which
thenranksthe currentelementsequentially
4. All processorperformasequencef ‘expansion’stepscorrespondingo step2 in which
thecorrectlist rankis computedor eachelementoncethe correctoffsetis suppliedto it.

Figure7: List rankingalgorithm.

E[Y]= clognzg-’:l sj-(p/n)=(s-c-p-logn)/n
HenceE[Y] = aclogn.

By Hoeflding's inequality Pr[Y < k] < Pr[X < k], for k < aclogn, where X is the sum of
pclog n 0-1independentandomvariableswith probability of succesgqualto s/n for all of theserandom
variables.

E[X] = calogn.
c~(a71)2 Inn

By aChernof bound,Pr(X < clogn) < e ~ zammz = p-c@-1)?/(2aln2)
i.e., Pr(Y < clogn) < n-¢@-1)?*/(aln2)

Let a; bethe positionof the ¢i log nth samplein the sortedsequences, 1 < ¢ < p — 2. Let B; bethe
intenal of sizean/p on sequences startingata;, 1 < i < p — 2. Let By betheintenal of sizean/p
startingatthefirst elementf S andlet B, ; betheintenal of sizean/p endingatthelastelementof S.
Theprobabilitythatary of theintenals B;, 0 < i < p — 1 haslessthanclog n sampless no morethan
p-n—e(@=1?/2aln2) whichis O(1/n"),r > 0, for asuitablechoiceof o ande. Hencewhp every bucket
hasno morethanan/p elements.

Thuswhp, step3 takestime O((n/p) log n + gn/p), andthustheoverall runningtime of thealgorithm
isO(g - (n/p) + (nlogn)/p), whichis optimal.

Thereare6 phasesn thealgorithm— oneeachfor stepsla,1b,2a,2d,3,and4. O

4.4 List Ranking Algorithm

Figure7 summarizeshelist rankingalgorithm.

Theorem 4.4 TheList Rankingalgorithm runs with optimal work and optimal communicatio(O(gn/p)
for both),andin O(log p) phasesvhpwhenthe numberof processog p = O(n/log n).

Proof: Wefirst considerthe casewhenp = o(n¢). Considera giveniterationof the pfor loop.

Let » bethe numberof elementsn a given processoi?, andlet r = r. + r,, wherer, denotegshe number
of elementsat evendistanceandr, denoteghe numberat odd distancefrom the endof the currentlinked
list.
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Let X, bearandomvariabledenotingthe numberof elementsat even distancefrom the endof thelist
in processorP thatareeliminatedin this iterationof the pfor loop. Let X, be the correspondingandom
variablefor elementsat odd distancerom the endof thelinked list. TherandomvariablesX, and X, are
binomially distributedr.v.swith E[X,]| = r./4 andE[X,] = 7, /4.

By a Chernof bound,

Pr(X.<(1=8)-re/4) < e P*Te/8andPr(X, < (1—f)-1,/4) < e B*ro/8

Hence sinceeitherr, or r, is atleastr /2, with exponentiallyhigh probabilityin r, atleast(1 — 3)/8
of theelementdn P areeliminatedin thisiteration.

If p = o(n€), for ary € > 0, thenn/p? = Q(n?), for someconstan® > 0. Hence,in every iterationof
thepfor loop, eitheratleast(1 — 3)/8 of theelementsareeliminatedat eachprocessowith exponentially
high probability or the numberof elementsremainingat the processoiis o(n/p). Hence,after clogp
iterations the numberof elementgemainingin thelinkedlist is < (1 — 3)/4)¢!°6? . n with exponentially
high probability With a suitablechoiceof ¢ this numberof elementgemainingcanbemade< n/p.

By the above analysisthe numberof elementseliminatedat ary given processois geometricallyde-
creasingfrom iterationto iteration. Hencethe total time for step2 (andhencefor step4) is O(gn/p). At
theendof step2 the numberof elementss reducedo O(n/p) (with exponentiallyhigh probability), hence
thetime for step3is O(gn/p). Hencethe overall runningtime of thealgorithmis O(gn/p). Thenumberof
phasess O(log p), sincethereis a constannumberof phasesn eachiterationof step2.

If p = Q(n®), we canusea standardanalysisof randomizedist rankingto shav thatall elementsat
a processorreeliminatedin O(logn) = O(log p) time whp. In this case for a suitablechoiceof ¢, the
lengthof thelist is reducedo 1 atthe endof step2, andstep3 is notrequired(althoughonemight still use
step3 for improved performance)™

5 Experimental Results

We investigatedhe performanceof the prefix sums,samplesortandlist rankingalgorithmson Armadillo
[13], whichis asimulatedarchitecturevith parameterizableonfigurationsandcycle-by-g/cle profiling and
accurag. Thesimulatorwassetto parameter$or a state-of-the-artnachine.A detaileddescriptionof this
experimentaWwork canbefoundin [14].

Theexperimentsdn [14] wereperformedon a simulatorin orderto evaluatethe effect of varyingparam-
etersof the parallelmachine(suchaslateny andoverhead)andthe effectivenessof the QSM modeland
the BSPmodelin predictingperformanceof algorithms. In this sectionwe concentraten presentinghe
analyseghatledto thegraphsn the basicexperimentperformedn [14]. Theseplotsfrom [14] areattached
to theendof this paper For detailsof the otherexperimentsaandconclusiongierived from them,see[14].

Theresultsof the experimentdndicatethatthe QSM predictionscomecloseto the obsered valuesfor
fairly small problemsizesandthatthey becomemoreaccurateas problemsizesincrease.We alsofound
that the loosenes®f boundsobtainedusing standardtechniquesof algorithm analysisfor nonoblvious
algorithmsandvariationsintroducedoy randomizatiorareoftenlargerthantheerrorsintroducedoy QSM’s
simplified network model. This wascertainlythe casefor both samplesortandlist ranking.

The architectureof the Armadillo simulatoris describedn the appendix.In the following subsections,
we describeour analysison boundingthe constanfactorsin the performancéoundsof the codewe imple-
mentedfor thethreealgorithms andwe discusghe experimentakesultswe obtained.The pseudo-cod&or
the experimentds includedin theappendix.
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5.1 GeneralComments

Eachof our graphsshavs the measuredesultsof runningone of the threealgorithms,and compareshe
measure@ommunicatiortime to the communicatiortime predictecby QSM andby themoredetailedBSP
model.Ouranalysifocuseson communicatiorperformance- excluding CPUtime —for two reasonskFirst,
all modelsexaminedheremodelCPU performancen the sameway, socomparison®f predictionsof CPU
performancerenotinteresting.Secondgxact CPU time calculationsdependon low level parametershat
arebeyond the scopeof the QSM and BSP models. However, for completenesghe graphsalsoshav the
total measuredime taken by the computation.

Thearchitecturave simulatedwasthat of a distributed-memorymultiprocessqrandthustheinput and
the outputwasdistributeduniformly acrosghe processorsHencein analyzingthe algorithmswe excluded
theinitial costof readingtheinputfrom shared-memonandthefinal costof writing the outputinto shared-
memory As discussee@arliersuchananalysiss meaningfulin thecontet of ashared-memorgnodelsince
it would correspondfor instanceto a situationwherethe computatiorunderconsiderations partof amore
comple computationandtheinput/outputis availableat thelocal memoriesof the appropriatgprocessors.
Thealgorithmsweresimulatedon 4, 8 and16 processors.

We plottedseveral computecandmeasuredostsaslisted below:

1. ‘Communication’is the measuredostof the communicatiorperformedoby the algorithm,measured
in cycles.

2. ‘QSM best-casetepresentsheideal performanceof eachof the randomizedalgorithms. It usesthe
QSM analysishut assumesio skew in the performancef therandomizedsteps.

3. ‘QSM WHP bound’ representshe performanceof eachof the randomizedalgorithmsthat we can
guaranteavith probabilityatleast0.9.

4. The ‘QSM estimate’line is a plot of the measuredmaximumnumberof communicationstepsat
ary processomultiplied by the gap parameter (Sincenoneof the algorithmswe implementechad
gueuecontentionat memorylocations,this correctly measureshe communicatiorcostas modeled
by QSM.) For the prefix sumsalgorithmthe ‘QSM estimate’line alsogives‘QSM bestcase’since
the algorithmis deterministicandoblivious. For the randomizedhlgorithms this line plotsthe QSM
predictionwithout the inaccurayg thatis incurredwhenworking with looseanalyticalboundson the
amountof communication.

5. The'BSPestimatelineis similarto ‘QSM estimate’ exceptthatthereis anadditionaltermto account
for thelateny parameter

6. ‘Total runningtime’ is the measurecostof the total runningtime of the algorithm, measuredn
cycles.Weincludethis for completeness.

For all threealgorithms,we foundthat ‘QSM estimate’trackscommunicatiomperformanceavell when
theinputsizeis reasonabléarge. Theinputsizesfor which we simulatedhealgorithmsarefairly smalldue
to the CPU-intensre computatiorof the step-by-stegimulationperformedby Armadillo. Modernparallel
architecturesypically give eachprocessomary megabytesof memory soproblemsof practicalinterestare
likely to beevenlargerthanpresentedhere.

We now describen somedetailthe computationghatled to the computedblotsin the variousgraphs.
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5.2 Description of the Graphs

In this sectionwe describehe equationsve usedto plot the computedcurvesfor QSM for eachof thethree
algorithms.

5.2.1 Prefix Sums

We implementedhe simple prefix sumsalgorithm shavn in Figure5. Sincethe ith block of n/p input
elementsvasdistributedto theith processoaheadf the computatiorandthe outputlocationfor the prefix
sumsfor theseelementsvasdesignatedo beonthei processofthenaturaldistribution), thecommunication
costfor this algorithmis g(p — 1), andthetotal runningtimeis O(gp + n/p).

5.2.2 SampleSort

We implementedhe samplesortalgorithmgivenin Figure6.
The'QSM ideal’ plot shawvs the computedcommunicatiortime assuminghateachbucket is of sizeno
morethan|n/p]|. Thealgorithmchosedp log n sampleshencetheequationplottedis

T7%(n) = 4(p — 1)glogn + 3(p — 1)g + (gn/p) - (p— 1) /p

Herethefirst termis for the broadcasperformedn stepslc and2aof thesamplesortalgorithm,the second
termis for step2d, andthethird termis for thereadin step3. Thefactor(p — 1) /p in thethird termaccounts
for thefactthatin theidealcase 1 /p of theelementsn eachbucketwill belocalto theprocessothatneeds
to sortthat bucket andhencewill not participatein the bucket redistrilution step. Sincewe assumadeal
behaior by the algorithm,the write in step3 hascost0, sincethe elementsn eachbucket will bein their
final positionafterthelocal sortin step3.

The ‘QSM whp’ plot shavs the computedcommunicationtime that is guaranteedvith probability
greaterthan.9. Therunningtime hereis

Tgffp(n) =4(p—1)glogn+3(p —1)g + gBr + ¢B,

whereB is thesizeof thelargestbucket, andr is aboundon thefraction of elementsn ary bucket thatare
outsidethe processothatwill sortthatbucket. Heretheterm g Br representshetime to performtheread
in step3 to copy theelementsn eachbucket into the appropriatgprocessqrandthetermgB representshe
time to write backthe sortedelementsnto theirfinal location.

To obtainaboundon B we usetheanalysisn Section4.3. We solve for avalueof « thatis guaranteed
by Chernof boundto give abucket sizeno largerthan B = an/p with probabilityatleastl — ¢ (whereg
wassetto 0.05). For this we solve for « in thefollowing equation:

(o ;1)2 > ((In 2)/2)10&0(11{)3;)10210%1017

Solvingfor a, weobtaina = (—b++v/b?> — 4) /2, whereb = —(2+((In2)/2)-(log(1/q)+log p)/ log n).

To solwe for » we useChernof boundsagain.Let P bea processowhosebucket sizeis maximum,and
let X bethe numberof elementsn thatbucket thatarelocal to processorP beforestep3 of thealgorithm
in Figure6. ThenE[X] < an/p?, andPr(z < (1~ §) - B/p) < e B*B/(2p)

We solwe for 3 in the equation(p/2) - e # B/?P) < ¢/, wherewe setq’ = .05, andthe factor of
p/2 comesfrom the (generouspbsenationthatno morethanp/2 of the processorsanhave themaximum
bucket sizewhp.

Thus,3 = /(2p/B) - In(p/(2¢")) andhencer = (p — 1 + 8)/p.

Sincewe seteachof ¢ andq’ to 0.05, the overall succesprobabilityis atleast.9.
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5.2.3 List Ranking

We implementedhelist rankingalgorithmgivenin Figure?.
Theequationfor thetime taken by the communicatioron a p-processocomputations

clogp
TPR(n) = mg- (A-e1/2) + (B-e2)/4) 3. @)+ - Cgz
=1

wherethevariousparameterarethefollowing:

¢ = 4 sincewe implementedstep?2 of thelist rankingalgorithmto runfor 4 log n iterations.

x; Is aboundon the maximumnumberof elementsat any processoin theith iterationof thefor loop
in step2 of thelist rankingalgorithm.

A = 1isthenumberof communicatiorstepgperformedoy elementghatflippedaonebit in aniteration
of thefor loop in step2 of thelist rankingalgorithm,andc; is a correctionfactorto computea boundon
the maximumnumberof elementshatflippeda onebit atary processoin thei th iterationas(c; /2) - ;.

B = 7 is thenumberof communicatiorstepsperformedfor elementghatareeliminatedin aniteration
of thefor loopin step2 of thelist rankingalgorithm,ande, is acorrectionfactorto computeaboundonthe
maximumnumberof elementghateliminatedthemselesatary processom theith iterationas(ca /4) - z;.

z is thetotal numberof elementgemainingafterstep?2.

C = 4 isthenumberof communicatiorstepsinvolvesthesez elements.

m is aboundon the fraction of elementghatflippeda bit whosesuccessors/predessas arenot at the
sameprocessqrand ' is a boundon the fraction of the elementsemainingafter step2 that are not in
processor;.

For the ‘QSM ideal’ plot, we assumethereis no skew in the performanceof the randomizedsteps.
Hencewe obtainedthe following valuesfor the parameters:
zi = (n/p)- (3/4)171, z=n-(3/)1P, i =y =1, m=7'=(p—1)/p,
wheren is thesizeof theinput. By approximatinghesummatiorby thesumof theinfinite geometricseries,
we obtainedthefollowing equationfor the‘QSM ideal’ plot:

TFR(n) = ((p—1)/p) - 2.25g - 4 - (n/p) + 4gn - (3/4)*1°87

The'QSM whp’ plot givesthe boundon communicatiorthatwe canguaranteavith probability atleast
.9. This boundwas obtainedusing Chernof boundasdescribedn Section4.4 andis ratherweak, since
mary approximationsvere madein the analysis. We describebelov the valueswe usedfor the various
parameters.

We obtaineda boundon z; 1 usingChernof bounds first to obtainalower boundon z, the number
of elementsin ary processomat eachof odd and even positionson the linked list, andthento obtaina
lower boundon the numberof theseelementsthat are eliminatedin the ith iteration. To computethis
we first computeda boundon z; thatis guaranteedt ary processomith probability at leastl — ¢, as
z, = (1— a) - z;/2, wherea = v/(4/z;) - In((2pclog p)/q2).

We thencomputeda boundon z; ;1 thatis guarantee@t ary processowith probability atleastl — ¢4
aszit1 = ;- (3/4+ ('/4), whereg' = \/(2/.’13;) -In((2pclogp)/q1)

We obtainedanupperboundon ¢, thatis guaranteeatary processowith probabilityatleastl — ¢4 as
c¢1 = 1+, wherey = /(6/;) - In((pclog p)/qa).

We decidedto setes = ¢; to simplify the analysis,sinceit appearedhat the benefitobtainedfrom
computinganupperboundon ¢ wasout-weighedy thefactthatwe neededo devote someprobabilityto
this computation.

19



We computedaboundon z thatis guarantee@ith probabilityatleastgs usingChernof boundgo bound
thetotal numberof elementgemainingat eachiterationof thefor loop, andhenceobtaineda boundfor z as
theboundonthe numberof elementsemainingafterthelastiterationof thefor loop. For thiswe setr = n
initially, andin thesth iterationwe updated- tor = r - (3/4 + 8/4), where = /(8/r) - In((clog p)/qs)-

We setr = ' = 1 to simplify theanalysis.

Wesetq; = .04 andgs = q3 = g4 = .02 to obtainanoverall probabilityof succes®f atleast.9.

5.3 Discussion

Thegraphsfor thethreealgorithmsaregivenatthe endof the paper

As expectedthe communicatiorcostfor the prefix sumsalgorithmis negligible comparedo the total
computatiorcostasn becomedarge. Hencewe have only shavn the plotsfor 16 processorsQSM (andto
alesserextentBSP)bothunderestimatéhe communicatiorcostby alarge amount but sincethe communi-
cationcostis very smallanyway, this doesnot appearo be a significantfactor The possiblecausefor this
discrepang betweerthe predictedandmeasuredommunicatiorcostsis discussedn [14].

As expectedfor bothsamplesortandlist rankthelinesfor ‘QSM best-caseand‘QSM WHP bound’
envelopetheline for actualmeasuregommunicatiorexceptfor tiny problemsizes(whenlateng dominates
the computationcost). For both algorithmsthe ‘QSM estimate’line is quite closeto the ‘communication’
line, indicating that QSM modelscommunicationquite effectively when an accurateboundis available
for the numberof memoryaccesseperformedby the processorsFor instancewith 16 processorsQSM
estimate’is within 10% of ‘communication’for samplesortwhentheinputsizeis largerthan125,000,and
is within 15% of ‘communication’for list rankwheninput sizeis largerthan40,000. The ‘BSP estimate’
linesarevery closeto the‘QSM estimate’linesfor bothalgorithms.

For bothsamplesortandlist rankthe'QSM WHP’ line givesavery conserative bound,andlies signifi-
cantlyabove theline for ‘communicatiori. Thisis to beexpectedsincethe‘communication’line represents
theaverageof tenrunswhile the'QSM WHP’ line guaranteetheboundfor atleastd0%of theruns.Further
asseenfrom the equationghatled to the ‘QSM WHP bound’ lines for both algorithms,the boundscom-
putedarenottight. It shouldbe notedthatthefairly large gapbetweerthe ‘communication’andthe ‘QSM
WHP bound’ lines is mainly dueto the loosenes®f the boundswe obtainedon the numberof memory
accesseperformedby the randomizedalgorithms,andnot dueto inaccurag in the QSM communication
model. As notedabore, the ‘QSM estimate’line which givesthe QSM predictionbasedon the measured
numberof memoryaccesses quite closeto the ‘communication’line.

Overall thesegraphsshov that QSM modelscommunicatiorguite effectively for thesealgorithms,for
the rangeof input sizesthat onewould expectto seein practice. We alsonotethat the additionallevel of
detailin theBSPmodelhaslittle impactontheability to predictcommunicatiorcostsfor thealgorithmswe
studied,ascomparedo the QSM.

6 Conclusions

This paperhasexaminedthe useof QSM asa general-purposmodelfor parallelalgorithmdesign.QSMis
especiallysuitedto be sucha modelbecaus®f thefollowing.

1. It is shared-memorywhich makesit convenientfor thealgorithmdesignetto use.
2. It hasa smallnumberof parametergnamely p, the numberof processorsandg the gapparameter).

3. We have presenteagimplework-preservingemulationsof QSM on otherpopularmodelsfor parallel
computation.Thusanalgorithmdesignedn the QSM will maponto theseothermodelseffectively.
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TofacilitateusingQSMfor designinggeneral-purposparallelalgorithms we have developeda suitable
costmetric for suchalgorithmsand we have evaluatedalgorithmsfor somefundamentalproblemsboth
analytically and experimentallyagainstthis metric. Theseresultsindicatethat the QSM metric is quite
accuratedor problemsizesthatarisein practice.
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| Parameter | Setting |
FunctionalUnits 4int/4 FPU/2load-store
FunctionalUnit Latengy 1/1/1cycle
ArchitecturalRegisters 32
RenameRegisters unlimited
InstructionlssueWindow 64
Max. InstructionslssuedperCycle | 4
L1 CacheSize 8KB 2-way
L1 Hit Time 1cycle
L2 CacheSize 256KB 8-way
L2 Hit Time 3cycles
L2 Miss Time 3+ 7cycles
BranchPredictionTable 64K entries 8-bit history
SubroutindLink RegisterStack unlimited
Clockfrequeny 400Mhz

Table2: Architecturalparameterfor eachnodein multiprocessor

APPENDIX

A Description of the Experimental Set-up

TheArmadillo multiprocessosimulator[13] wasusedfor the simulationof a distributedmemorymultipro-
cessar The primary advantageof usinga simulatoris thatit allows usto easilyvary hardware parameters
suchasnetwork lateny andoverhead.The coreof the simulatoris the processomodule,which modelsa
modernsuperscalaprocessowith dynamicbranchprediction,renameegistersalargeinstructionwindow,
andout-of-orderexecutionandretirement.For this setof experimentsthe processoandmemoryconfigura-
tion parameteraresetfor anadwancedprocessom 1998,andarenot modifiedfurther Table2 summarizes
thesesettings.

The simulatorsupportsa message-passinmgultiprocessomodel. The simulatordoesnot include net-
work contention put it doesincludea configurablenetwork lateng parameterin addition,the overheadof
sendingandreceving messagess includedin the simulation,sincethe applicationmustinteractwith the
network interfacedevice’s buffers. Also, the simulatorprovidesa hardware gapparameteto limit network
bandwidthanda permessag@&etwork controlleroverheadbarameter

Weimplementedur algorithmsusingalibrary thatprovidesa sharednemoryinterfacein whichaccess
to remotememoryis accomplishedvith explicit get () andput () library calls. Thelibrary implements
theseoperationausinga bulk-synchronoustylein whichget () andput () callsmerelyenqueugequests
on the local node. Communicatioramongnodeshappensvhenthe library’s sync() functionis called.
Duringasync() , the systemfirst builds anddistributesa communicationglan thatindicateshow mary
get sandput swill occurbetweereachpair of nodes.Basedon this plan,nodesexchangedatain anorder
designedo reducecontentiorandavoid deadlock.Thislibrary runsontop of Armadillo’s high-performance
message-passinigprary (I i bmvppl us).

Our systemallows us to setthe network’s bandwidth,lateng, and permessageverhead. Table 3
summarizeshedefault settingdor thesenardwareparameteraswell astheobsered performancevhenwe
accesghe network hardwarethroughour sharednemorylibrary software. Note thatthe bulk-synchronos
softwareinterfacedoesnotallow usto measurghesoftwareo andl valuesdirectly. Thehardwareprimitives’
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Parameter Hardware ObsenedPerformance
Setting (HW + SW)
Gapg (Bandwidth) 3 cycles/byte(133MBY/s) | 35 cycles/byte(put), 287 cycles/byte(get)
Permessag®verhead 400cycles(1 us) N/A
Lateng [ 1600cycles(4 us) N/A
SynchronizatiorBarrier L. | N/A 25500cycles(16-processord64 us)

Table3: Raw hardwareperformanceandmeasureetwork performancéincludinghardwareandsoftware)
for simulatedsystem.

performanceorrespondo valuesthatcouldbe achievedon anetwork of workstationgNOW) usingahigh-

performance&eommunicationsnterfacesuchas*Active Messagesandhigh-performanceetwork hardware

suchas‘Myrinet’. Note that the software overheadsare significantly higherbecauseur implementation
copiesdatathroughbuffersandbecaussignificantnumbersf bytessentover thenetwork representontrol

informationin additionto datapayload.

B Summary of Earlier Resultson Work-Presenving Emulations

QSM and s-QSM

Sinceary phaseof ans-QSMcanbe performedwith the sametime costor lesson the QSM, it follows
that the s-QSM can be emulatedon the QSM in a work-preservingmannerwith no slovdown. For the
reverseemulationwe obtaina work-preservingemulationwith slovdown g by mappingg QSM processors
onto eachs-QSMprocessoandthenhave eachs-QSM processoemulatethe computationof eachof the
QSM processormappedo it.
Observation:[20] Thereis a deterministicwork-preservingemulationof QSM on s-QSMwith slovdown

g.

Emulation of QSM and s-QSM on BSP
Theoem [10]

Thereis arandomizedvork-preservingmulationof ap-processoQSMon BSPwith slovdown O(L/g+
g log p) whpin thesizeof theinput.

Thereis a randomizedwork-preservingemulationof a p-processors-QSM on BSP with slowdown
O(L/g + log p) whpin thesizeof theinput.

Theemulationalgorithmthatleadsto theabove theoremis very simple,andis describedelow.

e Hashthe QSM (or s-QSM)memoryontothe BSPcomponents.
e Mapthe QSM processorsiniformly onto the BSPcomponents.

¢ Have eachBSPcomponenemulatethe (or s-QSM)QSM processorsnappedo it.

A probabilisticanalysiqd10, 20] shavs thatthe emulationhasperformancestatedn theorem.

Emulation of BSPon QSM and s-QSM
Theoem. [10] A p-componenBSP canbe emulatedin a work-preservingnanneron a QSM or s-QSM
with slowdown O([(g/L) - logp]) whpin p.

This emulationusesthe sharedmemoryof the QSM (or s-QSM)only to realizethe h-relationrouting
performedby the BSPin eachstep.Thefollowing is a sketchof the emulationalgorithmfrom [10].
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Map the BSP processorsiniformly amongthe QSM (or s-QSM)processorsin eachphasegachQSM (or
s-QSM)processoemulateghe local computatiorfor the currentsuperstef the BSP processorassigned

toit.

EachQSM (or s-QSM) processoicopiesinto its private memorythe messageshat were sentin the
currentsuperstepo thelocal memoryof the BSPprocessorsnappedo it asfollows. Heren is thenumber
of BSPprocessors.

1.

Computethetotal numberof messagesy/, to besentby all processoré O(g logn) timeandO(M +
gn) work.

. Constructa sampleS of themessage® be sentby choosingeachmessag@adependentlyith prob-

ability 1/ log® M. Thesizeof thesamplewill be O(M/ log® M) whp.

. Sort the sampledeterministicallyaccordingto destinationusing a standardsorting algorithm, e.g.,

Cole’s mege-sort;this takesO(g log M) time andO(g - M/ log? M) work.

. Groupthe destinationsnto groupsof sizelog® M anddeterminethe numberof messagesestined

for eachgroup. This canbe computeddy a prefix sumscomputatiorthattakes O(g log M) time and
O(gM) work.

. Let k; bethe numberof elementsn the sampledestinedor theith group. Obtaina high probability

boundon thetotal numberof messaget eachgroupasr; = O(max(k;, 1) - log® M). Makelog® M
copiesof eachr;, andplacethe duplicatevaluesof ther; in anarray R[1..n] suchthat R[] contains
the boundfor the group that containsdestinationi:,1 < i < n. This stepcan be performedin
O(g(1 + loglog M/ log g)) time andO(ng) work usinga broadcastinglgorithmfor eachr;.

. In parallel,for eachi, all processorsvith a messageo a destination: readthe value of this bound

from R[i]; thistakestime < gh andO(gM) work.

. Useanalgorithmfor multiple compactiorto getthe messagem eachgroupinto alinearsizedarray

for that group; this takes O(g log M) time and O(gM) work by the adaptatiorof the randomized
QRQWalgorithmfor multiple compactiorgivenin [8].

. Performastablesortwithin eachgroupaccordingo theindividual destinationthis canbe performed

in O(glog M) time andO(gM ) work deterministicallyusingan EREW radix-sortalgorithmwithin
eachgroup.

. Movethemessageimto anoutputarrayR of size M sortedaccordingo destinatiorin O(gh) timeand

O(M) work. CreateanarrayB of sizen thatcontainghenumberf message® eachdestinationand
the startingpointin the outputarrayfor messagew thatdestinationthis canbe doneby computing
prefix sumson an appropriateM -array andtakes O(g log M) time and O(gM) work. Processog
readsthis valuefrom B[i] andthenreadsthe messagedestinedfor it from the outputarrayin time
O(gh) andwork O(gM).
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C Pseudo-codes

We describethe algorithmsfor prefix sums,samplesortandlist ranking,asthey wereimplementecn the
simulator For all algorithmsthe input andoutputwasdistributeduniformly acrosshe P processors.

parallelprefix(array A4, sizen)

Stepl: Calculatelocal prefixsums.Eachprocessocalculates prefix sumon its
local portionof thearray

Step2: Exchange sumsbetweerprocessos. Eachprocessobroadcasts copy of its last
sumto every otherprocessar

BARRIER SYNCHRONIZATION

Step3: Final modification.Eachprocessoaddsup thesumsfrom its precedingprocessors,
andaddsthis offsetto eachof its previously-calculategrefix sums.

samplesor{array S, sizen)

Major stepl: Pivotselection
Allocateand“register”temporarystructures.
BARRIER SYNCHRONIZATION(to ensureghe shared-memor{registrations’have completed)
Eachprocessoselectsclogn of its elementgandomly(with replacement),
andbroadcast#ts sampledo all otherprocessors.
BARRIER SYNCHRONIZATION
Eachprocessoguicksortsall cP log n samplesandselectsvery
clog nth elementasa pivot (for atotal of P — 1 pivots,or P “buckets”).
Major step2: Redistritution
Assigneachlocal elemento oneof of the P buckets,basedn the choserpivots,
andreordertheelementdocally sothatall elementgor theith bucketarecontiguous.
For1 <4 < P, every processosendsts countof elementdor bucketi, along
with a pointerto thelocationof theseelementsto processot.
BARRIER SYNCHRONIZATION
Eachprocessonow fetchesthe otherprocessorstontributionsto its bucket.
Eachprocessoalsoparticipatesn a parallelprefix of thetotal numberof elementsn eachbucket.
BARRIER SYNCHRONIZATION
Major Step3: Local Sort
for1 <i < Pin parallel
processoi sortsthe elementsn theith bucket.
Major Step4: Redistrilution
Eachprocessowritesthe sortedelementsf its bucketinto the appropriatdocations
(calculatedusingtheresultsof a prefix sumscomputation)n array.S.
BARRIER SYNCHRONIZATION
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listrank (array S, array P, array R, sizen)

Arrays: successoarray.S; predecessairray P; returned-ranksirray R;

Localvariablesindirectionarrayl, flip arrayF', successosflip arraySF', removedelementarrayRN, andtemporary
new ranksN R.

Isize is the currentnumberof elementsand I[i] pointsto theith elementin the currentlinkedlist.

Initialization:
Initialize R to beall ones.
Initialize I[:] = i, to setup theinitial indirection.
Allocateandregistertemporarystructures.
Major stepl: Each processorrepeatedlyemaessomeelementgromits list,
until thelist sizeis fairly smallasfollows.
for ¢ - log P iterationsdo
eachactive element generatesa flip (randombit), andstoresit in F[I[]].
BARRIER SYNCHRONIZATION(to ensureshared-memoryegistrationshave completedn
thefirst loop, andto ensurehatthe updategrom the previousloop have completed).
if i is notthe headelementandi hasasuccessomand F[I[:]] is 1
(i.e., flippeda 1), thenfetchits successosflip into SE[I[3]].
BARRIER SYNCHRONIZATION
if F[I[¢]] =1andSF[I[{]] = 0 (i flipped1, ands’s successosflip was0),
thens removesitself from thelinkedlist by performinga doubly-linkedlist-remove
usingS and P. Get:'s predecessosrank.
if thisis thelastiterationof theloop, sendour countof remainingelementgo
nodeO (doingthis stepnow savesa BARRIER SYNCHRONIZATION).
BARRIER SYNCHRONIZATION
for eachelement removedin the previousphase]ook attherecevedrankof its
predecessoandincrementits predecessasrank R[i] by i's currentrank.
(Barriersynchronizatioris not neededasthis canbedonein parallelwith the
flip generatiorof the next iteration,or in parallelwith thefirst phaseof the stepbelow.)
Major step2: Processoi finishesthelist reductionlocally.
Node0 usesthecountsof remainingelementsendby the otherprocessorso perform
alocal prefix sum,andsetsup temporaryarraysto hold all of theremainingelements.
NodeO tells eachprocessothe offsetto usefor sendingts remainingelements.
BARRIER SYNCHRONIZATION
All processorsendthedatafor their currently-actve elementgthe predecessauointers,
thecurrentranks,andanappropriaténdirectionarray)to processof.
BARRIER SYNCHRONIZATION
Processo0 performsalocal list-rank on the remainingactive elementsandputsthefinal
ranksfor theseremainingactive elementsn their designatedocations.
BARRIER SYNCHRONIZATION
Major step3: PerformMajor stepl in reverse insertingelementdackinto thelist
andpatchingthingsup.
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Sample Sort for 16 processors
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Figure9: Measuredcandpredictedperformancdor the samplesortalgorithmon 16 processors.
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List Rank for 16 processors
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Figure10: Measuredandpredictedperformancdor thelist rankingalgorithmon 16 processors.
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Figurell: Measuredandpredictedperformancdor the samplesortalgorithmon 8 processors.
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Figurel2: Measuredandpredictedperformancdor thelist rankingalgorithmon 8 processors.

32



Sample Sort for 4 processors
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Figure13: Measuredandpredictedperformancdor the samplesortalgorithmon 4 processors.
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List Rank for 4 processors
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Figurel4: Measuredandpredictedperformancdor thelist rankingalgorithmon 4 processors.
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