Algorithms for Multiresolution Databases^�

Robert L. Read, Donald S. Fussell, and Avi Silberschatz Department of Computer Sciences, University of Texas, Austin, TX 78712-1188 Email: fread, fussell, avig@cs.utexas.edu

February 18, 1994

Abstract

The use of data at different levels of resolution or multiresolution is a common technique for improving performance of multimedia and scientific database applications, but is not yet systematically supported by database management systems. The sandbag construct, which has been previously suggested as a basis for a data model of multimedia and scientific database, is a generalization of histograms that can model diverse types of data at different levels of resolutions or qualities. A sandbag can hold multimedia data such as motion video and represent incremental improvement in that data. It can be used conveniently to communicate multiresolution information between a standard DBMS and an application by adding a software layer between the DBMS and application. A mechanism for incrementally constructing sandbags of varying descriptiveness from individual facts is presented. A restriction is described that allows sandbags to be efficiently computed. A data structure and algorithms that implement fully incremental construction of sandbags under this restriction is provided. These algorithms have low-order polynomial worst case complexity and may be expected to be efficient in a practical implementation.

1 Introduction Scientific and multimedia data such as images, sounds and motion video take up so much space that retrieving them and communicating them to a user or application fast enough is a serious problem. An effective way to deal with this problem is to trade a slight decrease in perceived quality for a large decrease in data volume, and hence a large increase in performance. The JPEG [1] and MPEG [2] protocols are a prime example of schemes which are based on this idea, employing a lossy compression scheme.

Current day database management systems (DBMSs) do not directly support this type of tradeoff. We believe that DBMSs and data retrieval systems that systematically support this tradeoff for general data types will be an important part of distributed heterogeneous computing environments of the future. We call such systems multiresolution systems.

A fundamental problem in constructing and using such multiresolution systems is organizing the transfer of data at different levels of compression, quality, or resolution from the data retrieval system to the application. A read-only query in a relational or object-oriented setting is relatively simple because it can be thought of as a question that has only one right answer, and the format of that

�This material is based in part upon work supported by the Texas Advanced Technology Program under Grant No. ATP-024, the National Science Foundation under Grant No. IRI-9312003, and grants from the IBM and Hewlett-Packard corporations.

answer is completely determined by the question. The point of a multiresolution data retrieval system, however, is to allow the system to manage resolution for the user by deciding the best resolution to return, subject to constraints that the user defines, such as real-time or other performance constraints. Therefore the application and DBMS must agree on a flexible means of transferring data at different resolutions to the application.

Existing mechanisms such as relations and classes do not solve this problem of organization well, for three reasons. First, these mechanisms do not support a useful notion of incremental improvement. Incremental improvement up to a deadline is an approach to meeting real-time constraints [3], which are ubiquitous in multimedia applications. Its importance is indicated by the fact that it is included directly in the JPEG lossy compression protocol. Second, relations and classes can only support element-by-element multiresolution. For example, a relation of highly-compressed pictures could be substituted for a relation of perfect pictures in some database applications. However, relations could not represent a compression of a large number of integers, such as is occasionally done with histograms or other statistical methods. Third, the possibility of the same query resulting in different answers on exactly the same database is technically a violation of most data models. A long-term solution to the problem of representing multiresolution data must provide clean semantics as well as conveniently and efficiently organizing the transfer of diverse types of multiresolution data between the database and the application.

This paper provides such a solution. The sandbag construct [4] is a generalization of the histogram construct. It models multiresolution sets, relations, or classes of multimedia objects at various resolutions, remains consistent while being incrementally improved, and supports a limited but convenient form of statistical approximation. A multiresolution data model based on the sandbag has previously been suggested [4]. Fully general sandbags require approximate solutions. However, this paper focuses on a restricted case that can be made to apply in most database situations that allows the sandbag to be implemented efficiently. We have implemented algorithms for this special case and approximate algorithms for the more general case in about 6000 lines of C++, but we have not yet tested them extensively enough to report performance data [5]. Other approaches to representing multiresolution data inspired our develop of the sandbag [6, 7], and may also be useful.

The sandbag is inherently interesting as a means of representing incomplete information about sets. It may be very useful for computing multiresolution answers to queries. However, the issues of constructing a multiresolution DBMS, which are mostly open, are beyond the scope of this paper, which focuses on the efficient construction and convenient use of sandbags. Although we hope this technology will be part of a comprehensive multiresolution system eventually, it could be used immediately to organize an ad hoc use of multiresolution by adding a relatively simple software layer between a data retrieval system and an application.

To explain the algorithms and concepts we introduce in this paper, we use a running example application. Imagine a program implementing a map of Earth that a user can pan across. When a user comes to a particular region containing a point representing a distinctive feature such as an animal species or a restaurant, a short motion video of that feature, or a still photograph, or a sound clip can be presented to the user. If a given region is crowded, the application program must decide how to present this data to the user. For instance, if 16 photographs of the lemurs of Madagascar are available, the application must decide whether to place all of them on the screen, perhaps at reduced resolution, or to present each in full glory one at a time. If implemented on a portable networked via wireless telephony with a sufficiently detailed database, this would constitute a universal field guide and/or travel guide that, for instance, gives sample bird calls and movies of birds flying in addition to text descriptions. The data structure and algorithms presented in this paper could directly support this application, as well as a wide variety of other applications.

In Section 2 we give a more formal introduction to the sandbag and describe the condition under

Figure 1: A Histogram and its Partial Order

which it is efficiently implementable. Section 3 introduces an approach to incrementally constructing sandbags from small, individual facts. In Section 4 we specifically address practical database issues, such as the effect of keys and functional dependence on the design of partial orders that support efficient implementation. Section 5 gives a highly condensed description of a data structure and its invariant. Algorithms that incrementally maintain this data structure and allow it to be queried are given in Section 6. The computational complexity of the algorithms is discussed in Section 7, and conclusions are drawn in Section 8. Appendices provide proofs of the algorithms presented here.

2 Partial Orders, Sandbags, and Tree-like Partial Orders Histograms of sets map classes of elements, usually called bins, into cardinalities. A simple generalization of histograms is to have classes mapped into upper and lower bounds on cardinality. A second generalization is to allow arbitrary classes of elements to be queried, rather than fixed bins. Histograms generalized in these two ways are sandbags.

Partially ordered sets (posets) of data values have traditionally been used in database theory to capture missing or incomplete data values. When used in this way they are often called partially ordered data domains to indicate their use as data types. The concept of partially ordered data domains gracefully extends to histograms by considering the bins to be partial data values. If one bin x completely contains another bin y we say x ⊑ y, pronounced “x approximates y”. A null value ⊥ is a bin containing all other bins, and hence approximating all data elements. A bin with only one data element is not intuitively very bin-like. Nevertheless, such elements are called total elements and placed in the partial order. An example of histogram bins and the partially ordered data domain they induce is depicted in Figure 1. In general, bins can overlap, so that the corresponding partial order, considered as a directed acyclic graph, is not a tree.

Definition 1: Let D be a partially ordered data domain. We say that D is tree-like if incomparable elements share no upper bound in D, which can be restated formally: (∀a, b : a, b ∈ D : ¬a ⊑ b ∧ ¬b ⊑ a ⇒ ¬(∃c : c ∈ D : a ⊑ c ∧ b ⊑ c)) 2 Using sandbags on non-tree-like domains is computationally complex, so we restrict ourselves in this paper to partially ordered data domains that are trees. This restriction allows the incremental construction of sandbags in polynomial time without the need for approximate algorithms [5], and is assumed by all the algorithms discussed in this paper.

Tuples that are multimedia descriptions of a feature at a given point in the Earth’s surface can be considered a partially ordered data domain, where a lower-resolution picture or movie approximates a higher-resolution movie or picture of the same feature at the same point. A data element that locates a feature more precisely is approximated by one that locates less precisely. The legal locales may be restricted not to overlap, so that the resulting partially ordered data domain is a tree.

The sandbag approximates a set B of total elements from a primitive data type D (a poset with a unique bottom-most element, ⊥) by using partial data elements of D. Each partial data element d where d ∈ D is mapped into lower and upper bounds on the number of elements in B that are approximated by d. We call the number of total elements approximated by d in some set B the number above d. The term “above” corresponds to the convention that more informative elements are thought of as being “above” less informative elements, as in a Hasse diagram. To formalize this concept we define the following. numa.(B, X) = |{y | (∃ x : x ∈ X : x ⊑ y ∧ y ∈ B})| and, similarly, tota.X = numa.(D, X).

For instance, consider the set of total elements B = {[3, 3], [5, 5], [7, 7]} from the domain of integer intervals partially ordered by containment. The number of elements above the partial data element d = [2, 6] is 2 (i.e., numa.(B, d) = 2, and tota.d = 5). A sandbag describing B might provide a lower bound for d of 1 and an upper bound of 3. These are consistent with B, but are not the tightest consistent bounds, which are a lower bound of 2 and an upper bound of 2. This capacity for imprecision is the sandbag’s representational power, and part of the reason it can be used to compress sets as an analog of lossy compression mechanisms for graphics [5].

Definition 2: Let N^′ be the set of naturals (N) plus infinity, N ∪ {∞}, and let D be a partially ordered data domain. A sandbag S is a pair of functions, denoted mina.S and maxa.S, with types mina.S : D → N^′ and maxa.S : D → N^′. We write the application of the sandbag function mina.S to a partial data element d is written mina.S.d, that is the same as (mina.S).d. 2

Informally, the number of total elements in any set consistent with S that are above d is at most maxa.S.d and at least mina.S.d.

Definition 3: Let D be a partially ordered data domain, and B ⊆ D a set of total elements. We say that a sandbag S is consistent with a set B, denoted sbcons.(S, B), when: (∀ d : d ∈ D : mina.S.d ≤ numa.(B, d) ∧ maxa.S.d ≥ numa.(B, d)) 2 The two examples below demonstrate two very different uses of the sandbags capacity for imprecision.

Example 1: Consider a sandbag S over the multiresolution type of real intervals ordered by containment that is consistent with a set F of one million positive reals each of which is between 0.0 and 1.0. A lower bound of the sum of F can be calculated by making k calls to mina.S. Let call number j use the partial data element [j/k, (j + 1)/k). Then: ( j<k∑ j=0 (j/k) · mina.S.[j/k, (j + 1)/k)) ≤ ( ∑ x∈F x)

The error of this underestimate will depend on the imprecision of the sandbag S. Its usefulness as an underestimate of ∑ x∈F x will be application dependent. However, since it can be computed in only k calls to mina.S, presumably there will be some applications that benefit from this underestimate if mina.S can be computed efficiently. An overestimate can be computed similarly. 2

Example 2: The sandbag can represent a set of digitally encoded motion video sequences at different resolutions. Suppose that a televised debate is broken into a set of digitally encoded answers, each of which is (supposedly) only 2 minutes long. A sandbag can serve as a container for these clips that remains consistent as new clips are transmitted over a network to a studio. Let D be the partially ordered domain of clips of improving qualities named 1, 2, 3, and 4. At some point in time, two clips, (A and B) may be available at resolution level 3, clip D is known to have been destroyed and hence unavailable, there will be between 40 and 52 answers in the entire debate, and no information about E is currently known. Let x_i represent a clip of quality i depicting scene x. Then mina.S and maxa.S produce the following results:

• mina.S.A_3 = 1, maxa.S.A_3 = 1, • mina.S.A_4 = 0, maxa.S.A_4 = 1, • mina.S.E_1 = 0, maxa.S.E_1 = 1, • mina.S.D_1 = 0, maxa.S.D_1 = 0, • mina.S.⊥ = 40, and maxa.S.⊥ = 52. 2

3 Incremental Construction The previous section defines sandbags abstractly, but does not address their construction. To be useful, the sandbag construct also requires a means of construction, which we present in this section. Additionally, abstract data types often require a means of enumerating the elements of the construct and methods of extracting information that are not formalized. The formal definition of the sandbag does not support a user extracting multimedia data objects from it. However, the specific implementation discussed in this paper, the STree data structure described in Section 5, supports traversal and extraction of that kind of data, as well as querying the sandbag through the functions mina and maxa.

Definition 4: Let B be a set of total data elements from a partially ordered set D. If B has at least a and at most z total data elements above d, then we denote by it by a triple ⟨d, a, z⟩, which we refer to as a revelation. 2

A revelation ⟨d, a, z⟩ constrains the membership of a set in proportion to the tightness of the bounds a and z. A set of such constraints restricts the sets consistent with it in proportion to their number, tightness and independence. By making a set of revelations F more restrictive, the set of sets consistent with F is progressively refined. This capacity for incremental improvement is essential to the usefulness of the sandbag.

Consider our example application. When a new region is panned to, the data retrieval system begins constructing a sandbag corresponding to the features in that region on the user’s machine. As each clip comes over the net, it is added to the user’s sandbag by adding a revelation ⟨clip, 1, 1⟩ containing it to the set of revelations from which the sandbag is constructed. Even before the final cardinality is known, the application may begin using this data. If the data retrieval system first sends the revelation ⟨⊥, 16, 16⟩, then the application knows there are 16 tuples on the way (since every tuple is approximated by ⊥) and can begin computing how these will be presented to the user even before they are available. Since the revelation ⟨⊥, 16, 16⟩ is very compact compared to any raster image, it may arrive very quickly relative to the completion time of the whole query. In some circumstance, such cardinality information may be enough to allow the application to revise or specialize its query, perhaps because too much data has been requested and will overwhelm the user or her machine.

The revelation restricts the possible membership of the approximated set above some element. A complementary notion is to restrict the membership of total elements not above some element. For instance, some teachers cannot attend any conferences that do not occur within the months of December, May, June, July or August due to their work schedules.

Definition 5: We can express the fact that every element of a set B of total data elements chosen from a partially ordered set D is approximated by some element of P if it is approximated by d with a pinning. A pinning is a pair of the form ⟨d, P ⟩, where d ∈ D, P ⊆ D, P is a cochain^1 under ⊑ , and every element of P is approximated by d. The set P is called a pin set and the element d is called a pin. 2

If we have a partial ordering of the year that includes partial data elements for each month and each day of each month, and ⊥ represents the entire year, then the set of conferences that a teacher plans to attend is described (incompletely) by the pinning ⟨⊥, {Dec, May, Jun, Jul, Aug}⟩.

We call a conglomeration of pinnings of the form ⟨d, P ⟩ and revelations of the form ⟨e, a, z⟩ a fact set. Each fact provides a grain of information about the approximated set. A sandbag is filled up with grains of information like a sack is filled up with grains of sand. For instance, adding a pinning to the fact set whose pin is some region of Earth, say Borneo, effectively says that no other data is available for Borneo but the pin set. Pinnings and revelations can thus be used in complementary manners to assert and preclude the membership of certain total data elements in the set being approximated by the sandbag. The addition of revelations and pinnings can occur in any order, but for many applications, such as our example, it would be common to build up fact sets by using revelations that first simply assert the number of data elements, then the data elements themselves at low-resolution, and then finally the data elements at complete resolution with pinnings that close the set if needed.

Definition 6: A set B is consistent with a fact set F , denoted by fscons.(F, B), if and only if every fact of F is true of B. fscons.(F, B) ≡ (∀⟨d, a, z⟩: ⟨d, a, z⟩ ∈ F : a ≤ numa.(B, d) ∧ z ≥ numa.(B, d)) ∧ (∀⟨d, P ⟩ : ⟨d, P ⟩ ∈ F : (∀e : e ∈ B ∧ d ⊑ e : (∃q : q ∈ P : q ⊑ e))) 2 The sandbag constructed from a fact set should be the tightest-bounding that guarantees that a set consistent with the fact set is consistent with the sandbag.

Definition 7: Let F be a fact set. The function gen.(F ) maps F into sandbags, and is defined by:

• mina.(gen.(F )).x = (min B : fscons.(F, B) : numa.(B, x)) • maxa.(gen.(F )).x = (max B : fscons.(F, B) : numa.(B, x)) 2

1A cochain, sometimes called an antichain, is a set of elements from a partially ordered set that is pairwise incomparable under ⊑ , (∀ a, b : a ∈ C ∧ b ∈ C : (¬a ⊑ b) ∧ (¬b ⊑ a)). A reasonable reference for this material is “Denotational Semantics: The Scott-Strachey Approach to Programming Language Theory” [8].

Note that this definition is not constructive. Implementing these abstractly defined functions is the goal of the data structure provided in this paper. This definition ties sandbag consistency to fact set consistency: fscons.(F, B) ⇒ sbcons.((gen.(F )), B).

The following examples demonstrate how the fact sets can be used to construct sandbags.

Example 3: Example 1 defines no particular sandbag. However, one reasonable approach to compactly representing one million reals between 0.0 and 1.0 is to partition the interval [0.0,1.0] into 10 equally-sized bins, and to similar partition each bin into sub-bins. Then a fact set of revelations that bound the number of reals falling into bins and sub-bins can be constructed. The sandbag resulting from such a fact set provides useful information about the number of points falling in large intervals, but is not very informative at a scale smaller than 1/100th of the unit interval. However, a fact set consisting of 110 revelations is nine thousand times more compact than a million floats. 2

Example 4: Let D be the partially ordered domain of motion video clips described by Example 2. Let x_i represent a clip of level i of answer x. As revelations consistent with F of the form ⟨x_i, 1, 1⟩ are added to a revelation set F , more about S can be determined from F . Let: F_0 = { ⟨⊥, 40, 52⟩, ⟨A_3, 1, 1⟩, ⟨B_3, 1, 1⟩, ⟨D_1, 0, 0⟩ } The sandbag of Example 2 is gen.F_0.

Revelation sets can model improvements in the quality of clips in a set of clips. The addition of two revelations might give us:

F_1 = { ⟨⊥, 40, 52⟩, ⟨A_3, 1, 1⟩, ⟨B_3, 1, 1⟩, ⟨C_2, 1, 1⟩, ⟨D_1, 0, 0⟩, ⟨B_4, 1, 1⟩ }

F_1 provides an improvement of B to resolution level 4 and has provided an approximation of answer C at level 2. 2

4 Practical Database Considerations The type of a relation is the cross product of the types of each column. The usual partial ordering of tuples is to use the partial orders of the columns component-wise, so that tuple x in T approximates a tuple y in T if and only if every component of x approximates the corresponding component of y in the partial order of that type. This paper is concerned solely with tree-like data domains. Unfortunately, the cross product of tree-like domains is not tree-like under the usual partial ordering of tuples.

Luckily, by appealing to the common database notion of keys and functional dependency, this problem is solved in many cases. In our running example, a tuple might consist of a species identification number, a latitude range and a longitude range, a picture, a sound, and a motion video clip. Species identification number may be a key for the entire relation, functionally determining all other columns. A unique maximal element is approximated by all partial data elements that have the same total value as the species identification number. However, the data values approximating the maximal element are not a tree, because the various multimedia columns may have different resolution in each column, as depicted by the diamond-shapes in Figure 2. This special structure can be handled by employing the trick of considering the diamonds, which are really clouds of partial data elements approximating a unique total element, to be single elements. If the elements below the diamonds in Figure 2 form a tree, then the entire domain is effectively tree-like.

If more than one column of a relation must form the key, then partial data values in those columns must be restricted or disallowed so that the data domain is a tree up until the tuples that are total in those columns. If the allowed latitude and longitude ranges are carefully designed so that the tree-like property is preserved for those columns, and low-resolution multimedia data is not allowed until the identification number is total, then the whole domain is pseudo-tree-like, as depicted in Figure 2 even though varying the resolution of the picture, sound, and motion video columns can violate the tree-like property.

Figure 2: Pseudo-tree-like poset

Such relations are quite reasonable and useful. Generally the keys of relations take up very little space, and little is gained by allowing partial data values there. Other data, such as multimedia data in this case, allow great space-saving by using low resolution data formally treated as partial data values.

This trick is relatively simple to implement and does not significantly change the algorithms presented in this paper. It does, however, lengthen the formalization and is therefore not included in the algorithms presented here.

5 The STree Data Structure In this section we motivate and describe a data structure, the STree, for the sandbag. The STree is a specialization of the more general SDAG structure introduced in [5]. Algorithms for calculating mina and maxa from this structure are presented in Section 6. Routines that allow incremental construction of STrees from fact sets by allowing revelations and pinnings to be incorporated into an STree are also described in Section 6.

5.1 The STree data structure To implement the fact set approach to sandbags, we use a tree of records denoted by G. The STree is isomorphic to the transitive reduction of the set of data elements mentioned in a fact set under the partial ordering ⊑ . A transitive reduction of a graph or tree is the unique minimal set of edges whose transitive closure is the same as the transitive closure of the original graph. A less technical way of saying this is that a transitive reduction simply removes all redundant edges from a graph or tree. We use G to denote the type of STrees, R to denote the type of an STree node, and 2^R to denote the type of a set of STree nodes. The fields of an STree node r are:

• r.data : D, a partial (or total) data element corresponding to a revealed, pin set, or pin data element, • r.kmin : N^′, representing the known mina value for r, • r.kmax : N^′, representing the known maxa value for r, • r.par : R, the unique immediate ancestor of r in the STree, • r.kids : 2^R, the immediate descendants of r in the STree, • r.pin : {true, false} a flag indicating whether or not node r is pinned.

Conceptually, the STree is constructed from and represents a fact set in a straightforward manner. Each data field of every record in the STree is a mentioned element, whether in a revelation, a pin

Figure 3: Occurrence of “intermediate” nodes

element, or in a pinning set. The edges of the STree are the transitive reduction of the data fields under ⊑ , and each record is linked to its unique immediate ancestor with the par field and its immediate descendants with the kids field.

The essence of the STree is that the r.kmin, r.kmax, and r.pin fields for each record are sound with respect to the fact set from which an STree is being built. The usefulness of this invariant is that the values of mina.(gen.(F )).d and maxa.(gen.(F )).d can be calculated reasonably efficiently for any data element d.

5.2 Perfect STrees The tree-like condition is very strong, and has two main implications.

• When a node is pinned, all children of that node can either be completely removed because they share no upper bound with the pin set, or can be incorporated into the pin set.

• Since exact polynomial computation of mina and maxa is possible [5], we demand that kmin and kmax always precisely reflect mina and maxa for that node.

The second item is formalized below.

Definition 8: Let G be an STree constructed from a fact set F . G is said to be perfect if every kmin and kmax value of every record in G is equal to the mina and maxa value of the data field of that record. We denote the fact that an STree is perfect by the predicate PERF: PERF.(F, G) ≡ (∀r : r ∈ G : r.kmin = mina.(gen.(F )).(r.data) ∧ r.kmax = maxa.(gen.(F )).(r.data)) 2

This invariant allows mina and maxa to be calculated efficiently. Algorithms are suffixed with digits to distinguish them from abstract functions, such as mina and maxa defined here or in other documents. Hence our algorithms are mina1 and maxa1. The algorithms for incrementally incorporating a revelation or a pinning, rev1 and pin1, must maintain this invariant.

In an STree, all descendants of a pinned element that are not either approximated by some element of the pin set or approximate some element of the pinset can be eliminated, since no consistent element can be above them. It would be quite nice if we could insist that the set of children of a pinned node is equivalent to its pin set. Unfortunately, the definition of pin allows intermediate nodes. However, we observe that a pinning that spans intermediate nodes can be precisely simulated by a series of pins that have no intermediate nodes, exemplified in Figure 3. These constraints have precisely the same consistent sets. We therefore adopt this approach so that the pin sets will be simple and regular. We do not attempt to formally relate this condition to the structure of the fact set.

Figure 4: Diagrammatic representation of mina1

6 Algorithms for the STree In this section we develop algorithms for mina1 and maxa1 on STrees having the PERF invariant. Proofs of the correctness of these algorithms are unfortunately beyond the scope of this paper, but we endeavor to give brief explanations.

6.1 Algorithms for mina1 and maxa1 It would be ideal if mina1 and maxa1 for a data element d could be calculated using only those records of the STree that are “close” to d. Because of the tree-like condition, these elements can be depicted as in Figure 4 where p is the unique maximal predecessor under ⊑ of d in the STree, X is the set of children of p approximated by d, and Z are the children of p not approximated by d. W is the set of total elements above d but not above any element of X, i.e., |W| = tota.{d} − tota.X. Similarly, Y is the set of total elements above p not above d or any element of Z, i.e., |Y | = tota.{p} − (tota.Z ∪ {d}). We observe that mina and maxa can be calculated using only |W|, X,|Y |,Z, and p.

The function imanc0 returns the record in G that is the immediate ancestor of d, or the record whose data field is d such a record exists. Because the STree is always rooted at ⊥, there is always a unique immediate ancestor for any partial data value.

The function ubs.(d, A) (upper bounds) returns the members of the set A whose data fields are approximated by d.

Informally, the algorithms shown in Figure 5 operate by minimizing or maximizing the set of constraints that are closest to the query element. The fact that only these elements need be considered stems from the PERF invariant and the tree-like structure which essentially allows separation of the problem into individual constraints to be minimized or maximized. One way of thinking of these routines is that they pack elements into all of the available slots, which are defined by the constraints on the close records, to minimize or maximize that number that have to be placed above the element d in order to obey the constraints.

The routine slack in Figure 5 calculates the number of slots that are above the element d but not above any element of the set Z. This corresponds to the set W in the diagram, and is dependent on whether or not p is pinned.

Suppose our example application is being used by a travel agent to describe skiing locations. Consider computing mina1 and maxa1 on a partial data element with ⊥ in all columns except latitude and longitude, with a latitude and longitude covering the U.S. state of Colorado. If the fact set already includes revelations for many chunks of Colorado that are roughly county-sized, then those chunks will correspond to the set X in the algorithms above, and their kmin and kmax values are summed in func mina1(G : G; d : D) : N^′ 0 p := imanc0.G.d;

1 if (p.data = d) → return p.kmin; 2 [] else → 3 X := ubs.{d}.(p.kids); 4 Z := p.kids − X;

5 if (p.pin) → r := 0 [] else → 6 r := slack.(p, p.data, Z) − tota.d; 7 fi 8 m := (sum r : r ∈ X : r.kmin);

9 n := p.kmin − ((sum r : r ∈ Z : r.kmax) + r); 10 return max .({m} ∪ {n}); 11 fi

func maxa1(G : G, d : D) : N^′ 0 p := imanc0.G.d;

1 if (p.data = d) → return p.kmax; 2 [] else → 3 X := ubs.{d}.(p.kids); 4 Z := p.kids − X; 5 r := slack.(p, d, X);

6 m := p.kmax − (sum x : x ∈ Z : x.kmin); 7 n := (sum x : x ∈ X : x.kmax) + r; 8 return min .{m} ∪ {n} 9 fi func slack(r : R; e : D; Z : 2^D) : N^′

if r.pin →

return tota.{e} − (sum y : y ∈ Z : tota.{y.data}); [] else →

return 0;

Figure 5: Routines mina1, maxa1, and slack

computing mina1 and maxa1. If no partial data elements corresponding to the Eastern half of Colorado are in the fact set yet, then the function slack will return a large value. In this case, this reflects the fact that if we know noting about Easten Colorado, there might be a very large number of ski resorts represented there. If, however, the Western counties are pinned to some larger region, then slack will return 0, and our application will receive a more precise bound from maxa1, with which it can plan the presentation of the data found in the Western counties. This demonstrates one of the important uses of the pin concept. Having used the mina1 and maxa1 function to obtain some information, the STree data structure itself can then be traversed by the application to obtain the actual pictures and sounds needed for that region.

The correctness of mina1 and maxa1 hinges on the ability to incrementally maintain PERF.

6.2 Recalculation maintains PERF Before considering a general revelation algorithm, which may add a new record to an STree, possibly requiring the rearrangment of kids, we need a way to tighten a kmin or kmax value at an existing node and propagate any deducible improvements through the STree so that PERF is maintained.

If a kmin or kmax value changes, then its siblings, parent, or kids may need to be recalculated. This may initiate a recursive recalculation of much or all of the STree via recursive routines given in Figure 6.

proc recalcmin(val-res G : G; val r : R; t : N^′; ) if t > r.kmin → r.kmin := t;

recalckids.(G, r, r.kids); recalcpmin.(G, r) fi proc recalcmax(val-res G : G; val r : R; t : N^′; ) if t < r.kmax → r.kmax := t;

if r.kmax = 0 → dealloc(r.kids); fi recalckids.(G, r, r.kids); recalcpmax.(G, r) fi proc recalcpmin(val-res G : G; val r : R; ) 0 if r.data ≠ ⊥ → 1 p := r.pars;

2 s := (sum x : x ∈ p.kids : x.kmin); 3 if s > r.kmin → 4 r.kmin := s; 5 recalcpmin.(G, p); 6 fi 7 recalcsib.(G, r); 8 fi proc recalcpmax(val-res G : G; val r : R; ) 0 if r.data ≠ ⊥ → 1 p := r.pars;

2 t := (sum c : c ∈ p.kids : c.kmax)+ 3 slack.(p, p.data, p.kids); 4 if t < r.kmax → 5 r.kmax := t;

6 if r.kmax = 0 → dealloc(r.kids); fi 7 recalcpmax.(G, p); 8 fi 9 recalcsib.(G, r); 10 fi proc recalcsib(val-res G : G; val r : R; )

p := r.pars; recalckids.(G, p, p.kids − {r}); proc recalckids(val-res G : G; val p : R; Z : 2R) 0 var f : bool; 1 for(c : c ∈ Z) 2 f := false;

3 s := p.kmin − (slack.(p, p.data, p.kids)+ 4 (sum k : k ∈ p.kids ∧ k ≠ c : k.kmax)); 5 t := p.kmax− 6 (sum k : k ∈ p.kids ∧ k ≠ c : k.kmin); 7 if c.kmin < s → c.kmin := s; f := true fi; 8 if c.kmax > t → c.kmax := t; f := true fi; 9 if f → recalckids.(G, c, c.kids) fi 10 rof

Figure 6: Recalculation algorithms

Figure 7: Representation of Recalculation

In all cases, the recalculation algorithms mirror the mina1 and maxa1 algorithms because it solves the same system of constraints. Observe carefully this similarity. Line 2 of recalcpmin corresponds to line 8 of mina1. Lines 3 and 4 of recalckids corresponds to line 9 of mina1. Lines 2 and 3 of recalcpmax corresponds to line 7 of maxa1. Lines 5 and 6 of recalckids corresponds to line 6 of maxa1. This similarity reflects the fact that mina and maxa can be precisely computed under the tree-like condition, and that that fact is used to maintain the invariant PERF that makes computation as efficient as possible.

For efficiency’s sake these routines are divided into those that recalculate based on a change in a child or a change in a parent. The recalculation of a particular node can be visualized as spreading upward to its descendants, and then downward to its ancestors and its siblings and so on. This situation is depicted in Figure 7. The same node is never recalculated more than once. Although a recalculation may indeed spread throughout the entire tree and change every node, this is not a typical occurence. We imagine that in general the fact that recalculation does not occur unless a parent, sibling, or child has changed limits the recalculation to some local region of the tree.

The use of the function dealloc in recalcpmax and recalcmax to remove the descendants of a node with kmax value of 0 is very important to remove superfluous nodes and conserve space. Note that the node itself cannot be removed.

A very simple example of recalculation can be seen if we consider increasing the kmin value of some county in Colorado. Depending on the facts already represented in the STree, this may induce an increase in the kmin of the parent node representing the state of Colorado itself (if the sum of the county-level kmins now exceed the old kmin), via recalcpmin. This may in turn induce an increase in the kmin of the ancestors of Colorado, which might be a node corresponding to the U.S.A. If the Western counties of Colorado are newly pinned and Colorado is recalculated, then it is quite likely that the kmax for Colorado may be decreased, which may or may not induce changes in nearby states.

6.3 rev1 maintains PERF Of course, rev1 uses the recalc algorithms defined in the previous section. A complication is that if a new record is added to the STree it may be an “intermediate” node in a pin, and hence require an adjustment to pin sets. These adjustments are accomplished by pinleaf, which takes a record r, and a pin set P that might be many descendants away from r, and makes the appropriate children of r the pin set for r (see Figure 8). The function lkpormk—“look up or make”—searches the STree for a record whose data field is the given value, either returning it if found or creating it if needed.

The careful reader will observer that pinleaf is more general than required by rev1. However, pinleaf is reused by pin1.

proc pinleaf(val-res G : G; val r : R, P : 2^R) A := ∅;

for(c : c ∈ r.kids)

if (∃ p : p ∈ P : c.data ⊑ p.data) → A := A ∪ {c} fi rof;

for(c : c ∈ r.kids − A)

recalcmax(G, c, 0); rof updatepin1(r, A);

recalcmin.(G, r, (sum k : k ∈ A : k.kmin)); recalcmax.(G, r, (sum k : k ∈ A : k.kmax)); recalckids.(G, r, r.kids);

proc rev1(val G : G; d : D, a : N^′, z : N^′; ) p := imanc(d);

if p.pin ∧ (∃ q : q ∈ p.kids : d ⊑ q.data) →

r := lkpormk(d); pinleaf.(G, r, p.kids); pinleaf.(G, p, p.kids) [] else →

r := lkpormk(d); fi; recalcmin.(G, r, a); recalcmax.(G, r, z);

Figure 8: rev1 and pinleaf procedure

6.4 A Pin Algorithm In order to maintain the no-intermediate-nodes condition pin1 performs a depth-first search of descendants of the pin up to the pinset, constructing 1-level pins during the post-order traversal by calling pinleaf. Additionally, pinleaf calls recalcmin and recalcmax appropriately. Pinleaf preserves PERF for 1-level pins, and since the series of 1-level pins enacted by pin1 is equivalent in meaning to the (possibly large) pin set passed to pin1, PERF.(F, G) holds after the execution of pin1. The reader may refer back to Figure 3 for a partial explanation of the recursive action of pin1 and pinleaf, which recursively travels from the pin to the pin set constructing 1-level pins as it goes. Some added complications to pin1 can make it slightly more efficient.

The routine updatepin1 (see Figure 9) reifies the fact that if a child does not approximate some element of the pin set, there can be no total elements above it in a set consistent with that pin. The kmax for that node is therefore set to 0 and it is deallocated. Thus, r.kids becomes the pin set for this node, although this r.kids may in fact be many nodes away from the original pinning pin set, and r may not be the original pin.

7 Computational Complexity The algorithms pin1 and rev1 can be used to incrementally build up an STree from a fact set. The STree efficiently implements the functions mina1 and maxa1. The worst-case asymptotic complexities of all of these algorithms are provided in Table 1. In this table, n is the number of nodes in the STree, which is at most the number of data elements in the fact set. The variable k represents the maximum branching factor of the STree. An amortized analysis might allow these bounds to be improved somewhat.

proc pin1(val r : R, P : 2^R; val-res G : G) for(c : c ∈ r.kids)

if (∃ y : y ∈ P : c.data¡y.data) → pin1(c, P, G); if rof pinleaf.(G, r, P ) proc updatepin1(val r : R, P : 2^R; val-res G : G) for(c : c ∈ r.kids)

if ¬(∃ y : y ∈ P : y.data ⊑ c.data) →

recalcmax(c, 0); dealloc(c); rof r.kids := P ; r.pin := true;

Figure 9: Auxillary pin routines

It is very important to note that STree is fundamentally a tree structure; the more balanced it is, the more efficient it will be. A balanced STree will generally provide logarithmic rather than linear complexities for mina1 and maxa1, and the variable k can be thought of as a small constant in an STree with consistently low branching factor. It is therefore wise to design the facts that are revealed with this in mind. Generally speaking, the user has complete flexibility in the revelations and pinnings that are made, so long as they are consistent with the set being compressed or approximated.

The algorithms which modify the STree derive their worst case complexity of O(n · k^2) from the fact that they may trigger a tightening of bounds that propagates itself through the whole tree, taking at worst k^2 steps at each node (in recalckids). Similarly, pin1 may trigger recalculations throughout the tree for every node between the pin and the pin set, which might include every node. Such events seem somewhat unlikely, depending again on how the user designs and uses revelations and pinnings. In general, we imagine that recalculation affects only some local portion of the tree.

The reader can probably observe from the structure of the recalculation algorithms that a given node will never be changed twice for one revelation or call to pinleaf. The proof that these algorithms actually maintain PERF is non-trivial and provided in the appendix.

8 Conclusions Current trends in computer technology strongly suggest that the I/O cost savings of using lossy compressions of relations, or relations containing lossy compressions, will certainly be useful in applications involving very large databases, such as multimedia and scientific applications. We summarize a few applications here, in addition to the representation of multimedia data objects at different resolutions used as the example of this paper [5, 4].

• Bounded estimates of common aggregates can be computed cheaply from a sandbag. • The sandbag is a convenient framework for statistical sampling because it can fluidly and incrementally combine the notions of a “histogram” and a “sampling”.

• Query result size estimation [9, 10] facilitates query optimization. The sandbag is a framework for describing the cardinality of relations in various levels of detail.

• One of many forms of incompatibility that complicate attempts to build heterogeneous databases or multi-databases is precision discrepancy [11, 12], the representation of data at different preci-

Function call Worst case for imanc0.(G, d) O(n) slack.(G, d) O(k) ubs.(G, d) O(k) mina1.(G, d) O(n) maxa1.(G, d) O(n) recalckids.(G, Z) O(n · k^2) recalcmin.(G, r, t) O(n · k^2) recalcmax.(G, r, t) O(n · k^2) lkpormk.(G, d) O(n) rev1.(G, d, a, z) O(n · k^2) pin1.(G, d, P ) O(n^2 · k^2) pinleaf.(G, r)P O(n · k^2) updatepin1.(G, d, a, z) O(n · k^2)

Table 1: Summary of Complexities of Major Functions

sions in different databases. The expressiveness of the sandbag may allow a consistent treatment of data at different precisions.

It is common for low-quality or low-resolution data to be used in applications involving very large databases, but this use is somewhat ad hoc and outside the data model and therefore not directly supported by the DBMS. Our eventual goal is to construct a DBMS that efficiently implements a graceful data model that supports ubiquitous lossy compression of all kinds of data [13]. The sandbag, or some similar implementable and theoretically sound structure, is a necessary component of such a DBMS and data model.

As often occurs in Computer Science, a generally intractable problem is tractable under certain reasonable restrictions. This paper has delineated such a case; the condition under which the sandbag can be efficiently and precisely implemented. In applications where I/O costs are dominant and useful loss of information can be fit into the sandbag framework, the relatively efficient data structure and algorithms provided here are a practical approach to representing, extracting, and communicating data at different levels of resolution. Further improvement of these algorithms and integration with efficient indexing methods is probably possible.

Future work is to construct prototype implementations similar to the example application used in this paper that demonstrate the use of the sandbag and the STree and guide further improvement of this technology.

References

[1] Gregory K. Wallace. The JPEG still picture compression standard. Communications of the ACM, 34(4):31– 44, April 1991.

[2] Didier Le Gall. MPEG: A video compression standard for multimedia applications. Communications of the ACM, 34(4):47–58, April 1991.

[3] S. Davidson and A. Watters. Partial computation in real time databases. In Fifth Workshop on Real Time Operating Systems, May 1988.

[4] Robert L. Read, Donald S. Fussell, and Avi Silberschatz. A multi-resolution relational data model. In 18th International Conference on Very Large Data Bases, pages 139–150, Vancouver, Canada, August 1992.

[5] R. L. Read, D. S. Fussell, and A. Silberschatz. Algorithms for the sandbag: An approach to imprecise set representation. Technical Report TR-93-12, University of Texas at Austin, Department of Computer Sciences, Austin, TX 78712-1188, 1993.

[6] P. Buneman, S. B. Davidson, and A. Watters. A semantics for complex objects and approximate queries.

Journal of Computer and System Sciences, (1):170–218, August 1990.

[7] L. DeMichiel. Resolving database incompatibility: An approach to performing relational operations over mismatched domains. IEEE Transactions on Data and Knowledge Engineering, pages 485–493, 1990.

[8] J. E. Stoy. Denotational Semantics: The Scott-Strachey Approach to Programming Language Theory. MIT Press, Cambridge, Massachusetts, 1977.

[9] Richard J. Lipton and Jeffrey E. Naughton. Practical selectivity estimation through adaptive sampling. In SIGMOD Conference Proceedings, pages 1–11, 1990.

[10] M. Muralikrishna and David J. DeWitt. Equi-depth histograms for estimating selectivity factor for multidimensional queries. In ACM SIGMOD Conference Proceedings, pages 28–36, 1988.

[11] L. DeMichiel. Performing operations over mismatched domains. In Knowledge Engineering, Conference Proceedings, pages 36–45, 1989.

[12] P. Buneman, S. B. Davidson, and A. Watters. Querying independent databases. Information Sciences, 43(1):170–218, August 1987.

[13] R. L. Read, D. S. Fussell, and A. Silberschatz. On the semantics of rules in database programming languages.

In International Workshop on Next Generation Information Technologies and Systems, pages 173–181, Haifa, Israel, June 1993.

Figure 10: Counter-example of Continuity for General Domain

A Proofs of Certain Assertions This appendix includes proofs and proof sketches of the main assertion of this paper, that the algorithms given correctly maintain the PERF invariant and correctly compute mina and maxa. The fact that some algorithms do so follows from a previous result [5] that under the tree-like condition this problem reduces to linear programming, which is a polynomial problem. This result led us to develop the algorithms given here, which are specialized to the STree and bear no obvious resemblence to linear programming.

The proofs are organized into three major endeavors.

• Some facts about perfectly tree-like domains are provided.

• The fact that mina1 and maxa1 compute mina and maxa under the condition PERF is proved.

• The fact that recalcmin and recalcmax maintain PERF when the structure of the STree does not change is proved.

• That fact that rev1 and pin1 call the recalculation routines so that PERF is maintained as the STree is incrementally constructed is proved.

A.1 The Continuity Theorem We call the following theorem the “Continuity Theorem” because it states that a set consistent with any externally consistent set of facts can be found that has any cardinality between r.kmin and r.kmax for any record r in the STree. This theorem is very important because it allows us to construct portions of consistent sets independently. It precludes a great nastiness that is otherwise theoretically possible, such as that PERF.(F, G) holds, r ∈ G, r.kmin = 1 and r.kmax = 3 (which implies there exists sets A and B consistent the F such that numa.A.(r.data) = 1 and numa.B.(r.data) = 3) and yet there is no set C such that numa.C.(r.data) = 2, as the following example demonstrates.

Example 5: Consider the partially ordered domain of non-empty subsets of E = {A, B, C, D} ordered by ⊆. That is, x ∈ 2^E ∧ y ∈ 2^E ⇒ x ⊑ y ≡ x ⊆ y. The bottommost element of this domain is ⊥ = {a, b, c, d}. For the following fact set F , mina.(gen.F ).⊥ = 1 and maxa.(gen.F ).⊥ = 3, but there is no set D such that fscons.(F, D) ∧ numa.(D, ⊥) = 2, contradicting the Continuity Theorem. F = {⟨{A, B}, 1, 1⟩, {⟨{A, C}, 1, 1⟩, {⟨{A, D}, 1, 1⟩} In particular, the only total sets that are consistent with F are {A} and {B, C, D}. This situation is depicted in Figure 10. 2

Theorem 1: The Continuity Theorem:

(∀d, k, F : mina.(gen.F ).c ≥ k ∧ maxa.(gen.F ).c ≤ k : (∃B : fscons.(F, B) : numa.(B, d) = k)) 2

These definitions are needed in the proof below.

Definition 9: For a subset of a domain D ⊆ D, the immediate ancestors and immediate descendants of any element d are denoted by imanc.(D, d) and imdec.(D, d), defined below. The function firstn is also informally defined. • imanc.(D, d) = {a | a¡d ∧ a ∈ D ∧ ¬(∃ c : c ∈ D : a¡c ∧ c¡d)} • imdec.(D, d) = {a | d¡a ∧ a ∈ D ∧ ¬(∃ c : c ∈ D : c¡a ∧ d¡c)} • firstn.(n, S) = the first n members of S 2

Definition 10: The function seta is the set of total elements above any member of a set. seta.X = {y | (∃ x : x ∈ X : x ⊑ y ∧ y ∈ B}) 2 Proof: In order to prove the Continuity Theorem, we give a function that constructs a set of any cardinality between mina.(gen.F ).d and maxa.(gen.F ).d for any data element d. To do this, we assume a total ordering of all the total elements of the universe, and construct a set which is in a sense the minimal set in terms of that order that has the required cardinality and satisfies all of the constraints. The advantage of this technique is that the we can use the fact that the mina, defined as a minimum set, implies the existence of a certain set that can thus be used in the construction. We define a series of functions using our notation for algorithms, but in fact these are abstract mathematical functions.

Algorithm 1: The function construct.(F, d, k) constructs a set above the mentioned element r that has exactly k elements and obeys the constraints in F that occur are above r.

func construct(F : G, d : D; k : N^′) : 2^D Z := ∅;

j := (sum c : c ∈ imdec.d : mina.(gen.F ).c); h := min .(0, k − j, slack.(d, imdec.d)); S := seta.{d} − ( ⋃ e∈imdec.d seta.{e}; ) Z := Z ∪ firstn.(h, slackset.(d, imdec.d)); j := j + h;

for(c : c ∈ imdec.d)

h := min .(0, k − j, maxa.(gen.F ).c − mina.(gen.F ).c); Z := Z ∪ construct.(F, c, r + mina.(gen.F ).c); j := j + h;

rof;

return Z;

Algorithm 2: The function constructmin constructs the minimal cardinality set above p, subject to the constraint that the set above d is Q. The resulting set is guaranteed to obey all constraints above p, since it uses construct to build these sets.

func constructmin(F : G, p, d : D; Q : 2^D) : 2^D Z := Q; for(c : c ∈ imdec.p ∧ ¬d ⊑ c) Z := Z ∪ construct.(F, c, mina.F.c); rof;

n := max .(0, mina.(gen.F ).p − |Z|); r := min .(n, slack.(p, imdec.p));

Z := Z ∪ {construct.(F, slack.(p, imdec.p), r)}; n := n − r; for(c : c ∈ imdec.p ∧ ¬d ⊑ c) r := min .(n, maxa.(gen.F ).c − mina.(gen.F ).c); Z := Z ∪ construct.(F, c, r + mina.(gen.F ).c); n := n − r; rof;

return Z;

Algorithm 3: The function construction.(F, d, k) constructs a set above d that has exactly k elements that meets all constraints in F . It does this by first using construct to construct a set of cardinality k above d and then using constructmin recursively to construct minimal consistent sets until bottom is reached, at which point all facts in the fact set must hold for the result set. The existence of this function proves the Continuity Theorem.

func construction(F : G, d : D; k : N^′) : 2^D Z := construct.(F, d, k); do d ≠ ⊥ → p := imanc.d;

Z := constructmin.(F, p, d, Z); d := p; od return Z;

(End of Proof)

A.2 The Correctness of mina1

Theorem 2: If an SDAG is perfect, then mina1 calculates mina optimally.

PERF.(F, G) ⇒ mina1.G.d = mina.(gen.F ).d 2

Proof Sketch: If the data element d being queried already exist in the STree, then by the PERF condition the kmin value of that node is equal to mina.(gen.F ).d, and this is the value returned in line 1 of mina1.

If d does not occur in the STree, then the situation is depicted in Figure 4. We prove that mina1.(G, d) computes mina.(gen.F ).d by constructing a set Q in several steps which has three properties:

1. Q is consistent with gen.F ,

2. Q has the minimal cardinality above d possible, and 3. |Q| = mina1.G.d. Items 1 and 2 imply that |Q| = mina.(gen.F ).d by Definition 7, and item 3 completes the proof.

It is convenient to think of the construction of Q in three steps.

1. Step 1 : By the PERF condition and the definition of mina.(gen.F ).(X_i.data), there exist |X| sets {A_0, · · · , A|X|_{−1}} consistent with F such that numa.A_i.X_i = X_i.kmin. Let Q_A = ∪_i(seta.{X_i.data)}∩ A_i). Since the domain is tree-like, the sets A_i are disjoint, so |Q_A| = (sum r : r ∈ X : r.kmin), as computed by line 8 of mina1.

2. Step 2: However, if p.kmin > |Q_A|, then p.kmin − |Q_A| elements above p.data must be added to Q_A in order to form a set consistent with F . In order to make Q have minimal cardinality of d, these extra elements should be added above Y and Z if possible. The number of elements that fit above Y is 0 if p is pinned and tota.p + −tota.d + −(sum z : z ∈ Z : tota.{z.data}) if p is not pinned. This is calculated as r in line 6 of mina1, which used the function slack because that quantity is computed by many other algorithms. An arbitrary set of cardinality r can be chosen as Q_Y , since the facts in F cannot distinguish between these sets.

Sets can be constructed using PERF and the definition of maxa above each element of Z that has exactly Z_i.kmax elements. Denote the union of these sets by Q_Z .

3. Step 3: Now, any additional elements that must be added to Q to form a consistent set must be added above descendant of d and hence above d, and so are counted in numa.Q.d. The number of such elements is max .(0, p.kmin − (|Q_Y | + |Q_Z| + |Q_A|). However, there are already |Q_A| elements above d, so the minimum number of elements above d induced by the p.kmin constraint is max .(0, p.kmin−(|Q_Y |+|Q_Z|)). Thus the minimal cardinality of numa.Q.d is min .(|Q_A|, p.kmin− (|Q_Y | + |Q_Z|). This is the value returned by mina1.(G, d). The set component Q^′ can be using the function construct as needed.

Let Q = Q^′ ∪Q_Y ∪Q_A ∪Q_Z . This set is consistent with all facts, because numa.Q.(p.data) = p.kmin, hence Q is consistent with all facts “below” or “beside” the data element p in the STree. It is consistent with all facts above the elements of Z, since it was constructed from sets consistent with those facts and there is no interaction between incomparable facts in a tree-like domain. It is consistent with all facts above X, because the Continuity Theorem proves the existence of consistent sets with whatever cardinality is needed there. Finally, the facts associated the element p itself are satisfied, whether or not p is pinned.

The set Q has the minimal cardinality above d by construction. Furthermore, its cardinality is mina1.(G, d) by construction. Therefore mina1.(G, d) is mina.(gen.F ).d for any d when PERF.(F, G) holds.

Theorem 3: If an SDAG is perfect, then maxa1 calculates maxa optimally.

PERF.(F, G) ⇒ maxa1.G.d = maxa.(gen.F ).d 2

The proof of this theorem is very symmetric to the to proof of correctness for mina1, and so is left as an exercise to the interested reader.

A.3 The Correctness of Simple Recalculation The fact that under PERF.(F, G) the value mina and maxa can be efficiently computed provides great hope that PERF.(F, G) can be incrementally maintained. We break this problem into two parts. First we show that the tightening of a kmin or kmax value at some node, accomplished by a revelation that mentions a previously mentioned data element, is correctly accomplished. Then we prove the fact that nodes are added or removed as necessary and the various recalculation routines appropriately called to insure the PERF.(F, G) invariant.

The correctness of the recalculation routines follows from the fact that a new constraint allows us to apply precisely the new constraint to that node. That is, we cannot derive a tighter constraint than the new constraint based on the new knowledge provided by that constraint itself, and of course we must be consistent with that constraint. This follows from the Continuity Theorem.

The change in the value of kmin or kmax at a node however, may allow us to induce tighter constraints at some distant node in the tree. The recursive recalculation routines rely on the following observations:

• The act of recalculating the kmin or kmax value for a particular node is no different than calculating mina and maxa for that data element as if the node did not exist.

• If a node is recalculated due to some change below it and its value does not change, then none of the values of the descendants above it have changed.

• If a node is recalculated due to a change above and its value does not change, then none of its ancestors or siblings need to be recalculated.

• If an ancestor of a node has a kmax value of 0, then that node is unnecessary, and all computations produce exactly the same result if that node is removed.

• A change to any node may require changes in its siblings. However, after a node is changed all of its siblings can be recalculated based on the values of the nodes at that time, and not any induced changes in the siblings.

The reader can observe that the recalculation procedures are a straightforward application of recalculation to every node that cannot be excluded from recalculation based on the above principles. The method of recalculation is simply to use the appropriate portions of the mina1 and maxa1 algorithms, as discussed in the paper.

Unfortunately, once a node is modified, the PERF condition no longer holds true until all nodes in the STree have been modified if need be. Thus, we must argue that the portions of the mina1 and maxa1 code that computed the correct values under the PERF work correctly on the STrees in the process of being modified. Figure 7 depicts how the PERF invariant is restored to the nodes of the STree.

Theorem 4: recalcmin and recalcmax maintain the essential invariant. ((PERF.F.G) ⇒ wp(recalcmin.(G, d, a), PERF.F ∪ {⟨d, a, ∞}.G) ∧ ((PERF.F.G ∧ z ≥ maxa.(gen.F ).d) ⇒ wp(recalcmax.(G, d, a), PERF.F ∪ {⟨d, 0, z}.G) 2

Proof Sketch: When the kmin or kmax value of a node is modified directly because of a new fact added to the fact set which mentions it, we know that PERF invariant holds just for that node, because of the Continuity Theorem constructs a set that exactly matches the new constraint. The recalculation of upward and the recalculation downward can be considered separate problems because we know neither will allow us to derive a tighter bound.

The recalckids routine correctly recalculates all descendants, as will be shown below. The recalcpmin and recalcpmax routines and the recalckids routine correctly recalculates all the ancestors and siblings and thus the rest of the STree, as shown below. 2

The recalckids routine correctly reestablishes PERF in its argument.

Proof Sketch: Observe first that any change in a descendant of the originally changed node must be induced from ancestors, and will never because by changes in descendants.

The procedure recalckids applies the portions of the mina1 and maxa1 algorithms that constrain a node’s values from below, and ignores those that constrain it from above. Essentially, recalckids pretends that a node does not exist and calculates mina1 and maxa1 for its data field. If these are tighter than the stored value, then that value is tightened, and then recalculation proceeds through that node. This is clearly consistent; however, it is not obvious that this calculation derives the tightest bound possible, which is demanded by the PERF invariant.

The recalckids algorithms may be confusing, because it modifies values that are used to compute the recalculate those values. Thus, it appears that the recalckids might require many times through the loop in order to have the values stabilize.

A single loop through recalckids suffices to reestablish PERF for its arguments because in essence it finds an optimal solution to a linear program. That is, subject to only those constraints of the siblings and the parent of a particular node, use those constraints as used by mina1 and maxa1 to compute the tightest bound possible. This new bound, being a product of the changed node and existing information, does not give us any new information. Analogously, it cannot remove any feasible solutions from the linear program. Thus, when the siblings are recalculated, even though they use the possibly updated values at that node, the same result is obtained if the un-updated values are used. This means that the order in which the kids are recalculated is unimportant and furthermore going through the kids a second time cannot produce a further tightening of the bounds.^2 The correctness of mina1 and maxa1 thus implies the correctness of recalckids. 2 Finally, the recalcpmin and recalcpmax routines and the recalckids routine correctly recalculates all the ancestors and siblings and thus the rest of the STree.

Proof Sketch: Observe first that recalckids that the same argument that recalckids is correct on the way up works on the way down the STree, because in this case it may be that one of the siblings is already improved; however, the fact that PERF already holds for one node does not weaken recalckids, which may begin change propagation upward in any case.

The procedures recalcpmin and recalcpmax are complements of recalckids in that they insure precisely those constraints not insured by recalckids and compute based on changes in ancestors rather than changes in descendants. The same argument that recalckids correctly allows us to use portions of mina1 and maxa1 and the correctness of those routines proves that these routines reestablish PERF all the way down to the bottom. 2

A.4 The correctness of rev1 The previous subsection argues that recalcmin and recalcmax correctly maintain PERF over the entire STree if a constraint at a pre-existing node is tightened. However, revelations and pinnings may require

2We have formally proved that this is the case, but that proof adds nothing to the conceptual argument presented here and is easily reproduced by the reader by showing that the a tightening of any bound the second time through the loop leads to a contradiction involving the relationship of the values figuring in the recalculations.

the deletion or insertion of nodes into the tree and the rearrangement of the arcs between them. Our basic strategy for accomplishing this is to perform transformations on the STree that maintain its correctness until the proper new structure is built, then to apply the recalculation algorithm.

The simplest example of this is when a revelation is made to a data element that does not exist in the STree and whose immediate ancestor, calculated by the function imanc, is not pinned. Referring back to Figure 8, the reader can observe that a new node is constructed using the routine lkpormk, which creates a node whose kmin and kmax values correspond to the mina1 and maxa1 values for that partial data element at the time of construction. This node is then tightened by the revelation constraints by calling recalcmin and recalcmax.

The revelation routine is somewhat more complicated in the case that the immediate ancestor is pinned, because we maintain the condition of 1-level pins invariant on the STree. We use the routine pinleaf to insure that the pinset for any node always corresponds precisely to its children. This routine is called twice in rev1 because to split a 1-level pin may create two levels. The action of pinleaf is to “zero out” those children that are not part of the pinset. These are then completely removed and deallocated in updatepin1, before the recalculation routines are applied to the pinned node and its children.

This action means that PERF is maintained after the node is recreated and pinleaf called twice, although the created node may be in a sense superfluous until recalcmin and recalcmax are called in rev1, because this node does not change the values computed by mina1 and maxa1 for any argument.

The fact that the pin1 algorithm maintains PERF hinges on the correctness of pinleaf and the fact that pin1 recursively constructs a set of 1-level pins by repeated calls to pinleaf that are equivalent to the (possibly very large) pinning that is its argument. The reader can observe that these pins are created from descendants to ancestors by observing pin1.