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The Big Picture
A new tool for proving nonlinear (real) inequalities 
automatically in ACL2


Leverages a fundamental result in real algebraic 
geometry - the Krivine-Stengle Positivstellensatz 

Implemented and relied upon in Imandra, and now 
exports checkable ACL2 proof scripts


Many extensions possible - Would love feedback 
from anyone who finds it useful!



Nonlinear real arithmetic

Nonlinear real arithmetic is important in 
verification of safety-critical systems 
(and much more besides!)


Unlike nonlinear arithmetic over N, Z or 
Q, nonlinear real arithmetic is decidable


The most widely used decision 
procedure - CAD - does not produce 
easily checkable proof objects


However, we can exploit the 
Positivstellensatz and convex 
optimization (SDP) to decide the 
universal fragment and produce easily 
checkable proofs



A simple example
Consider one direction of the discriminant criterion for 
solubility of a quadratic equation:
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And the Positivstellensatz guarantees their 

existence! We just have to find them…


Assume is sat. 
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The Positivstellensatz
<latexit sha1_base64="3THn0vIDJF8oZKDVDliui3ovL9I="></latexit>  
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i

pi = 0

!
^
 

k1̂

i

qi � 0

!
^
 

k2̂

i

ri 6= 0

!
s.t. pi, qi, ri 2 Q[~x]

is unsatisfiable over R i↵

9P 2 Ideal(p1, . . . , pk0)

9Q 2 Cone(q1, . . . , qk1)

9R 2 Monoid(r1, . . . , rk2)

s.t.
P + Q + R2 = 0

where

Ideal(a1, . . . , am) =

(
mX

i=1

aibi | bi 2 Q[~x]

)

Cone(a1, . . . , am) =

(
r +

mX

i=1

tiui | r, ti 2
X

(Q[~x])2, ui 2 Monoid(a1, . . . , am)

)

Monoid(a1, . . . , am) =

(
mY

i=1

(ai)
j | j 2 N

)

X
(Q[~x])2 =

(
vX

i=1

(pi)
2 | pi 2 Q[~x] ^ v 2 N

)
.
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Semi-definite Programming 
for Positivstellensatz Search
SDP: Convex optimization of a linear objective 
function modulo PSD matrix


Pioneered by Parrilo in his 2000 Caltech PhD: 
Structured Semidefinite Programs and Semialgebraic 
Geometry Methods in Robustness and Optimization 

Builds on the Gram Matrix Sums of Squares 
approach of Powers and Woermann


Implemented in HOL-Light by John Harrison (2007): 
we build heavily on his work!
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More example problems



Conclusion

A new automatic proof procedure for nonlinear real inequalities in ACL2


Uses Imandra’s implementation of SDP-based Positivstellensatz search,  
exports ACL2-checkable proofs


In practice can be very useful on hard algebraic problems in, e.g., <=10 variables


As dimension grows, search becomes exponentially harder


Many extensions possible — please send me your problems! Thank you!



